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Introduction 



One of the challenges of the next several years in the area of particle theory will be the search for 
confirmation of the Standard Model (SM) at the Large Hadron Collider, which has provided so far 
the fundamental scheme within which to explain a large part of the elcctrowcak phenomenology and 
the physics of the strong interactions. Based on a Yang-Mills theory and incorporating the mechanism 
of spontaneous symmetry breaking in order to give mass to the electroweak gauge bosons, this theory 
remains, however, still to be proven to be correct in all of its sectors. For instance, the mechanism of 
spontaneous symmetry breaking itself, which is a structural part of the theory, while elegant and so 
far unchallenged as a theoretical model for the breaking of the gauge symmetry -while preserving the 
renormalizability and the unitarity of the theory- involves a scalar field, the Higgs field, which has not 
been found yet. Whether the mechanism is correct or not, at least experimentally, remains to be seen, 
although there are reasonable hopes to believe that the Higgs field will be found. Naturally, even the 
discovery of the Higgs and the confirmation of the correctness of the scalar sector of the model does not 
stop the hopes that in the next decade we will be able to enlarge quite substantially our knowledge of 
the physics of the fundamental interactions at the energy scale of several TeV's. One among the many 
possibilities is to look for minimal extensions of the SM which are characterized by modest departures 
from the SU{3) x SU (2) xU{1)y gauge structure and which can be more easily tested at the Large Hadron 
Collider (LHC). Naturally, there are plenty of options and roads that one can take, from supersymmetry 
to extra dimensions to brane constructions. 

Many scenarios have been put forward in the last few years in which many of these ideas have been 
blended and synthesized in new ways, providing a fertile ground for further elaborations and modeling of 
the fundamental interactions with a substantial enrichment of the spectrum of the physical possibilities. 

It is clear, at this point, that, given all these new developements, the selection of the most promising 
directions to follow and on which contribute is not an issue with a straight "yes or not" answer, since 
there are personal tastes and motivations of different nature, some of them sociological, that motivate 
the pattern to follow, the theory to develope and to believe in, and the answer to give to these questions. 
If one assumes that unification is for sure an important issue in current and future elementary particle 
theory, then for sure, the simplest answer is provided within the context of Grand Unified theories (GUT), 
the most impressive result in favour of it being the unification of the gauge coupling in a supersymmetric 
extension of the SM. In all these scenarios, string theory has played a considerable role, especially after 
the discovery that special vacua of string/brane theory may show up in some way at future collider 
experiments. While string theory has always been connected with physics at the Planck scale, with the 
advent of brane theory and extra dimensional models, strings are expected to play a role also at rather 
modest energies, such as at the TeV scale. The study of this energy range will be at the center of the 
two major experiments planned at the LHC, that is ATLAS and CMS. In fact, a large effort has gone 
into the classification of these vacua of string theory, especially in the theoretical analysis of models of 
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intersecting branes which are at the root of the class of theories that we are going to investigate in this 
thesis work. 

In our study we will start with an analysis of these models in a rather simplified context, focusing on 
their basic structure and studying the class of effective actions wich are at the origins of these scenarios. 
Being the gauge structure of these gauge theories rather simple, we will be able to go quite far in the 
developement of the corresponding field theory and we will provide accurate predictions at the LHC for 
these models, having identified the key parameters which characterize them and which are the objects of 
experimental verification. 

Our work is not a work in string theory, but is a study of what string theory may imply at field theory 
level in a special class of its vacua. One of the key discoveries of these class of vacua is the presence of 
a physical axion in the spectrum of this class of theories. The axion, termed the "axi-Higgs" in [1], is 
a natural by-product of the presence of anomalous symmetries in the gauge structure of these theories. 
The effective actions of these models, which contain several extra anomalous [/(l)'s, have their anomaly 
cancelled by a Green-Schwarz mechanism, which involves an axion. At the same time, the axion appears 
in the form of a combination of Stiickelberg fields and CP-odd contributions of an extended Higgs sector, 
characterized by two Higgs doublets, with the possibility of some "phases" (Peccei-Quinn breaking terms) 
added to its canonical structure. 

In our analysis we will characterize these models from the ground up, working out at a very fine level 
of detail the effective action of these models, starting from the simplest ones and moving towards more 
general and complex analysis of them. The objective of these studies is to provide a firm characterization 
of the field theory and the phenomenology of these models, stressing on the various mechanisms of 
cancellation of the anomalies which are allowed in these types of constructions. A key role, in these 
scenarios, is played by the anomaly, and several of its properties are analyzed under a new light. One 
important point of our study concerns the discovery of a unitarity bound for this class of theories, which 
appears when a mechanism of anomaly cancellation involves a local counterterm of Wess-Zumino type. 
Other mechanisms are proposed and analyzed as well, one of them being the subtraction of the anomaly 
pole and its formulation in terms of an axion and a ghost. 

As we have mentioned, our analysis stresses mostly the role of the physical (Stiickelberg) axion, that 
survives after electroweak symmetry breaking as a physical field, and its potential significance as a new 
weakly interacting pseudoscalar which might play a role as a component of dark matter. 



Chapter 1 



Stiickelberg Axions and the Effective 
Action of Anomalous Abelian Models 1. 
A unitarity analysis of the Higgs-axion 
mixing 

1.1 Introduction to the chapter 

The search for the identification of possible extensions of the Standard Model (SM) is a challenging area 
both from the theoretical and the experimental perspectives. It is even more so with the upcoming 
experiments at the LHC, where the hopes are that at least some among the many phenomenological 
scenarios that have been formulated in the last three decades can finally be tested. The presence of so 
many wide and diverse possibilities certainly render these studies very challenging. Surely, among these, 
the choice of simple Abelian extension of the basic gauge structure of the SM is one of the simplest 
to take into consideration. These extensions will probably be the easiest to test and be also the first 
to be confirmed or ruled out. Though U{1) extensions are ubiquitous, they are far from being trivial. 
These theories predict new gauge bosons, the extra Z' , with masses that are likely to be detected if 
they are up to 4 5 TeV (see for instance O El [U O [6] for an overview and topical studies) . These 
extensions are formulated, with a variety of motivations, within a well-defined theoretical framework and 
involve phenomenological studies which are far simpler than those required, for instance, in the case of 
supersymmetry, where a large set of parameters and soft-breaking terms clearly render the theoretical 
description much more involved. 

On the other hand, simple Abelian extensions are also quite numerous, since new neutral currents are 
predicted both by Grand Unified Theories (GUT's) and/or by superstring inspired models based on Eq 
and iS'O(lO) (see [UIHIII] for instance). One of the common features of these models is the absence of an 
anomalous fermion spectrum, as for the SM, with the anomaly cancellation mechanism playing a key role 
in fixing the couplings of the fermions to the gauge fields and in guaranteeing their inner consistency. In 
this respect, unitarity and renormalizability, tenets of the effective theory, are preserved. 

When we move to enlarge the gauge symmetry of the SM, the unitarity has to be preserved, but not 
necessarily the renormalizability of the model. In fact, operators of dimension-5 and higher which may 
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appear at higher energies have been studied and classified under quite general assumptions [lO] . 

Anomalous Abelian models, differently from the non-anomalous ones, show some striking features, 
which have been exploited in various ways, for example in the generation of realistic hierarchies among 
the Yukawa couplings [TT| [T2] and to analyze neutrino mixing. There are obvious reasons that justify 
these studies: the mechanism of anomaly cancellation that Nature selects may not just be based on an 
anomaly-free spectrum, but may require a more complex pattern, similar to the Green-Schwarz (GS) 
anomaly cancellation mechanism of string theory, that invokes an axion. Interestingly enough, the same 
pattern appears if, for a completely different and purely dynamical reason, part of the fermion spectrum 
of an anomaly free theory is integrated out, together with part of the Higgs sector [l3j. In both cases, 
the result is a theory that shows the features discussed in this work, though some differences between the 
two different realizations may remain in the effective theory. For instance, it has been suggested that the 
PVLAS result can be easily explained within this class of models incorporating a single anomalous U{1). 
The anomaly can be real (due to anomaly inflow from extra dimensions, (see [lll[l5] as an example), or 
effective, due to the partial decoupHng of a heavy Higgs, and the Stiickelberg field is the remnant phase 
of this partial decoupling. The result is a "gauging" of the PQ axion [13] . 

1.1.1 The quantization of anomalous Abelian models and the axion 

The interest on the quantization of anomalous models and their proper field theoretical description has 
beeen a key topic for a long period, in an attempt to clarify under which conditions an anomalous 
gauge theory may be improved by the introduction of suitable interactions so to become unitary and 
renormalizable. The introduction of the Wess-Zumino term (WZ), a 6F A F term, which involves a 
pseudoscalar 6 times the divergence of a topological current, has been proposed as a common cure 
in order to restore the gauge invariance of the theory |16[ [T7] . Issues related to the unitarity of models 
incorporating Chern-Simons (CS) and anomalous interactions in lower dimensions have also been analyzed 
in the past [TSlfTO]. 

Along the same Hues of thought, also non-local counterterms have been proposed as a way to achieve 
the same objective [20]. The gauge dependence of the WZ term and its introduction into the spectrum 
so to improve the power counting in the loop expansion of the theory has also been a matter of debate 
[2T] . Either with or without a WZ term, renormaHzability is clearly lost, while unitarity, in principle, 
can be maintained. As we are going to illustrate in specific and realistic examples, gauge invariance and 
anomaly cancellation play a subtle role in guaranteeing the gauge independence of matrix elements in 
the presence of symmetry breaking. 

So far, the most interesting appHcation of this Hne of reasoning in which the Wess-Zumino term 
acquires a physical meaning is in the Peccei-Quinn solution of the strong CP-problem of QCD [22], 
where the SM Lagrangian is augmented by a global anomalous U(l) and involves an axion. 

The PQ symmetry, in its original form, is a global symmetry broken only by instanton effects. The 
corresponding axion, which in the absence of non perturbative effects would be the massless Nambu- 
Goldstone boson of the global (chiral) symmetry, acquires a tiny mass. In the PQ case the mass of the 
axion and its coupling to the gauge field are correlated, since both quantities are defined in terms of the 
same factor 1/ fa, with fa being the PQ-breaking scale, which is currently bounded, by terrestrial and 
astrophysical searches, to be very large (« 10^ GeV) [23l [24] . 

This tight relation between the axion mass and the coupling is a specific feature of models of PQ 
type where a global symmetry is invoked and, as we are going to see, it can be relaxed if the anomalous 
interaction is gauged. The axion discussed in the thesis and its effective action has some special features 
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that render it an interesting physical state, quite distinct from the PQ axion. The term "gauged axion" 
or "Stiickelberg axion" or "axi-Higgs" all capture some of its main properties. Depending on the size of 
the PQ-breaking potential, the value of the axion mass gets corrected in the form of additional factors 
which are absent in the standard PQ axion. 

Although some of the motivations to investigate this class of models come from the interest toward 
special vacua of string theory [l], the study of anomalous Abelian interactions, in the particular construc- 
tion that we are going to discuss in this work, are applicable to a wide variety of models which share the 
typical features of those studied here. 

1.1.2 The Case of String/Branes Inspired Models 

As we have mentioned, we work under quite general assumptions that apply to Abelian anomalous models 
that combine both the Higgs and the Stiickelberg mechanisms [25] in order to give mass to the extra 
(anomalous) gauge bosons. There are various low-energy effective theories which can be included into this 
framework, one example being low energy orientifold models, but we will try to stress on the generality 
of the construction rather than on its stringy motivations, which, from this perspective, are truly just 
optional. 

These models have been proposed as a possible scenario for physics beyond the Standard Model, with 
motivations that have been presented in [T]. Certain features of these models have been studied in some 
generality [26j, and their formulation relies on the Green-Schwarz mechanism of anomaly cancellation 
that incorporates axionic and Chern-Simons interactions. At low energy, the Green-Schwarz term is 
nothing but the long known Wess-Zumino term. In particular, the mechanism of spontaneous symmetry 
breaking, that now involves both the Stiickelberg field (the axion) and the Standard Model Higgs, has 
been elucidated [l]. While the general features of the theory have been presented before, the selection 
of a specific gauge structure (the number of anomalous C/(l)'s in [1] was generic), in our case of a 
single additional anomalous 17(1), allows us to specify the model in much more detail and discuss the 
structure of the effective action to a larger extent. This study is needed and provides a new step toward 
a phenomenological analysis for the LHC that we will present in the following chapters. 

This requires the choice of a specific and simplified gauge structure which can be amenable to exper- 
imental testing. While in the minimal formulation of the models derived from intersecting branes the 
number of anomalous AbeHan gauge groups is larger or equal to three, the simplest case (and the one for 
which a quantitative phenomenological analysis is possible) is the one in which a single anomalous ^7(1) 
is present. This simplified structure appears once we make the assumption that the masses of the new 
Abelian gauge interactions are widely (but not too widely) separated so to guarantee an effective decou- 
pHng of the heavier Z's. Clearly, in this simplified setting, the analysis of [I] can be further speciaHzed 
and, even more interestingly, one can try to formulate possible experimental predictions. 

1.1.3 The content of this chapter 

This chapter and the following address the construction of anomalous Abelian models in the presence 
of an extra anomalous U{1), called U{l)g. This extra gauge boson becomes massive via a combined 
Higgs-Stiickelberg mechanism and is accompanied by one axion, b. We illustrate the physical role played 
by the axion when both the Higgs and the Stiickelberg mechanisms are present. The physical axion, that 
emerges in the scalar sector when b is rotated into its physical component (the axi-Higgs, denoted by 
x) interacts with the gauge bosons with dimension-5 operators (the WZ terms). The presence of these 
interactions renders the theory non-renormalizable and one needs a serious study of its unitarity in order 
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to make sense of it, which is the objective of these two chapters. Here the analysis is exempUfied in 
the case of two simple models (the A-B and Y-B Models) where the non-Abelian sector is removed. A 
complete model will be studied in Chap.[2l Beside the WZ term the theory clearly shows that additional 
Chern-Simons interactions become integral part of the effective action. 

1.1.4 The role of the Chern-Simons interactions 

There are some very interesting features of these models which deserve a careful study, and which differ 
from the case of the Standard Model (SM). In this last case the cancellation of the anomahes is enforced by 
charge assignments. As a result of this, before electroweak symmetry breaking, all the anomalous trilinear 
gauge interactions vanish. This cancellation continues to hold also after symmetry breaking if all the 
fermions of each generation are mass degenerate. Therefore, trilinear gauge interactions containing axial 
couplings are only sensitive to the mass differences among the fermions. In the case of extensions of the 
SM which include an anomalous U{\) this pattern changes considerably, since the massless contributions 
in anomalous diagrams do not vanish. In fact, these theories become consistent only if a suitable set of 
axions and Chern-Simons (CS) interactions are included as counterterms in the defining Lagrangian. The 
role of the CS interactions is to re-distribute the partial anomalies among the vertices of a triangle in order 
to restaure the gauge invariance of the one-loop effective action before symmetry breaking. For instance, a 
hypercharge current involving a generator F, would be anomalous at one-loop level in a trilinear interaction 
of the form YBB or YYB, if B is an anomalous gauge boson. In fact, while anomalous diagrams of 
the form YYY are automatically vanishing by charge assignment, the former ones are not. The theory 
requires that in these anomalous interactions the CS counterterm moves the partial anomaly from the 
Y vertex to the B vertex, rendering in these diagrams the hypercharge current effectively vector-like. 
The B vertex then carries all the anomaly of the trilinear interaction, but B is accompanied by a Green- 
Schwarz axion b and its anomalous gauge variation is canceled by the GS counterterm. It is then obvious 
that these theories show some new features which have never fully discussed in the past and require a 
very careful study. In particular, one is naturally forced to develope a regularization scheme that allows 
to keep track correctly of the distribution of the anomalies on the various vertices of the theory. This 
problem is absent in the case of the SM since the vanishing of the anomalous vertices in the massless 
phase renders any momentum parameterization of the diagrams acceptable. We describe in detail some 
of these more technical points in the appendices, where we illustrate how these theories can be treated 
consistently in dimensional regularization but with the addition of suitable shifts that take the form of 
CS counterterms. 



1.2 Massive t/(l)'s a la Stiickelberg 

One of the ways to render an Abelian U{1) gauge theory massive is by the mechanism proposed by Stiick- 
elberg [25] and extensively studied in the past. Before that another mechanism, the Higgs mechanism, 
was proposed as a viable and renormalizable method to give mass both to Abelian and to non-Abelian 
gauge theories. There are various ways in which, nowadays, this mechanism is implemented, and Stiick- 
elberg fields appear quite naturally in the form of compensator fields in many supergravity and string 
models. On the phenomenological side, one of the first successful investigations of this mechanism for 
model building has been presented in [57], while, rather recently, supersymmetric extensions of this mech- 
anism have been investigated |28 [ [29 1 130]. In other recent work some of its perturbative aspects have also 
been addressed, in the case of non anomalous Abelian models. 
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In the seventies, the Stiickelberg field (also called the "Stiickelberg ghost") re-appared in the analysis 
of the properties of renormalization of Abelian massive Yang-Mills theory by Salam and Strathdee [3T] . 
Delbourgo [32] and others [33] , while Gross and Jackiw [33| introduced it in their analysis of the role of 
the anomaly in the same theory. According to these analysis the perturbative properties of a massive 
Yang-Mills theory, which is not renormaHzable in its direct formulation, can be ameHorated by the 
introduction of this field. Effective actions in massive Yang-Mills theory have been also investigated in 
the past, and shown to have some predictivity also without the use of the Stiickelberg variables |35[ I36j. 
but clearly the advantages of the Higgs mechanism and its elegance remains a firm result of the current 
formulation of the Standard Model. We briefiy review these points to make our treatment self-contained 
but also to show that the role of this field completely changes in the presence of an anomalous fermion 
spectrum, when the need to render the theory unitary requires the introduction of an interaction bFF, 
spoiling renormalizability, but leaving the resulting theory well defined as an effective theory. For this 
to happen one needs to check expHcitly the unitarity of the theory, which is not obvious, especially if 
the Higgs and Stiickelberg mechanisms are combined. This study is the main objective of the first part 
of this investigation, which is focused on the issues of unitarity of simple models which include both 
mechanisms. Various technical aspects of this analysis are important for the study of reaHstic models, 
as discussed in Chap. [2 where we move toward the study of an extension of the SM with two Abelian 
factors U{\)y x U(^)b^ '^^^ of them being the standard hypercharge Y . The charge assignments for 
the anomalous diagrams involving a combinations of both gauge bosons are such that additional Ward 
Identities are needed to render the theory unitary, starting from gauge invariance. We study most of the 
features of this model in depth, and show how the neutral vertices of the model are affected by the new 
anomaly cancellation mechanism. We will work out an application of the theory in the process Z 77, 
which can be tested at forthcoming experiments at the LHC. 



1.2.1 The Stiickelberg action from a field-enlarging transformation 

We start with a brief introduction on the derivation of an action of Stiickelberg type to set the stage for 
further elaborations. 

A massive Yang-Mills theory can be viewed as a gauge-fixed version of a more general action involving 
the Stiickelberg scalar. A way to recognize this is to start from the standard Lagrangian 

C = '\f,.F^'' + \Ml{B,f (1.1) 

with F^i, = dfj,B^ — dpB^ and perform a field-enlarging transformation (see the general discussion pre- 
sented in [37]) 

B^.^B'^- (1.2) 
that brings the original (gauge-fixed) theory (|l.ip into the new form 

^ = -\f^.uF^'' + \Ml{B^f + 1(9^6)2 - M.B^d^h (1.3) 

which now reveals a peculiar gauge symmetry. It is invariant under the transformation 

h b' ^b- M^e 
B, ^ B'^ = B^ + d^e. (1.4) 
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1.2. Massive f/(l)'s a la Stiickelberg 



We can trace back our steps and gauge-fix this Lagrangian in order to obtain a new version of the original 
Lagrangian that now contains a scalar. One can choose to remove the mixing between i?^ and b by the 
gauge-fixing condition 

l^,f = -£.{d-B + ^}b] (1.5) 



2^ 



giving the gauge-fixed Lagrangian 



1 1 1 

C = --F.^F^'^ + -Ml{B,f + -{d,hf - adBf - -^b\ (1.6) 

It is easy to show that the BRST charge of this model generates exactly the Stiickelberg condition on 
the physical subspace, decoupling the unphysical Faddeev-Popov ghosts from the physical spectrum. 

Different gauge choices are possible. The choice of a unitary gauge (6 = 0) in the Lagrangian l|1.3p 
brings us back to the original massive Yang-Mills model (|l.ip . In the presence of a chiral fermion, the 
same field-enlarging transformation trick goes through, though this time we have to take into account 
the contribution of the anomaly 

>C - —^Fl + -^{B^ + j^^d^hf + li^L^id^ + igB^ + igd^h)i^L, (1-7) 

where ij^L = |(1 ~ 7^) is the left-handed anomalous fermion. The Fujikawa method can be used to derive 
from the anomalous variation of the measure the relation 

g^^^d^hi^L = ^e^'^'^F^^Fp, (1.8) 

thereby obtaining the final anomalous action 

1 A'P \ — 

^ = -l^B + -y{B, + j^^d^hf + li^L^id^ + ^gB^L - ^be'^-^'^F^^Fp,. (1.9) 

Notice that the b field can be integrated out |34]. In this case one obtains an alternative effective 
action of the form 



^3 



1 _ 

C = —^Fl + ^{B^f+ii^^r{d^+igB^)i:L 

dSFfFBa0{x)D{x - y\M?OF'"'{y)F,,{y) (1.10) 



967r2 

with (□ + M1S^^)D{x\M1) = — (5*(x). The locality of the description is clearly lost. It is also obvious 
that the role of the axion, in this case, is to be an unphysical field. However, in the case of a model 
incorporating both spontaneous symmetry breaking and the Stiickelberg mechanism, the axion plays a 
physical role and can be massless or massive depending whether it is part of the scalar potential or not. 
Our interest, in this chapter, is to analyze in detail the contribution to the one-loop effective action of 
anomalous AbeHan models, here defined as the classical Lagrangian plus its anomalous trilinear fermionic 
interactions. Anomalous Ward Identities in these effective actions are eliminated once the divergences 
from the triangles are removed either by 1) suitable charge assignments for some of generators, or by 2) 
shifting axions or by 3) a distribution of the partial anomalies on each vertex. 

Since this approach of anomaly cancellations is more involved than in the SM case, we have decided 
to analyze it using some simple (purely Abelian) models as working examples, before considering a 
realistic extension of the Standard Model which will be developed in Chap.O There, all the methodology 
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k, 




1^2 

Figure 1.1: The AVV diagrams. 



developed in this chapter will be widely applied to the analysis of a string-inspired model derived from 
the orientifold construction [1]. In fact, this analysis tries to clarify some unobvious issues that naturally 
appear once an effective anomaly-free gauge theory is generated at lower energies from an underlying 
renormaHzable theory at a higher energy. For this purpose we will use a simple approach based on 
s-channel unitarity, inspired by the classic work of Bouchiat, Iliopoulos and Meyer |38j . 

1.2.2 Implications at the LHC 

A second comment concerns the possible prospects for the discovery of a Z' of anomalous origin. Clearly 
Z' bosons being ubiquitous in GUT's and other SM extensions, discerning an anomalous Z' from a non- 
anomalous one is subtle, but possible. In Chap. [2] we propose the Drell-Yan mechanism as a possible way 
to make this distinction, since some new effects related to the treatment of the anomalies are already 
apparent near the Z resonance in this process. The numerical results for the anomalous corrections to 
Drell-Yan will be presented in Chap. [H Anomalous vertices involving the Z gauge boson appear both 
in the production mechanism and in its decay into two gluons or two photons. In the usual Drell-Yan 
process of the SM, these contributions, because of anomaly cancellations, are sensitive only to the mass 
difference between the fermion of a given generation and are usually omitted in NNLO computations. 
If these resonances, predicted by theories with extra Abelian gauge structures, are very weakly coupled, 
then a precise determination of the QCD background is necessary to detect them (see [39j for details). 

1.3 The Effective Action in the A-B Model 

As we have already mentioned, we will focus our analysis on the anomalous effective actions of simple 
Abelian theories. We will analyze two models: a first one called "A-B", with a A vector-like (anomaly-free) 
and B axial-vector-like (anomalous) and a second model called the "Y-B" Model where B is anomalous 
and Y is anomaly-free with both vector and axial- vector interactions. We start defining the so called 
"A-B" Model by the Lagrangian 

Co = \id^ + ^9B<lBBM^-lFl-^Fl, + ^{d^b + M,B^f~Xm^-Y^' 

which exhibits a non anomalous (A) and an anomalous {B) gauge interaction. Its couplings are summa- 
rized in Tabs. [TTT] and ll.2^ where "S" refers to the presence of a Stiickelberg mass term for the corresponding 
gauge boson, if present. We have indicated with a small lowercase b the corresponding axion. The U(1)a 
symmetry is unbroken while B gets its mass by the combined Higgs-Stiickelberg mechanism. Another 
feature of the model, as we are going to see, is the presence of an Higgs-axion mixing generated not by 
a scalar potential (such as V{4>,b)), as we will show in Sec. I1.4.H but by the fact that both mechanisms 
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Figure 1.2: The AAA diagrams, 
communicate their mass to the same gauge boson B. The axion remains a massless field in this case. Our 
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B 




9l = 9fl = 1 


1R = --Zl = 1 



Table 1.1: Fermion assignments, A-B Model. 
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A 







B 




b 



Table 1.2: Gauge structure, A-B Model. 

discussion relies on the formalism of the one-loop effective action, which is the generating functional of 
the one-particle irreducible (IPI) correlation functions of a given model. The correlators are multipHed by 
external classical fields and the formalism allows to derive quite directly the anomalous Ward Identities 
of the theory. The reader can find a discussion of the formalism in the appendix, where we study the 
properties of the Chern-Simons and Wess-Zumino vertices of the model and their gauge variations. 

In the A-B Model, this will involve the classical defining action plus the anomaly diagrams with 
fermionic loops and we will require its invariance under gauge transformations. The structure of the 
(total) effective action is summarized, in the case of one vector {A) and one axial- vector {B) interaction 
by an expansion of the form 



W[A,B] 



E E 

n-i — l 712 — 1 



ni!n2! 



B^'{x{)...B^-^{x^,)A^,{y^)...A.{y,,,), (1.12) 



corresponding to the diagrams in Fig. [O] where we sum, for each diagram, over the symmetric exchanges 



A A 

+ 



B A 





Figure 1.3: Expansion of the effective action. 



of all the indices (including the momentum) of the identical gauge bosons (see also Fig. II. 4p . As we are 
going to discuss next, also higher-order diagrams of the form, for instance, AVVV will be affected by the 
presence of an undetermined shift in the triangle amplitudes, amounting to Chern-Simons interactions 
(CS). They turn to be well-defined once the distribution of the anomaly on three-point functions is 
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performed according to the correct Bose symmetries of these correlators of lower order. Computing the 
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Figure 1.4: Triangle diagrams with permutations. 
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Figure 1.5: Symmetric expansion, 
variation of the generating functional we obtain 

^bW^""[AS] = dxdydzT^''''{z,x,y)SBx{z)A^{x)A4y) 

+ ^ j dxdydzdwT^^''P{z,x,y,w)Bx{z)A^{x)A,{y)Ap{w), (1.13) 

using 5B\{z) = d^Osiz) and integrating by parts we get 

SbW^IA^B] = -^j dxdydz-^T^^''{z,x,y)eBiz)A^{x)A^{y) 



-| f dxdydzdw^T^^^P{z,x,y,w)eB{z)A^{x)A,{y)Ap{w). 



(1.14) 



Notice that in configuration space the four- and the three- point function correlators are related by 

TT-^T [z,x,y,w) = 5{z — w)t''^ {w,x,y) — S{z — x)t'^ {x,y, 11))+ perm. (1-15) 

OZ'^ 

For T we will be using the same conventions as for A, with T^^" indicating a single diagram with non- 
permuted external gauge lines, while T^^^'^ will denote the symmetrized one (in nv). Clearly, the one- loop 
effective theory of this model contains anomalous interactions that need to be cured by the introduction 
of suitable compensator fields. The role of the axion b is to remove the anomalies associated to the 
triangle diagrams which are correlators of one and three chiral currents respectively 

TiirH^,y,^) = {0\T{j,{x)My)4{z)) |0) (1.16) 

and 

Tit^^^\^,y,z) = {0\T{jl{x)Jl{y)Jl{z)) |0), (1.17) 

where 

Jt, = -V'7/.V' Jl = -V'T/.lsV'- (1-18) 
We denote by A(A;i,A;2) and /^s{ki,k2) their corresponding expressions in momentum space 

(27r)4(5(fc-fci -/c2)A^'"'(A;i,fc2) = j dx dy dz e''''-''+''''-y-'''-' T^^^^^ix,y, z) (1.19) 
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{27rfS{k~h~k2)A^/''{k,,k2)= / rfa;dydze''=-^+''=-^-*^r.^XlA)(^'2/'^)- (1-20) 



(AAA) V 

Another point to remark is that the invariant ampHtudes Hnear in momenta in the definition of the AVV 
triangle diagram correspond, in configuration space, to Chern-Simons interactions. In momentum space 
these are proportional to 

fc2) = -ie^'""^(fci - fcs). (1.21) 

and we denote with T^g'^ the corresponding contribution to the effective Lagrangian in Minkowski space 
(see App. ll.lGl for an expHcit computation) 

Ccs..ABA = J dxA''{x)B-'ix)F^''{x)e^,p^. (1.22) 

Moving to the anomalous part of the effective action, this takes the form, for generic gauge bosons 

S,ff=So+S,, (1.23) 

where 

'^i = T.7^^^9^Jk f dxdydzA^{x)A^{y)AUz)T^^^^AMy'^') (1-24) 

I] k 

and where A^ indicates an A or a i? gauge boson, while g^^f. is the product of the three coupling constants 
9Ai9Aj9Ak' ■^ith an additional normalization due to a counting of identical external gauge bosons (riil). 
All the anomalous contributions are included in the definition. In order to derive its explicit structure 
in our simplified cases, we consider the case of the BAA vertex, the other examples being similar. We 
have, for instance, the partial contribution 

S^^^^gs I dxdydz Bxiz){4{z)e's^ ^ '^'^''"'^^^^^^''^), (1.25) 



where the gauge fields are treated as classical fields and (,) indicate the vacuum expectation value. 
Expanding to second order, we keep only the connected contributions obtaining for instance 

5^^^ = ^5B.9i J dxdydzB^{z)A^{x)A,{y){4{z)J^{x)r{y)). (1.26) 

This expression is our starting point for all the further analysis. Most of the manipulations concerning 
the proof of gauge-invariance of the effective action are more easily worked out in this formalism. Moving 
from momentum space to configuration space and back, may also be quite useful in order to detail the 
Ward Identities of a given anomalous effective action. 

In the presence of spontaneous symmetry breaking and of Stiickelberg mass terms one has to decide 
whether the linear mixing between the Stiickelberg field and the gauge boson is kept or not. One can keep 
the mixing and derive ordinary Ward Identities for a given model. This is a possibility which is clearly at 
hand and can be useful. The disadvantage of this approach is that there is no gauge-fixing parameter that 
can be used to analyze the gauge dependence of a given set of amplitudes and their cancellation. When 
the mixing is removed by going to a gauge, one can identify the set of gauge-invariant contributions 
to a given amplitude and identify more easily the conditions under which a given model becomes unitary. 
We follow this second approach. We are then able to combine gauge-dependent contributions in such a 
way that the unphysical poles of a given amplitude cancel. The analysis that we perform is limited to 
the s-channel, but the results are easily generalizable to the t and u channels as well. From this simple 
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analysis one can easily extract information on the perturbative expansion of the effective action. 
1.3.1 The anomalous efFective action of the A-B Model 

In the A-B Model, defined in Eq. (|l.lip . the contribution to the anomalous effective action is given by 

Si = j dxdydz {^^Ti^'^{x,y,z)B^{z)A^{x)A,{y)y 

S3 = j dxdydz (^^Ti^^j^{x,y,z)Bx{z)B^{x)B,{y)^, (1.27) 

where we have collected all the anomalous diagrams of the form AVV and AAA. We can easily express 
the gauge transformations of A and B in the form 

^Sb{TaaaBBB) = 1^^^^{FbAFb0b), (1.28) 

where we have left open the choice over the parameterization of the loop momentum, denoted by the 
presence of the arbitrary parameter f3 with 

while 

^SA{TA^r^rBAA) = l^ai{P)^{FB A FaOa). (1.30) 
We have the following equations for the anomalous variations of the effective Lagrangian 

SBjOan = '^a3{P)\FAAFAeB + '^~FBAFBeB 

SACan = '-^^aiiP)^FBAFA9A, (1.31) 

while the axionic contributions Cb (Wess-Zumino counterterms) , needed to restore the gauge symmetry 
violated at one-loop level, are given by 

^b^^bFAAFA + ^bFBAFB. (1.32) 

Notice that since the axion shifts only under a gauge variation of the anomalous U{1) gauge field B (and 
not under A) , gauge invariance of the effective action under a gauge transformation of the gauge field A 
requires that 

SA^an = 0. (1.33) 

Clearly, this condition fixes (3 — —1/2 = (3o and is equivalent to the CVC condition on A that we had 
relaxed at the beginning. Imposing gauge invariance under B gauge transformations, on the other hand, 
we obtain 

SB{Cb+Can)^0 (1.34) 
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which implies 

C^AA-^l-^asW^, (1-35) 

These conditions on the coefficients C are sufficient to render gauge-invariant the total Lagrangian. We 
observe that the presence of an Abelian symmetry which has to remain exact and is not accompanied by 
a shifting axion has important implications on the consistency of the theory. We have brought up this 
example because in more complex situations in which a given gauge symmetry is broken and the pattern 
of breakings is such to preserve a final symmetry (for instance U{l)em), the structure of the anomalous 
correlators, in some case, is drastically constrained to assume the CVC form. However this is not a 
general result. 

Under a more general assumption, we could have allowed some Chern-Simons contributions in the 
counterterm Lagrangian. This is an interesting variation that can be worked out at a diagrammatic level 
in order to identify the role played by the CS interactions. We will get back to this point once we start 
our diagrammatic analysis of these simple models. 



1.4 Higgs-Axion Mixing in U{1) Models: massless axi-Higgs 

Having discussed the consistency to all orders of the effective action, we need to discuss the role played 
by the shifting axions in the spectrum of the theory. We have already pointed out that the axion will 
mix with the remaining scalars of the model. In the presence of a Higgs sector such a mixing can take 
place at the level of the scalar potential, with implications on the mass and the coupling of the axion to 
the remaining particles of the model. In order to understand how this mixing occurs, we consider the 
case of the A-B Model. 

This model has two scalars: the Higgs and the Stiickelberg fields. We assume that the Higgs field 
takes a non-zero v.e.v. and, as usual, the scalar field is expanded around the minimum < (p >= v 

(l>=^{v + ^^+i^2), (1-36) 

while from the quadratic part of the Lagrangian we can easily read out the mass terms and the Goldstone 
mode present in the spectrum in the broken phase. This is given by 

^0 = 1 ^M^f + \ iM^f + \ {d^bf + \ [Ml + {qs9Bvf) B^Bi^ - ^mUl 

+B^d^ {Mib + vgBqs<f>2) , (1.37) 

from which, after diagonalization of the mass terms, we obtain 



A = ^{d,x) +^{d^Gsy + -{d^h,y + -M'sB^B>^--mlhl 

+MBB^d^GB (1.38) 



where we have redefined (j)i{x) = hi{x) and = vV2X, for the Higgs field and its mass. We have 
identified the linear combinations 

^ = ^ (--^1 (l>2 + Qb9bV h) , 
Gb = -^{<lB9BV<p2 + M,b), (1.39) 
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corresponding to a massless particle, the axi-Higgs x, and a massless Goldstone mode Gg. The rotation 
matrix that allows the change of fields (02 j ^) ~^ (Xj G^) is given by 

(— 0036*0 sin6'R \ 
^ ^ (1.40) 

sin 6g cos 6g I 

with 9g = aiccos{Mi/ Mb) — arcsin(g^g^ti/MB). The axion b can be expressed as linear combination of 
the rotated fields x, Gg as 

6 = aix + a,GB = ^x + ^G^, (1.41) 
Mb Mb 

while the gauge field B gets its mass Mg through the combined Higgs-Stiickelberg mechanism 



MB = ^Mf + iqgggvr. (1.42) 

To remove the mixing between the gauge field and the Goldstone mode we work in the gauge. The 
gauge-fixing Lagrangian is given by 

^9f - -^Gl (1.43) 

where 

gB = ^{d-B- ^bMbGb) , (1.44) 
and the corresponding ghost Lagrangian 

CBgh = CB{~U-iBy{hi+^)~^BMl)cB. (1.45) 
The full Lagrangian in the physical basis after diagonaHzation of the mass matrix becomes 

C = -}-^Fl--^Fl + CBgh+Ci+CB (1.46) 

where £/ denotes the fermion contribution. Its expression can be found in [iO] . 

At this stage there are some observations to be made. In the Stiickelberg phase the axion 6 is a 
Goldstone mode, since it can be set to vanish by a gauge transformation on the B gauge boson, while B 
is massive (with a mass M^) and has 3 degrees of freedom (d.o.f.). Therefore in this phase the number of 
physical d.o.f.'s is 3 for B, 2 for A, 2 for the complex scalar Higgs 4>, for a total of 7. After electroweak 
symmetry breaking we have 3 d.o.f.'s for B, 2 for A which remains massless, 1 real Higgs field and 
1 physical axion x, for a total of 7. The axion, in this case, on the contrary of what happens in the 
case of ordinary symmetry breaking is a massless physical scalar, being not part of the scalar potential. 
Not much surprise so far. Let's now move to the analysis of the case when the axion is part of the 
scalar potential. In this second case the physical axion (the axi-Higgs) gets its mass by the combined 
Higgs-Stiickelberg mechanism. 

1.4.1 Higgs-Axion Mixing in f/(l) Models: massive axi-Higgs 

We now illustrate the mechanism of mass generation for the physical axion x- We focus on the breaking 
of the U{l)g gauge symmetry of the A-B Model. We have a gauge-invariant Higgs potential given by 



(1.47) 
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plus the new PQ-breaking terms, allowed by the symmetry 

(</>,&) = 61 (</.e-'''-^-^) +Ai (0e-*«-^-^)' + 2A2(0*</.) (^e^''^^^^^) (1.48) 
so that the complete potential considered is given by 

b)^VpQ+Vpf^ +V^^ . (1.49) 
We require that the minima of the potential are located at 

(b) =0 (0) = V, (1.50) 
which imply that the mass parameter satisfies 

fi^ ^ -— ~2v^X~ 2X1- 6vX2. (1.51) 



V 



We are interested in the matrix describing the mixing of the CP-odd Higgs sector with the axion field b, 
given by 



h, b)M2i J (1.52) 



where A^2 is a symmetric matrix 



A^2=-icX (1.53) 

2 ^ \ ,,iB9B „.2 qBSB j ^ ' 

and where the dimensionless coefficient multiplied in front is given by 

Cv - 4 4 + — 1 + -1 . (1.54) 



Notice that this parameter plays an important role in establishing the size of the mass of the physical 
axion, after diagonalization. It encloses all the dependence of the mass from the PQ corrections to the 
standard Higgs potential. They can be regarded as corrections of order p/u, with p being any parameter 
of the PQ potential. If p is very small, which is the case if the Vy^ term of the potential is generated 
non-perturbatively (for instance by instanton effects in the case of QCD), the mass of the axi-Higgs can 
be pushed far below the typical mass of the electroweak breaking scenario (the Higgs mass) , as discussed 
in p]. 

The mass matrix has 1 zero eigenvalue corresponding to the Goldstone boson and 1 non-zero eigen- 
value corresponding to a physical axion field — %— with mass 



2 1 2 



2 9 2 



Ml 



-t:C^v^-^. (1.55 
2 ^ Ml ^ ' 
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The mass of this state is positive if < 0. The rotation matrix that takes from the interaction eigenstates 
to the mass eigenstates is denoted by 




(1.56) 



so that we obtain the rotations 

02 - -^{-M,x + qB9B^GB) (1-57) 
b = ^(feSs^X + A/iGs). (1.58) 

The mass squared matrix can be diagonaHzed as 

,„C.,0«>,.,0.r(^^).,,,G.,(f »)(^^J (1.59, 

SO that Gg is a massless Goldstone mode and is the mass of the physical axion. In [13] one can find a 
discussion of some physical impHcations of this field when its mass is driven to be small in the instanton 
vacuum, similarly to the Peccei-Quinn axion of a global symmetry. However, given the presence of both 
mechanisms, the Stiickelberg and the Higgs, it is not possible to decide whether this axion can be a valid 
dark-matter candidate. In the same work it is shown that the entire Stiickelberg mechanism can be the 
result of a partial decoupHng of a chiral fermion. 



1.5 Unitarity issues in the A-B Model in the exact phase 

In this section we start discussing the issue of unitarity of the model that we have introduced. This is 
a rather involved topic that can be addressed by a diagrammatic analysis of those amplitudes with s- 
channel exchanges of the gauge bosons, the axi-Higgs and the NG modes generated in the various phases 
of the theory (before and after symmetry breaking, with/without Yukawa couplings). The analysis could, 
of course, be repeated in the other channels (t, u) as well, but no further condition would be obtained. 
We will gather all the information coming from the study of the S'-matrix amplitudes to set constraints 
on the parameters of the model. We have organized our analysis as a case-by-case study verifying the 
cancellation of the unphysical singularities in the amplitude in all the phases of the theory, establishing 
also their gauge independence. This is worked out in the gauge so to make evident the disappearance of 
the gauge-fixing parameter in each amplitude. The scattering amplitudes are built out of two anomalous 
diagrams with s-channel exchanges of gauge dependent propagators, and in all the cases we are brought 
back to the analysis of a set of anomalous Ward Identities to establish our results. 



1.5.1 Unitarity and CS interactions in the A-B Model 

The first point that we address in this section concerns the role played by the CS interactions in the 
unitarity analysis of simple s-channel amplitudes. This analysis clarifies that CS interactions can be 
included or kept separately from the anomalous vertices with no consequence. To show this, we consider 
the following modification on the A-B Model, where the CS interactions are generically introduced as 
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Figure 1.6: Diagrams involved in the unitarity analysis with external CS interactions. 



possible counterterms in the one-loop effective action, which is given by 

£ = Co+£gs+J^cs, {1.60) 
where Cq is already known from the previous sections, but in particular we focus on the components 

Cos = ^bF^ AF^ + ^bF^ A F^ (1.61) 

and 



Ccs = d,B''A''F^''e^,p^ = d^BA A F"" . 
Under an A-gauge transformation we have 



so that we obtain 



Analogously, under a B-gauge transformation we have 



S^L = -^(^bFa a + ^«3(/?) A F^9s - Caa^^ F^ A F^ 



-Cgg ] Fu A Fn 



M 



B " ^ B 



3! 3 4 



gFg A Fg, 



to obtain 



2 



Ml I 
^^^If + 2!' 



^ , d^ « ^ 

^AA=[-i + ^aM-,)jf^- 



(1.62) 



(1.63) 



(1.64) 



(1.65) 



(1.66) 



We refer the reader to one of the appendices where the computation is performed in detail. We have 
shown that the presence of external Ward Identities forcing the invariant amplitudes of a given anomalous 
triangle diagram to assume a specific form, allow to re-absorb the CS coefficients inside the triangle, 
thereby simplifyig the computations. In this specific case the CVC condition for A is a property of the 



^In the language of the effective action the muUiphcity factors are proportional to the number (n!) of external gauge 
lines of a given type. We keep these factors explicitly to backtrack their origin. 
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Figure 1.7: Unitarity issue for the A-B Model in the broken phase. 

theory. In other cases this does not take place. For instance, instead of the condition ai(/3) = 0, a less 
familiar condition such as a3(/3) = (conserved axial current, CAC) may be needed. In this sense, if we 
define the CVC condition to be the "standard case", the CAC condition points toward a new anomalous 
interaction. We remark once more that /? remains "free" in the SM, since the anomaly traces cancel for 
all the generators, differently from this new situation. The theory allows new CS interactions, with the 
understanding that, at least in these cases, these interactions can be absorbed into a redefinition of the 
vertex. However, the presence of a WI, that allows us to re-express oi and 02 in terms of 03 ... ag in 
different ways (see Eq. I|1.120p for the structure of the triangle diagram), at the same time allows us 
to come up with different gauge invariant expressions of the same vertex function (fixed by a CVC or 
a CAC condition, depending on the case). These different versions of these AVV three-point functions 
are characterized by different (gauge-variant) contact interactions since ai and a2 in Minkowski space 
contain, indeed, CS interactions. We will elaborate on this point in a following section where we discuss 
the structure of the effective action in Minkowski space. 

The extension of this pattern to the broken Higgs phase can be understood from Fig. 11.71 where 
the additional contributions have been explicitly included. We have depicted the CS terms as separate 
contributions and shown perfect cancellation also in this case. The complete set of diagrams is 

S^^A^ + B^ + C^ + D^ + E^+F^ + G^ + (1.67) 

and the total gauge dependence vanishes. Details on the calculation can be found in the App. 11.13.11 

1.6 Gauge independence of the A self-energy to higher orders and 
the loop counting 

In this section we move to an analysis performed to higher orders that illustrates how the loop expansion 
and the counterterms get organized so to have a consistent gauge independent theory. 

For this purpose, let's consider the diagrams in Fig. II. 8^ which are relevant in order to verify this 
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Figure 1.8: Three-loop cancellations of the gauge dependence. 



cancellation in the massless fermion case. It shows the self-energy of the A gauge boson. From now 
on we are dropping all the coupling constants to simplify the notation, which can be re-inserted at the 
end. We have omitted diagrams which are symmetric with respect to the two intermediate lines of the B 
and A gauge bosons, for simphcity. This symmetrization is responsible for the cancellation of the gauge 
dependence of the propagator of A and the vector interaction of B, while the gauge dependence of the 
axial- vector contribution of B is canceled by the corresponding Goldstone (shown) . Diagram (A) involves 
three loops and therefore wc need to look for cancellations induced by a diagram involving the .s-channel 
exchange both of an A and of a B gauge boson plus the one-loop interactions involving the relevant 
counterterms. In this case one easily identifies diagram (B) as the only possible additional contribution. 

To proceed with the demonstration we first isolate the gauge dependence in the propagator for the 
gauge boson exchanged in the s-channel 



fc2 - M2 



.A A' 



A i,X' 



fc2 - ^^Mf 



.A A' 



A j,A' 



k^k 



fc2 - Mf 



A lA' 



k^k 



Ml / k'^-^BMl \ Mf 



(1.68) 



and, using this separation, the sum involving the two diagrams gives 



with the gauge-dependent contributions being given by 

= AV''(-fci,-fc2)P5^^'A^VV'(^^^fc^)p..' 

-i I k^k^'\ 



A^'^'^i- k„-k,) 



fc2 - ^^Mf \^ M2 

i 



A^'^'^ik^k^) 



(1.69) 



(1.70) 



Using the anomaly equations and substituting the appropriate value already obtained for the WZ- 
coefScient, we obtain a vanishing expression 



1 



fc2_^^M2M2 



+ ^i^(ir3(^)^) ^--^i.fc2.^,^^e-'-',^^,,^^,p;.'=o. (1.71) 



After symmetry breaking, with massive fermions, the pattern gets far more involved and is described in 
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Fig. 11.91 In this case we have the sum 




S = I ^{A + B + C + V + £) (1.72) 

and it can be shown by direct computation that the gauge dependences cancel in this combination. The 
details about this cancellation are given in App. 11.13.31 Notice that the pattern to follow in order to 
identify the relevant diagrams is quite clear, and it is not difficult to identify at each order of the loop 
expansion contributions with the appropriate s-channel exchanges that combine into gauge invariant 
amplitudes. These are built identifying direct contributions and counterterms in an appropriate fashion, 
counting the counterterms at their appropriate order in Planck's constant {h). 



1.7 Unitarity Analysis of the A-B Model in the broken phase 

In the broken phase and in the presence of Yukawa couplings there are some modifications that take place, 
since the s-channel exchange of the b axion is rotated on the two components (the Goldstone and physical 
axion x) shown later in Fig. 11.111 The introduction of the Yukawa interaction and the presence of 
a symmetry breaking phase determines an interaction of the axion with the fermions. Therefore, let's 
consider the Yukawa Lagrangian 



which is needed to extract the coupling between the axi-Higgs and the fermions. We focus on the term 



C 



Yuk\^2 



2 



V'(i + 7^)V^^-^(i-f)V'^ 



(1.74) 
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having expanded around the Higgs vacuum. Performing a rotation to express the pseudoscalar Higgs 
phase 02 in terms of the physical axion and the NG boson 



one extracts a xV'V' couphng of the kind 



and a coupling Gipip for the Goldstone mode 

^YukiGn) = -^^f|^*?Gs7'V' = 25b^z?7'V'Gb. (1.76) 

Having fixed the Yukawa couplings of the model, we move to the analysis of the same diagrams of the 
previous section in the broken phase. Preliminarily, we need to identify the structure of the anomaly 
equation for the fermionic three-point functions with their complete mass dependence. In the case of 
massive fermions the anomalous Ward Identities for an AVV triangle are of the form 

A;2.A^^'^(/3,fci,fc2) = ai(/3)e^''"^fc2"fcf, 

/cAA^'^"(/?,fci,fc2) = a3(/3)e'^''«'5/efA;f + 2m/A'^^ (1.77) 

and in the case of AAA triangle A'^^'^{/3, fci, fe) = A^^'^{ki, k2), with Bose symmetry providing a factor 
1/3 for the distribution of the anomalies among the 3 vertices 

fci^A3^''^(fci,fc2) = ^e^^"'^fcrfc2^ + 2rr^/A^^ 
fc2.Af'^(fci,fc2) = ^e^^"^k^kf + 2mfA^'', 

kxAl'"'{ki,k2) = ^e'^'^'^fcf fc^ + 2m/A'*'', (1.78) 

where we have dropped the appropriate couphng constants common to both sides. The amplitude Af^" 
is given by 



A/^^- / Tr[j'{/i +m/)7V(^ - l^i + mf)ri' i/l + m/)] 

' (27r)4 [q2 _ rn}][{q - k)^ - m}][{q - ki)^ - m}] ^ ^ ' 



and can be expressed as a two-dimensional integral using the Feynman parameterization. We find 

A>"' = e"'^'"'kfk^mf (^-^^ (1-80) 
with I denoting the formal expression of the integral 

/= / dx [ dy—, ^- — -. (1.81) 

' ' " A{x,y,mf,m^,MB) 



.^0 
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(A) (B) 
Figure 1.10: Decay amplitude for x BB. 
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Figure 1.11: Diagrams from the Green-Schwarz coupling after symmetry breaking. 



We have dropped the charge dependence since we have normaUzed the charges to unity and we have 
defined 

A{x,y,mf,m^,MB) = T!^ - D = m} - xym\ + M%{x + yf - xM% - yM% = A{x,y). (1.82) 

We can use this amplitude to compute the one-loop decay of the axi-Higgs in this simple model, shown 
in Fig. 11.101 which is given by 

M^'^ix'^BB) = A + B 



V M 



B 



M 



V M 



B 



where ai is the coefficient that rotates the axion b on the axi-Higgs particle x- 



1.7.1 A-B Model: BB 
phase 



BB mediated by a S gauge boson in the broken 



A second class of contributions that require a different distribution of the partial anomalies are those 
involving BBB diagrams. They appear in the BB BB amplitude, mediated by the exchange of a 
B gauge boson of mass Mg — \J Ml + {2ggv)'^. Notice that Mg gets its mass both from the Higgs 
and the Stiickelberg sectors. The relevant diagrams for this check are shown in Fig. 11.121 We have not 
included the exchange of the physical axion, since this is not gauge-dependent. We have only left the 
gauge-dependent contributions. Notice that the expansion is valid at two-loop level and involves two-loop 
diagrams built as combinations of the original diagrams and of the one- loop counterterms. There are 
some comments that are due in order to appreciate the way the cancellations take place. If we neglect 
the Yukawa couplings the diagrams (B), (C) and (D) are absent, since the Goldstone does not couple 
to a massless fermion. In this case, the axion b is rotated, as in the previous sections, into a Goldstone 
mode Gb and a physical axion x (see Fig. 11.11) . On the other hand, if we include the Yukawa couplings 
then the entire set of diagrams is needed. From diagram (E) we obtain the partial contribution 
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Figure 1.12: Cancellation of the gauge dependence after spontaneous symmetry breaking. 



(1.84) 



where the overall factor of 4 in front is a symmetry factor, the coefficient a<2_ comes from the rotation of the 
h axion over the Goldstone boson [oli = ■^^), and the coefficient C^g has already been determined from 
the condition of gauge invariance of the anomalous effective action before symmetry breaking. Similarly, 
from diagram (B) we get the term 



2t^){gsfA>^''^'{k„k,), (1.85) 



while diagram (C) gives 



Q=2x (5B)3A''-(-fci,-A;2) 2» 



Mb J k'^-^BMl \M 
having introduced also in this case a symmetry factor. Finally (D) gives 



2 ' 



(1.86) 



2i 



Z^'" {k„k^){gBy. 



(1.87) 



We will be using the anomaly equation in the massive fermion case, having distributed the anomaly 
equally among the three B vertices 



(1.88) 



Separating in diagram (A) the gauge dependent part of the propagator of the boson B from the rest we 
obtain 



7 / h^h^ 



= (^e^-^fc-fcf + 2m/A'''')(5s)= 



1 fa. 



fc2 - e^Ml Ml 



9% 



fc2 - ^5M2 Ml 
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2 



(1.89) 



The first term in l|1.89p is exactly canceled by the contribution from diagram (E). The last contribution 
cancels by the contribution from diagram (B). Finally diagrams (C) and (D) cancel against the second 
and third contributions from diagram (A). 



1.8 The Effective Action in the Y-B Model 

We anticipate in this section some of the methods that will be used in the next chapter for the analysis of 
a realistic model. In the A-B Model, in order to simplify the analysis, we have assumed that the coupling 
of the B gauge boson was purely axial- vector-like while A was purely vector-like. Here we discuss a gauge 
structure which allows both gauge bosons to have combined vector and axial- vector couplings. We will 
show that the external Ward Identities of the model involve a specific definition of the shift parameter in 
one of the triangle diagrams that forces the axial- vector current to be conserved (03 (/3) = 0). This result, 
new compared to the case of the SM, shows the presence of an effective CS term in some amplitudes. 
The Lagrangian that we choose to exemplify this new situation is given by 

+ \(d^b + M.B^f - A„ (|0J2 - y)' - A, -^)\cf + Cy^u, (1.90) 

where the Yukawa couplings are given by 

with L and R denoting left- and right- handed fermions. The fermion currents are 

(1.92) 

so that, in general, without any particular charge assignment, both gauge bosons show vector and axial- 
vector couplings. In this case we realize an anomaly-free charge assignment for the hypercharge by 
requiring that = ^QiL' I2R ~ ^9lr> which cancels the anomaly for a YYY triangle since 

E («/ )' - - (^Xl)' + {^Xr? ~ {^Xl? - {^Xr? - {^Xl? - (^r^)^ + {<iXl? = 0. (1.93) 

This condition is similar to the vanishing of the YYY anomaly for the hypercharge in the SM, and for 
this reason we will assume that it holds also in our simplified model. Before symmetry breaking the B 
gauge boson has a Goldstone coupling coming from the Stiickelberg mass term due to the presence of a 
Higgs field. The effective action for this model is given by 



(1.94) 
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which reads 



(1.95) 

with 

Swz ^^{bF^AF^) + ^ {bF^ ^ ^'') + ^ i^P" ^ (1-96) 

denoting the WZ counterterms. Only for the triangle BBB we have assumed an anomaly symmetrically 
distributed, all the other anomalous diagrams having an AVV anomalous structure, given in momentum 
space by 

- 2Z.[W/J y (2^)4 p2(p_fc^)2(p_fc)2 ^ ^'^2l, (1-97) 

with indices running over i, j, k =Y, B. The sum over the fermionic spectrum involves the charge operators 
in the chiral basis 

= \ E ^ \ E [^)b^)b^)k - ■ (1.98) 

Computing the F-gauge variation for the effective one-loop anomalous action under the trasformations 
— > + ^^fiY we obtain 

^ySan = ^ai(/3i)^eyFs A F^Dbyy + ^"al/^s) J^y^s A F^Dy^^, (1.99) 
and, similarly, for B-gauge transformations B^ B^ + d^fi^ we obtain 



^sSan = -^-^2^bPb ^ PbDbbb + -^o,^{Pi)^(^bPy ^ Py^byy 

-^(^^If^BFB A FyDyss, (1.100) 



so that to get rid of the anomalous contributions due to gauge variance we have to fix the parameterization 
of the loop momenta with parameters 

Notice that while /J^ corresponds to a canonical choice (CVC condition), the second amounts to a con- 
dition for a conserved axial-vector current, which can be interpreted as a condition that forces a CS 
counterterm in the parameterization of the triangle amplitude. Having imposed these conditions to 
cancel the anomalous variations for the Y gauge boson, we can determine the WZ coefficients as 

^BB — ^^^^n^^SBB' ^YY — (/'l ) ^-^BYY > ^ BY — ^"^1 (/^2) ^-C>y^5 . (1.102) 

Having determined all the parameters in front of the counterterms we can test the unitarity of the model. 
Consider the process YY YY mediated by an B gauge boson depicted in Fig. 11.131 one can easily 
check that the gauge dependence vanishes. In fact we obtain 
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Figure 1.13: Unitarity diagrams in the Y-B Model. 



where we have included the corresponding symmetry factors. There are some comments that are in 
order. In the basis of the interaction eigenstates, characterized by Y and B before symmetry breaking, 
the CS counterterms can be absorbed into the diagrams, thereby obtaining a re-distribution of the 
partial anomalies on each anomalous gauge interaction. As we have already mentioned, the role of the 
CS terms is to render vector-like an axial-vector current at one-loop level in an anomalous trilinear 
coupling. The anomaly is moved from the Y vertex to the B vertex, and then canceled by a WZ 
counterterm. However, after symmetry breaking, in which Y and B undergo mixing, the best way to 
treat these anomalous interactions is to keep the CS term, rotated into the physical basis, separate from 
the triangular contribution. This separation is scheme dependent, being the CS term gauge variant. 
These theories are clearly characterized by direct interactions which are absent in the SM which can be 
eventually tested in suitable processes at the LHC (as suggested in Chap. [2] and developed in Chap. [5]). 



= A^^''(-fci,-fc2 



A j,A 



-i I k^k 
k^ - isMf I Iwf 



1.9 The fermion sector 

Moving to analyze the gauge consistency of the fermion sector, we summarize some of the features of 
the organization of some typical fermionic amplitudes. These considerations, naturally, can also be 
generalized to more complex cases. For our discussion we work directly in the A-B Model for simplicity. 
AppHcations of this analysis can be found in the next chapter. 

We start from Fig. 1 1.141 that describes the t-channel exchange of A-gauge bosons. We have explicitly 
shown the indices {Xfiv) over which we perform permutations. In the absence of axial- vector interactions 
the gauge independence of diagrams of these types is obtained just with the symmetrization of the A-Hnes, 
both in the massive and in the massless fermion (TOy=0) case. When, instead, we allow for a B exchange 
in diagrams of the same topology, the cases rrij = and rrij ^ involve a different (see Fig. ll.lSp 
organization of the expansion. In the first case, the derivation of the gauge independence in this class 
of diagrams is obtained again just by a permutation of the attachments of the gauge boson fines. In the 
massive fermion case, instead, we need to add to this class of diagrams also the corresponding Goldstone 
exchanges together with their similar symmetrizations (Fig. I1.16|) . We illustrate in Figs. ll.lTl and 
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m, X ij V 

+ permutations (A, IJ, v) 

AAA 

Figure 1.14: The massive fermion sector with massive vector exchanges in the t-channel. 
rrif = IJ V 

+ permutations ("A, ^, v) 
ABA 

Figure 1.15: t-channel exchanges with vector and axial-vector interactions of massive gauge bosons. Being the 
fermion massless, permutation of the exchanges is sufficient to generate a gauge invariant result. 

11.181 the organization of the expansion to lowest order for a process of the type // AA which is the 
analogous of qq 77 in this simple model. The presence of a Goldstone exchange takes place, obviously, 
only in the massive case. Finally, we have included the set of gauge-invariant diagrams describing the 
exchange of A and B gauge bosons in the t-channel and with an intermediate triangle anomaly diagram 
(BAA) (Figs. 11.191 and ll.20p . In the massless fermion case gauge invariance is obtained simply by 
adding to the basic diagram all the similar ones obtained by permuting the attachments of the gauge 
lines (this involves both the lines at the top and at the bottom) and summing only over the topologically 
independent configurations. In the massive case one needs to add to this set of diagrams 2 additional 
sets: those containing a Goldstone exchange and those involving a WZ interaction. The contributions 
of these additional diagrams have to be symmetrized as well, by moving the attachments of the gauge 
boson/scalar lines. 





1.10 The Effective Action in configuration space 

Hidden inside the anomalous three-point functions are some Chern-Simons interactions. Their "extrac- 
tion" can be done quite easily if we try to integrate out completely a given diagram and look at the 
structure of the effective action that is so generated directly in configuration space. The resulting ac- 
tion is non-local but contains a contact term that is present independently from the type of external 
Ward Identities that need to be imposed on the external vertices. This contact term is a dimension-4 
contribution that is identified with a CS interaction, while the higher dimensional contributions have a 
non-trivial structure. The variation of both the local and the non-local effective vertex is still a local 
operator, proportional to A F. The coefficient in front of the local CS interaction changes, depending 
on the external conditions imposed on the diagram (the external Ward Identities). In this sense, different 



rrif X p V 




+ perm. (X, p, v) 



_L 



(B) 



+ perm. (X, Cg, v) 



Figure 1.16: As in Fig. ll.lSl but in the massive case and with a Goldstone. 
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vertices may carry different CS terms. 

To illustrate this issue in a simple way, we proceed as follows. Consider the special case in which the 
two lines fiv are on-shell, so that k\ = = 0. This simplifies our derivation, though a more general 
analysis can also be considered. We work in the specific parameterization in which the vertex satisfies 
the vector WI on the iiu lines, with the anomaly brought entirely on the A line. 

In this case we have 

^1(^1,^2) = fci • ^2^3(^1,^2) 
^2(^1,^2) = -Ai{k2M) 
A(fci,fc2) = -A^{k2,k{) 
AQ{k\,k2) = -As{k2,k{), 

(1.104) 

and defining s — 2ki ■ k2 = k^, the explicit expressions of Ai and A2 are summarized in the form 

Ai{k'^) = ^i^ + iCo{m},s) (1.105) 

with Co a given function of the ratio mj/s that we redefine as R^mj/s). The typical expression of these 
functions can be found in the appendix. Here we assume that s > Arnj , but other regions can be reached 
by suitable analytic continuations. The important point to be appreciated is the presence of a constant 
term in this invariant amplitude. Notice that the remaining amplitudes do not share this property. If we 




^ ^ A / \ 4 P ^ + perm. (A, iJ, v)-(a, P, y, 5) 



a p y 5 

Figure 1.19: Anomaly in the t-channel. 
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+ ^ ^^^^^E^ ^ + perm. fA, p, v^-fe jS, y, 5j 



cx ^ Y 5 

(B) 



Figure 1.20: The WZ counterterm for the restauration of gauge invariance. 



denote as Tc the vertex in configuration space, the contribution to the effective action becomes 

= ^(W<xi?^^^i^r> + {R [S{x - z)S{y - z)] B\z)A'^{x)A-'{y)) (1.106) 

where the l/D^ operator acts only on the distributions inside the squared brackets ([ ]). It is not difficult 
to show that if we perform a gauge variation, say under B, of the vertex written in this form, then the 
first term trivially gives the Fa A Fa contribution, while the second (non-local) expression summarized 
in R, vanishes identically after an integration by parts. For this one needs to use the Bianchi identities 
of the A, B gauge bosons. 

A similar computation on A3, ^4 etc, can be carried out, but this time these contributions do not 
have a contact interaction as Ai and A2, but they are, exactly as the R{) term, purely non-local. Their 
gauge variations are also vanishing. When we impose a parameterization of the triangle diagram that 
redistributes the anomaly in such a way that some axial interactions are conserved or, for that reason, any 
other distribution of the partial anomalies on the single vertices, than we are actually introducing into 
the theory some specific CS interactions. We should think of these vertices as new effective vertices, fixed 
by the Ward Identities imposed on them. Their form is dictated by the conditions of gauge invariance. 
These conditions may appear with an axion term if the corresponding gauge boson, such as B in this 
case, is anomalous. Instead, if the gauge boson is not paired to a shifting axion, such as for Y, then gauge 
invariance under Y is restaured by suitable CS terms. The discussion of the phenomenological relevance 
of these vertices will be addressed in the next chapters. 



1.11 Conclusions 

We have analyzed in some detail unitarity issues that emerge in the context of anomalous Abelian models 
when the anomaly cancellation mechanism involves a WZ term, CS interactions and traceless conditions 
on some of the generators. We have investigated the features of these types of theories both in their exact 
and in their broken phases, and we have used s-channel unitarity as a simple strategy to achieve this. We 
have illustrated in a simple model (the "A-B Model") how the axion b is decomposed into a physical field 
X and a Goldstone mode Gg (see Eq. (|1.4ip ). and how the cancellation of the gauge dependences in the 
S'-matrix involves either 6 or Gs, in the Stiickelberg or the Higgs-Stiickelberg phase respectively. In the 
Stiickelberg phase the axion is a Goldstone mode. The physical component of the field, appears after 
spontaneous symmetry breaking, and becomes massive via a combination of both the Stiickelberg and 
the Higgs mechanism. Its mass can be driven to be light if the Peccei-Quinn breaking contributions in the 
scalar potential (see Eq. I|1.49p ') appear with small parameters (6]^, A]^,A2) compared to the Higgs v.e.v. 
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(see Eq. I|1.54p ). Then we have performed a unitarity analysis of this model first in the Stiickelberg phase 
and then in the Higgs-Stiickelberg phase, summarized in the set of diagrams collected in Figs. ll.6l and ll.7l 
A similar analysis has been presented for self-energy like diagrams, and is summarized in Figs. 11.81 and 
11.91 respectively. In the broken phase, the most demanding pattern of cancellation is the one involving 
several anomalous interactions (BBB), and the analysis is summarized in Fig. ll.l2l We have also shown 
that in the simple models discussed in this chapter, Chern-Simons interactions can be absorbed into the 
triangle diagrams by a re-definition of the momentum parameterization, if one rewrites a given amplitude 
in the basis of the interaction eigenstates. Isolation of the Chern-Simons terms may however help in the 
computation of trilinear gauge interactions in reaHstic extensions of the SM and can be kept separate 
from the fermionic triangles. Their presence is the indication that the theory requires external Ward 
Identities to be correctly defined at one- loop. Our results will be generalized in the following chapter and 
appHed to the analysis of effective string models derived from the orientifold construction in the following 
chapters. 
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1.12 Appendix. The triangle diagrams and their ambiguities 

We have collected in this and in the following appendices some of the more technical material which 
is summarized in the main sections. We present also a rather general analysis of the main features of 
anomalous diagrams, some of which are not available in the similar literature on the Standard Model, for 
instance due to the different pattern of cancellations of the anomalies required in our case study. 

The consistency of these models, in fact, requires specific reaHzations of the vector WI for gauge 
trasformations involving the vector currents, which implies a specific parameterization of the fermionic 
triangle diagrams. While the analysis of these triangles is well known in the massless fermion case, 
for massive fermions it is slightly more involved. We have gathered here some results concerning these 
diagrams. 

The typical AVV diagram with two vectors and one axial- vector current (see Fig. II. ip is described 
here using a specific parameterization of the loop momenta given by 



Similarly, for the AAA diagram we will use the parameterization 

^A/ii/ _ /\>^tii' _ ,3 

J (27r)4 [q^ - m?)[{q - kiY - TV?][{q - ky - m?] 

In both cases we have included both the direct and the exchanged contributions 0. 

In our notation A^^'' denotes a single diagram while we will use the symbol A to denote the Bose 
symmetric expression 

^ A^^''(fci, fca) + exchange of {(fci, ^), (fca, z^)}. (1.109) 

To be noticed that the exchanged diagram is equally described by a diagram equal to the first diagram 
but with a reversed fermion fiow. Reversing the fermion fiow is sufficient to guarantee Bose symmetry of 
the two V lines. Similarly, for an AAA diagram, the exchange of any two A lines is sufficient to render 
the entire diagram completely symmetric under cyclic permutations of the three AAA lines. 

Let's now consider the AVV contribution and work out some preliminaries. It is a simple exercise to 
show that the parameterization that we have used above indeed violates the vector WI on the vector 
lines giving 

fci^A^^''(fci,A;2) = aie^''"^fcr^2^ 
fc2.A^'^''(fci,fc2) ^ase^^^'^fc^/cf 
fcAA^^''(fci,fc2) = a3e'^''"''A:?fc2^ 



(1.110) 



where 



Notice that oi =02, as expected from the Bose symmetry of the two V lines. It is also well known that 
the total anomaly oi + a2 + 03 = a„ is regularization scheme independent (a„ ~ ~'^)- We do not 



^Our conventions differ from j41j by an overall (-1) since our currents are defined as = —q^gg'tl^^iii' 
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impose any WI on the V Hnes, conditions which would bring the anomaly only to the axial vertex, as 
done for the SM case, but we will determine consistently the value of the three anomalies at a later stage 
from the requirement of gauge invariance of the effective action, with the inclusion of the axion terms. 
To render our discussion self-contained, and define our notations, we briefiy review the issue of the shift 
dependence of these diagrams. 

We recall that a shift of the momentum in the integrand {p ^ p + a) where a is the most general 
momentum written in terms of the two independent external momenta of the triangle diagram (a = 
a{ki + + (i{ki — ^2)) induces on A changes that appear only through a dependence on one of the two 
parameters characterizing a, that is 

A^^''(/3, fci, fc2) = A^^''(fci, fe) - -^Pe^'^"" {ha - k2a) . (1.112) 

We have introduced the notation A'^^'^{l3, fci, fc2) to denote the shifted three-point function, while A^^''(fci, ^2) 
denotes the original one, with a vanishing shift. In our parameterization, the choice /3 — corresponds 
to conservation of the vector current and brings the anomaly to the axial vertex 

ki,A^^-'{a,ki,k2) = 0, 
fc2.A^^''(a,A:i,fc2) = 0, 

kxA^^'''{a,ki,k2) = -^e^^'^'^klk^ (1.113) 

with a„ = fli +02 + 03 = still equal to the total anomaly. Therefore, starting from generic values of 

(fli = 02, 03), for instance from the values deduced from the basic parameterization l|l.llip . an additional 
shift with parameter /?' gives 

A^^''(/3', k,,k2) = A^^''(/3, fci, fc2) - ^£^'^""(^1 - h). (1.114) 
and will change the Ward Identities into the form 

k,^A^^''{P',k,,k2) = {ai-^)^'"-Pk'^kl 
fc2.A^^''(/3',fci,A;2) = (02 - ^)e^^"''fc2"fcf , 

fcAA^^''(/3',fci,fe) = (03 + ^)e'^''"'^fc?fc2^, (1.115) 

where a2 — ai. There is an intrinsic ambiguity in the definition of the amplitude, which can be removed 
by imposing CVC on the vector vertices, as done, for instance, in Rosenberg's original paper ^42j and 
discussed later. We remark once more that, in our case, this condition is not automatically required. The 
distribution of the anomaly may, in general, be different and we are defining, in this way, new effective 
parameterizations of the three-point anomalous vertices. 

It is therefore convenient to introduce a notation that makes explicit this dependence and for this 
reason we define 

am = a2(/3) = - ^/3, a^) = "i^ + (1-116) 

with 

ai(/3)+a2(/3)+a3(/3) =an = (1-117) 
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1.12. Appendix. The triangle diagrams and their ambiguities 




Notice that the additional /^-dependent contribution amounts to a Chern-Simons interaction. Clearly, 
this contribution can be moved around at will and is related to the presence of two divergent terms in 
the general triangle diagram that need to be fixed appropriately using the underlying Bose symmetries 
of the three-point functions. The regularization of the AAA vertex, instead, has to respect the complete 
Bose symmetry of the diagram and this can be achieved with the symmetric expression 

A^^''{ki,k2) = ^[A^'^''(fci, fc2) + A'^-'\k2, -k) + A''^^(-fc, fci)]. (1.118) 

It is an easy exercise to show that this symmetric choice is independent from the momentum shift 

A3^^''(/3,A;i,fe) = A3^^''(fci,fe) (1.119) 

and that the anomaly is equally distributed among the 3 vertices, ai = 02 = 03 = a„/3, as shown in 
Fig. 11.211 We conclude this section with some comments regarding the kind of invariant amplitudes 
appearing in the definition of A which help to clarify the role of the CS terms in the parameterization 

(AVV) 

of these diagrams in momentum space. For A;^^^ , expressed using Rosenberg's parametrization, one 
obtains 

AA^,y = aie[fci,^, z/, A] +a2e[fc2,/i, i^, A] +a3e[fci,/c2,M, A]fci'' 

+a4e[A;i, fc2, ^, A]fc2 + a5e[A;i, fc2, AJfeJ" + a6e[A:i, fc2, A]fc2 , (1.120) 

originally given in [42], with A being the axial- vector vertex. By power-counting, two invariant amplitudes 
are divergent, ai and 02, while the with i > 3 are finitjl. 

Instead, for the direct plus the exchanged diagrams we use the expression 

Aa^^^ + Aa^^ = (ai - a2)e[fci,//, I/, A] + (02 - ai)e[fc2, Ai, i^, A] 

+ (03 - a6)e[fci, A:2,/i, AJ/ci" + (04 - a^)e[ki,k2, y.,\]k2 
+ (a5 - cn)e[ki,k2,i', AJ/cf + (ae - az)e[ki,k2, v, A]fc^ 
= QL\Ak\^li-, A] + a2e[fc2, M, A] + a^t\kx,k2, fi, Xlki" 

+a4<^[ki,k2,fi,X\k2'' + a^e[ki,k2,i^,X\kl^ + age[ki, k2, 1^, X\k!^ (1-121) 

where clearly a2 = —04,0:3 = — Og and = —0-5. The CS contributions are those proportional to 
the two terms linear in the external momenta. We recall that, in Rosenberg, these linear terms are 
re-expressed in terms of the remaining ones by imposing the vector Ward Identities on the V-lines. As 
already explained, we will instead assume, in our case, that the distribution of the anomaly among the 
3 vertices of all the anomalous diagrams of the theory respects the requirement of Bose symmetry, with 
no additional constraint. A discussion of some technical points concerning the regularization of this and 

^ We will be using the notation e[a,b,^,u] = eaPtiv"-"'^^ to denote the structures in the expansion of the anomalous 
triangle diagrams. 
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other diagrams both in 4 dimensions and in other schemes, such as Dimensional Regularization (DR) can 
be found below. For instance, one can find there the proof of the identical vanishing of Avvv worked 
out in both schemes. In this last case this result is obtained after removing the so called hat-momenta of 
the t'Hooft-Veltman scheme on the external lines. In this scheme this is possible since one can choose the 
external momenta to lay on a four-dimensional subspace (see [l3l for a discussion of these methods) . 
We remark also that it is also quite useful to be able to switch from momentum space to configuration 
space with ease, and for this purpose we introduce the Fourier transforms of (|1.19p and (|1.20p in the 
anomaly equations, obtaining their expressions in configuration space 

d 
d 



d 



d 


d 


dx°' 




d 
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dy°' 
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d 







with ai , 02 and as as in l|1.116p , for the AVV case and 

{5\x-z)5\y-z)), 



(1.122) 
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{5\x-z)6'{y-z)), 



(1.123) 



for the AAA case. Notice that in this last case we have distributed the anomaly equally among the three 
vertices. These relations will be needed when we derive the anomalous variation of the effective action 
directly in configuration space. 



1.13 Appendix. Chern-Simons cancellations 



Having isolated the CS contributions, as shown in Fig. 11.61 the cancellation of the gauge dependence can 
be obtained combining all these terms so to obtaiijfl 



-i k k 



\i.x' 



A^'^''''(fci,fc2) 



4x — C 



+ 4 X [id^e^^'^^k^ - fc2)a) 



fc2 - ^^Ml 



Ai V p a -r, I, 



X i,X' 



k^k 



k^-£,gMl Ml 



(-zdie''''''^'-'(fci-fc2).') 



+ 2 X A-^'^'^(-fci,-fc2) 



XhX' 



k^k 



k^-^i^Mf Ml 



+ 2 X (zciie'"'^"(fci - k^)„) 



{-td^e^'^^^ {k,-k^),,) 
A"^'^{k„k,), 



k'^-igMl Ml 



(1.124) 



*The symmetry factor of each configuration is easily identified as the first factor in each separate contribution. 
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1.13. Appendix. Chern-Simons cancellations 



and using the relevant Ward Identities these simply to 

~i 1 



+ 4 X rf? 



16 



liupcr 1 1 



k^-^sMl 



U 1/ P (7 7, jL 



k^ - £_gMl Ml 
+ 2 X {-id^ie^'^^^k^k^ 



A^pi^po-L, I. p V p a 1 . 



1 



k^ - ^gMl Ml 
~i 1 



-id^2e^'''''^''''k^'k^' 



(1.125) 



[k^-^B^lMl^ 

Having shown the cancellation of the gauge-dependent terms, the gauge independent contribution becomes 

k^k^'^ 



k^ ~ Ml 



So = A^'^-^i-k^-k,) 

+ 4x (zdie'^'^^'^(fci-fc2)a) 
+ 2x A^'"'{-k^,-k2) 



9 



Ml 



XX' 



k^k^' 



fc2 - Ml y Ml 

k^k^'^ 



fc2 - Ml 
+ 2x iid^e^^-'^^ik^-k^)^) 



9 



XX' 



Ml 



fc2 - Ml 



{-td.e^'-^'^'^'ik.-k^),,) 



k^k^' 



Ml 



(1.126) 



At this point we need to express the triangle diagrams in terms of their shifting parameter /? using the 
shift-relations 



A^^''i(3,k„k,) = A^^^ik„k,) - —pe^^-"^{k, - k,),, 
A^^mS, -k„ -k,) = A^'^'^i-k,, -k,) + ^/3e^'^-(fci - k^),, 



(1.127) 
(1.128) 



and with the substitution = — iaj(/3)/2 we obtain 



So = {A^^'^{~k„^k,) + ^l3e^^'^^k,^k,),]p,''' (A^V^'(fc^^fc^)__l_^,AV^V(^^_^^)^, 



47r2' 



+ 4 X Qai(/3)e^''^-(fci - k,)^^ Po^^' (^-iai(/3)e^''''^'-'(fci - k,)„,^ 

+ 2x (^A^A-'^(-fci,-fc2) + ^/3e^^'"^(fci-fc2v)Po''' (-^ai(/3)e^'"^'''^'(fci-fc2).,) 

+ 2x Qai(/3)e'^''^-(fci-fc2),)Po''' (^A^''^'"' (k„k,) - ^^e^'^''^''^' {k, - k,)^,'^ . 



(1.129) 



Introducing the expHcit expression for (/?) , it is an easy exercise to show the equivalence between 5*0 and 
diagram (A) of Fig. I1.6[ with a choice of the shifting parameter that corresponds to the CVC condition 

(/? = -1/2) 

So ^ (A'^'^i-k,, -k,) - -^e^^'-'^ik, - k,)^ P,''' (A^'^''''{k„ k,) + -l-/3e^VVV'(^^ „ ^ 



87r2 



87r2' 
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(B) 



Figure 1.22: Relevant diagrams for the unitarity check before symmetry breaking. 



1.13.1 Cancellation of gauge dependences in the broken Higgs phase 

In this case we have (see Fig. II. 7p 



' 4 



A i,A' 



k^k 



k^-U^l Ml 



+ 4 X 



+ 4x (idie'^''^"(fci-fc2),) 



+ 2 X A^^''(-fci,-fc2) 



k^-^^Ml Ml 
-i k^k^ 



i-id,e'^''''^'^'ik,-k,).,) 



k^k^' 



+ 2 X (idie^'^^"(fci -fcs)-) 



2xA^'^{-k,-k,) 2i-^ 



M, 



B ^"B 

-i k^k^' 
k^-^sMl Ml 
i 

- ^Ml 



A^''(-fci,-fc2) 2z 



+ 2 X ( -a.C^^e^'^P^k.pk^, 



B^'^B 

i 



2i- 



M^ 



A^'ik^k,) 



P - ^^Ml 



2zjJ-]A'^'^ik,,k,). 



(1.130) 



(1.131) 



The vanishing of this expression can be checked as in the previous case, using the massive version of the 
anomalous Ward Identities in the triangular graphs involving A. 



1.13.2 Cancellations in the A-B Model: BB — > BB mediated by a S gauge 
boson 

Let's now discuss the exchange of a B gauge boson in the s-channel before spontaneous symmetry 
breaking. The relevant diagrams are shown in Fig. 11.221 We remark, obviously, that each diagram has 
to be inserted with the correct multiplicity factor in order to obtain the cancellation of the unphysical 
poles. In this case, from Bose-symmetry, the anomaly is equally distributed among the 3 vertices, 
ai ^ 0,2 = 0,3 — CLn/Z, as we have discussed above. We recall that from the variations SB^an and SB^b 
the relevant terms are 



-^ar,{UB 



-) 
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1.13. Appendix. Chern-Simons cancellations 



<5b(^&F^AF^) = -Cbb^{ObF'' AF"") from SBb=-Ah9, 



so that from the condition of anomaly cancellation we obtain 



^BB — 



3! 4 "Mi^ 



(1.132) 



(1.133) 



which fixes the appropriate value of the coefficient of the WZ term. One can easily show the corre- 
spondence between a Green-Schwarz term ^^jf - bF^ A and a vertex 4:^^^ff - e'^'^P'^k^k'^ in momentum 
representation, as will be shown in App. 11.161 Taking into account only the gauge-dependent parts of 
the two diagrams, we have that the diagram with the exchange of the gauge boson B can be written as 



A i,X' 



k^ k 



B - ^bMI \ Ml 



A^'f^'-^'ik^k,) 



and the diagram with the exchange of the axion b is 



(1.134) 



= 4 X ( -Cbb ) e'^^^'^Kk: 



2 \k^-^BMl 



,M P O" l,P jLCT 



Using the anomaly equations for the AAA vertex we can evaluate the first diagram 

« fc2 - ^bMI Ml ^ ' \ J 

k^-£,BMlMl\ 3 ^ 2)\\yB) 3 1 2 

_ i 1_ /On ^ 

while the axion exchange diagram gives 



(1.135) 



(1.136) 



4 X 



/4C 



BB 



\ M J \k^~-^BMl 



nvafi n'u' a' 0' i,a i,f3 ya' i,f3' 
t c fh-^ '2, 1 2 



64 C2 



SB 



M2 A:2 _ ^^^/2 
Adding the contributions from the two diagrams we obtain 



fiuaP Ai'v'a'P' i,ai,f3 j,q' j,/3' 
C rL-^ '2 1 2 



1 /a- 



Ml V 3 



" „3 



■9b 



2 64 
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M2 



= 0, 



in fact substituting the proper value for the coefficient Cgg we obtain an identity 

-I 2 



1 Qn 6 

M2 9 



64 
M2 



zg| 1 A£ 
3! 4''" Ml 



M2 9 M2 64 9 



This pattern of cancellations holds for a massless fermion (m/ = 0) . 



(1.137) 



(1.138) 



(1.139) 
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1.13.3 Gauge cancellations in the self-energy diagrams 

In this case, following Fig. I1.9[ we isolate the following gauge-dependent amplitudes 

-i I k^k^' 



A, = A'^^-^i-k^-k,) 



' 4 



A^f^-- {k„k^)pr , 



= ^^[-^a,C^^j'e'^'^''^k,^k,^^-^e^-''-k,,k,^,Pr\ 



' "1/ \ i / 4 



(1.140) 



so that using the anomaly equations for the triangles 



k^'A^'^'-^'{k,,k^) = a,{(3)e>^''''f'^'k,^,k,^,+2mfA'^''^', 
k^A^^^-k.^-k^) = -a3(/?)e'^-''-fcl^fc2,-2m/A^^ 

and substituting the appropriate value for the WZ coefHcient, with the rotation coefHcient of the axion 
b to the Goldstone boson given by 03 — M^/M^, one obtains quite straightforwardly that the condition 
of gauge independence is satisfied 

A^„ + B.„+C^^ + V^o+£.„=0. (1.141) 



1.14 Appendix. Ward Identities on the tetragon 

As we have seen in the previous sections, the shift dependence from the anomaly on each vertex, pa- 
rameterized by /3, /3i,/32, drops in the actual computation of the unitarity conditions on the s-channel 
amplitudes, which clearly signals the irrelevance of these shifts in the actual computation, as far as the 
Bose symmetry of the corresponding amplitudes that assign the anomaly on each vertex consistently, are 
respected. It is well known that all the contribution of the anomaly in correlators with more external 
legs is taken care of by the correct anomaly cancellation in three-point function. It is instructive to 
illustrate, for generic shifts, chosen so to respect the symmetries of the higher point functions, how a 
similar patterns holds. This takes place since anomalous Ward Identities for higher-order correlators are 
expressed in terms of standard triangle anomalies. This analysis and a similar analysis of other diagrams 
of this type, which we have included in an appendix, is useful for the investigation of some rare Z decays 
(such as Z — > 777) which takes place with an on-shell Z boson. 

Then let's consider the tetragon diagram BAAA shown in Fig. 11.231 where B, being characterized by 
an axial-vector coupling, generates an anomaly in the related WI. We have the fermionic trace 

A^^''''(fci,fc2,A:3) = A^'^''''(fci,fc2,A;3) + perm. (1.142) 



where perm, means permutations of {(/ci,/i), (fc2,J^), (k^^p)}. One contribution to the axial WI comes 
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1.14. Appendix. Ward Identities on the tetragon 
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Figure 1.23: The tetragon contribution. 





Figure 1.24: Momenta distribution for the external lines in a WI. 
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which has been rearranged in terms of triangle anomalies using 

, 1 
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(1.143) 



(1.144) 



Relation (|1.143p is diagrammatically shown in Fig. 11.241 Explicitly these diagrammatic equations become 











-A'^'ik.M)- 




^A^A.pp ^ 


-A'^'ik^^k,)^ 
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-A'''{k„k,)~ 




^A^App. ^ 
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where the usual (direct) triangle diagram is given for instance by 
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P ' P ~Hi~H2 



(1.145) 



(1.146) 
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Figure 1.25: The tetragon diagram in the non-Abelian case. 



Adding all the contributions we have 

- [A'"^''(fci, fc2) + A'^'^Pikuh) + A^''P(k2, fca)] . (1.147) 

At this point, to show the validity of the WI independently of the chosen value of the CS shifts, we recall 
that under some shifts 

A^-P{l3i,p2,k2,k^) 

A''^'\(33,f34,k2,k3) 
AP'^''{(35,P6,kl,k2) 

and redefining the shifts by setting 

135 + 136= Pi 

we obtain 

k^A^^''P{ki,k2,k,) = [p^eP^^'^^kl - k^^) +^^e^^P%kl - fc-) +^3e'^-P-(fc- - k^)] . (1.150) 

Finally, using the Bose symmetry on the r.h.s. (indices fi, v, p) of the original diagram we obtain 

A =^2 = A, (1-151) 

which is the correct WI: k^A^f^^P — 0. We have shown that the correct choice of the CS shifts in 
tetragon diagrams, fixed by the requirements of Bose symmetries of the corresponding amplitude and of 
the underlying three-point functions, gives the correct Ward Identities for these correlators. This is not 
unexpected, since the anomaly appears only at the level of three-point functions, but shows how one can 
work in full generality with these amplitudes and determine their correct structure. It is also interesting 
to underline the modifications that take place once this study is extended to the non-Abelian case. In 
this case (shown in Fig. I1.25P one obtains the same result already shown for the axial Abelian WI, but 
modified by color factors. We obtain 

rr({T", r''}T") [-A"'^'^ + APf'^if])] + Tr{{T\ T^)T'') [-A^^p + A^'^''(/3)] 

+rr({r^T'=}r^) [-a'^'^" + A^p^ip)] 

= d"^" [-APP" + APP^ifi)] + d"^" [-AP'^P + At'^Pip)] + d""^ [-A^P-P + A^'PPiP)], (1.152) 



AP''P{k2M) 
A''PP{ki,k3) 
APP''{ki,k2) 
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»(/33 + /34) 
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»(/35 + /?6) 

47r2 



(^2 ^3, 



^"PP-'ikl 



ePP--{k1-k^), 



(1.148) 



Pi + f32 = (33 + f3i = P2 



(1.149) 
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1.15. Appendix. DR-HVBM 



where we have used the usual definition of the symmetric d-tensor 



d' 



fabc 



(1.153) 



Simple manipulations give a result which is proportional to the result of the Abelian case 



(1.154) 



The vanishing of the shift-dependence is related to the Bose symmetry under exchange of the indices 



This result is clearly expected, since the gauge current of B is Abelian and behaves as a gauge-singlet 
current under the gauge interaction of A, the latter having been promoted to a non- Abelian current. 



In this appendix we give some of the details for the computation of the direct plus exchanged diagrams 
in Dimensional Regularization using the HVBM scheme for a partially anticommuting 75 [45l |46] . There 
are various results presented in the previous literature on the computation of these diagrams, most of 
them using a momentum shift without actually enforcing a regularization, shift that brings the anomaly 
contribution to the axial- vector vertex of the triangle diagram, keeping the vector Ward Identities satisfied, 
which takes to Rosenberg's parameterization l|1.120p . We fill this gap by showing how the regularization 
works using an arbitrary tensor structure T^p" rather than scalar amplitudes. We also keep the mass of 
the fermion arbitrary, so to obtain a general result concerning the mass dependence of the corrections 
to the anomaly contributions. We remind that momentum shift are allowed in DR-HVBM, once the 
integration measure is extended from 4 to n = 4 — e dimensions and the Feynman parametrization can be 
used to reduce the integrals into symmetric forms. Symmetric integration can then be used exactly as in 
the standard DR case, but with some attention on how to treat the Lorentz indices in the two subspaces 
of dimensions 4 and n — 4, introduced by the regularization. These points are illustrated below. 

In the following we will use the notation Ixy to denote the parametric integration after performing 
the loop integral 



There are various ways to implement 75 in D-dimensions, but the prescription that works best and 
is not so difficult to implement is the t'Hooft-Veltman-Breitenlohner-Maison (simply denoted as HVBM) 
prescription. In the HVBM prescription 75 is only partially anticommuting. The gamma algebra in this 
case is split into n = 4 + (n — 4), and the indices of the matrices are split accordingly: /i = (/i, fi). There 
are now two subspaces, and the indices carrying a "are the 4-dimensional ones. The 4-dimensional part 
of the algebra is the same as usual, but now 



{(a,/i, fci),(&, t/, /C2),(c,p, ks)}. 
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(1.155) 




(1.156) 



where the commutators have been replaced by anticommutators. It is important to clarify some points 
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regarding the use of symmetric integration. We recall that in DR the use of symmetric integration gives 

'^"'ijf^ = 0' (1-157) 



and 



(q2_A)i ^ J ^(52_A)^' 

d"g , f'^[,, = / d^q^I^. (1.158) 

Integrals involving mixed indices are set to vanish. We now summarize other properties of this regular- 
ization. We denote by 

91,^, 9fi^, 9f,^ (1.159) 

respectively the n -, 4 - and (n-4) -dimensional parts of the metric tensor. An equivalent notation is to 
set (jfj^i, = gfi,y and — g^ij, 7^ =7^, etc. The contraction rules are 

9^^n, 9f.x9i^9f.., 9^1 = n - 4, gj^ = 4, g^xg^'' = 0. (1.160) 

Other properties of this regularization follow quite easily. For instance, from 

% = r~9a^., r = 7A5^^, (1-161) 
using (|1.160p it follows straightforwardly that 

7M7ai7a2---7aD7^ = 0, 

7/x7ai7a2---7aD7^ = 7M7ai 7a2 • • -700 7''' ■ (1.162) 

The definition of 75 involves an antisymmetrization over the basic gamma matrices 

75 = ^W-7^7''7''7"- (1-163) 

The definition is equivalent to the standard one 75 = 170717273- The e-tensor is a 4-dimensional projector 
that selects only the "indices of a contraction, 

Wa7^7"7V = Cf^oparrY^. (1.164) 

It is then easy to show that with this definition 

{75,7^ = 0, [75,7"] = 0. (1.165) 

These two relations can be summarized in the statement 

{75,7p} = 2%75. (1.166) 



We compute the traces and remove the hat-momenta of the two external vector currents. We illustrate 
some steps of the computation. We denote by /[...] a typical momentum integral that appears in the 
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computation 



(1.167) 



(27r)" (g2 _ A)' 



3 ' 



setting n = 4 — e, for instance we get 



I[e[ki,k2,fJ,,i']]qx 
I[e[k2,X,IJ.,v]\q- q 
I[e[k2,q,tJ.,i']]qx 
I[€[ki,q,iJ,,i']]qx 
I[€[k2,q,lJ,,v]]qx 



0, 

e[A;2,A,/i, i/](n-4)/2 
0, 

e[A;i, A,/i, !/]/2, 
e[A;2, A,/i, i/]/2. 



(1.168) 



Denoting by D and E the direct and the exchanged diagram (before the integration over the Feynman 
parameters x,y), we obtain 



Cl = -4:il2[n{-2 + X + y) + 2{2 + X + y)] 

+'iiIi[mj{-2 + x + y) + sx{l -x + xy-y + y^)], 



C2 


= -Cl, 




C3 


= 8ilix{x - y - l){ki^ 


+ k2x), 


C4 


= 8ili{x + y - l)(ykif. 


- Xk2f,), 


C5 


= 8ili{x + y - l){xki^ 


- yk2v), 


ai 






a2 


= e[k2,X,iJ,,iy], 




0.3 


= €[ki,k2,IJ,,v], 




ai 


= e[ki,k2,X,v], 




05 


= e[ki,k2,X,lj], 





and introducing the dimensionally regulated expressions of /i and I2 and expanding in e we obtain 



D + E = -ilxy [aici + a2C2 + a^c^ + 0404 + 05C5] 



(1.169) 



where 



(1.170) 



1 3a; + 3y - 2 
e 47r2 

x{x + y- l)(2y - l)s + (3a; + 3y - 2) (, 



sxy — m 



})log(^) 



Stt^ ( — sxy 



') 




(a; + j/-l)(fc2^a;-fci^y) 
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{x + y- l){kx^x - k2uy) 

C5 = 7 -T , (1-171) 

47r^ [sxy — m j j 

where fj, is the renormaHzation scale in the MS scheme with = /i^e''/ (An) and 7 is the Euler-Mascheroni 
constant. The pole singularity is related to tensor structures which have a lower mass dependence on ki 
and k2 (ai and which involve loop integrations with an additional powers of q and are, therefore, UV 
divergent. However, the pole contributions vanish after integration over the Feynman parameter, since 

hy i^x + 3y ~ 2] ^ 0. (1.172) 

Performing the integration over the Feynman parameters we obtain the result reported below in Eq. I|1.18ip . 



1.15.1 The vanishing of a massive AAV/VVV 

The vanishing of AAV in DR in the general case (with non- vanishing fermion masses) can be established 
by a direct computation, beside using C-invariance (Furry 's theorem). The vanishing of this diagram is 
due to the specific form of all the Feynman parameters which multiply every covariant structure in 
the corresponding tensor amplitude. Denoting by X^^^'^ any of these generic structures, the parametric 
integral is of the form 

iX = X^'"f<i^/"*^ + ... (1-173) 

with f{x, y) antisymmetric in x, y and A(a;, y) symmetric, giving a vanishing result. For VVV the result 
is analogous. 



1.15.2 AW and shifts 

If we decide to use a shift parameterization of the diagrams then the two values of the amplitudes ai_ 
and 02, are arbitrary. This point has been discussed in the previous sections, although here we need to 
discuss with further detail and include in our analysis fermion mass effects as well. However, the use of 
Dimensional Regularization is such to determine an equal distribution of the anomaly among diagrams of 
the form AAA, no matter which parameterization of the momentum we choose in the graph. Therefore, 
in this case, if a current is conserved, there is no need to add CS interactions or, equivalently, perform a 
shift in order to remove the anomaly from vertices which are vector-like. 

The first significant parameterization of the anomalus diagram can be found in Rosenberg's paper, 
later used by Adler in his work on the axial anomaly. The shift is fixed by requiring CVC, which is 
practical matter rather than a fundamental issue. We will show that this method can be mapped into 
the DR-HVBM result using the Schouten identity. We start from Rosenberg's parameterization 

T^t"" = Aie[ki,^i,v,\] + A2e[k2,ti,v,\] + A3e[A:i, /ca, A]fcr + A4e[fci, /ca, A]/c2 

+A5e[fci, /C2, V, A]fc5' + A6e[fci, k2,y, A]fc^ (1.174) 

given in jl2j. By power-counting, two invariant amplitudes are divergent, Ai and A2, while the Ai with 
i > 3 are finitqj. In general Ai and A2 are given by parametric integrals which are divergent and there 
are two free parameters in these integrals, amounting to momentum shifts, that can be chosen to render 

^ We will be using the notation e[a,b,^,v\ = tapy.v'^'^b^ to denote the structures in the expansion of the anomalous 
triangle diagrams 
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Ai and A2 finite. It is possible to redefine the momentum shifts so that the divergences are removed, and 
this can be obtained by imposing the defining Ward Identities (conservation of the two vector currents) 
in the diagrams 

fci^T^^'' = k2^T^'''' = 0. (1.175) 

This gives Ai = s/2 A3 and A2 = s/2 Aq. The expressions of the invariant ampHtudes Ai are given in 
Rosenberg as implicit parametric integrals. They can be arranged in the form 

Ai = -^ + iCoim},s) 

A2 = -^-iCoimj^s) 

i 2i 

H Co{m'i,s) 



i 



Ai = — -if{ml,s) 
A5 = -Ai 

A = -^3 (1.176) 

where we have isolated the mass-independent contributions, which will appear in the anomaly, from the 
mass corrections dependent on the fermion mass (m/), and we have defined 



Li2 , mi Li2 1 , 1 

Coimj, s) = ^ \ 2 ^ + ^ , / ^ . (1-177) 

^l-4mj./.tanh-i (^f^) 
/(mj, s) = W ^ ^1 17g) 

Eqs. (|1.177p and l|1.178p have been obtained integrating the parametric expressions of Rosenberg. 
The axial vector WI is obtained from the contraction 



ikix + k2x)T^'''' 



iLi2 . mi iLi 



= ( -^ + 2zCo(m^,s)j X e[A:i,fc2,^,H (1.179) 



where the first contribution is the correct value of the anomaly. The remaining term, expressed in terms 
of dilogarithmic functions, is related to the scalar three-point function, as shown below. 



1.15.3 DR-HVBM scheme 
1.15.3.1 The AW diagram 

In this case if we use DR we obtain 

Txfii. = -in (^e[A;i, A,/i, t^] - e[fc2, A, ^, z/]^ - 1x2 (fciA + A;2a) e[fci, fe, Ai, J^] 

~iTs.{ki^- k2^) f.[ki,k2,\,v]- iTs,{kiy - k2i,) e[A;i, fc2, A, //] (1.180) 
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Li2 ( r=2 — 5= ) TO? Li2 { r=2 — ^ ) rni 



2 /c. _ 1 fom-l 1 



inrJ s — 1 tan 



T2 



3 y f y^4,nj/s- 

Lin I =2 — = I ml Lio I — I to^ 

2.s27r2 2s27r2 



^4to^/s - 1 



^4m2/s-l / 1 



2s7r2 4s7r 



2 



Li2 



T3 



l-^l-4,nj/sj ^ \^l + ^l-4mJAy "V 



2 



2s27r2 2s27r2 

3 



2s7r2 4s7r2 



(1.181) 



The expressions above require a suitable analytic continuation in order to cover all the kinematic range of 
the external invariant (virtuality) s. The position of the branch cut in the physical region is at = 2m, 
corresponding to an s-channel cut, where the virtual axial- vector line can produce two on-shell collinear 
massive fermions. 

It is interesting to see how the vector and the axial-vector Ward Identities are satisfied for a generic 
fermion mass m. For the vector WI we get 

fcipT'"-^ = ^(T3S + 2Ti)e[A:i,fc2,A,z/] 

k^.T^'"^ = -^(r3S + 2ri)e[fci,fc2,A,H. (1-182) 

One can check directly that the combination {t^s + 2ti) vanishes so that /ci^T^'^'^ = k2uT^^'^^ = 0. 
The second and third term in (|1.179p are related to the scalar three-point function 



CQo{k'',klklmj,mj,mj)^ I d^q- ^ ^ (1.183) 

U2 _ mj] Uq + fci)2 - mjj Uq + ki + ^2)^ - to2 J 



Coo(fc ,0,0,TO^,TO^,TOj) 



ri,2 



giving the equivalent relation 
/ 

i 

V 



(fclA + feA)T^^" = 



Li2 



r2 



1±1 1-4' 



fc2 



(1.184) 



ml iLi2 



z[ki,k2,^i,v] 



(1.185) 

Our result for T^^"' can be easily matched to other parameterizations obtained by a shift of the momentum 
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in the loop integral performed in 4 dimensions. We recall that in this case one needs to impose the defining 
Ward Identities on the amplitude, rather than obtaining them from a regularization, as in the case of the 
HVBM scheme. Before doing this, we present the analytically continued expressions of l|1.18ip which are 
valid for ^/s > '^rn.j: and are given by 



1 



n = --Co(s,m^) + — -— ^l-4m2/s tanh 
1 3 s 

--Co{s,m}) - + -^,/l-4m2/s tanh" 
s ■' 4s7r^ 2sTT^ V J 



T2 



T3 = l'^o{s,m}) - ^ + ~ Amj/s tanh-i 

1" ' 2^ 3 1^,2 



^1 - Amj/s^ 



-Co{s,mj)^^ + -fimj,s). (1.186) 



s 



1.15.3.2 The AAA diagram 



The second case that needs to be worked out in DR is that of a triangle diagram containing three axial- 
vector currents. We use the HVBM scheme for 75. The analysis is pretty similar to the case of a single 
75. In this case we obtain 



2, 



+IxyKHki, fc2, A, ly] + 4yK]e[fci, fe. A, //]) (1.187) 

where Ixy is the integration over the Feynman parameters. Also in this case the coefficients ci and C2 are 
divergent and are regulated in DR. We obtain 

ci = Ai{l2{n~6){3x + 3y-2) + Ii{{~3x-3y + 2)m'^j + sx{y'^ -y + x{y-l) + l))) 
C2 = -ci 

C3 — 8ilix{x — y — 1) 

C4 = Sili{x + y - l){xk2'^ ~ yki'^) 

C5 = 8ili{x + y-l){xki'' -yk2''), (1.188) 
which in DR become 

3x + 3y~2 



Cl 



C3 



C4 



x{x-y- 1) 



(3.T + 3y - 2) 1 


[^sxy — m^^ 


iiog("?;r^) 


- sx{x + y- l){2y + 1) 


87r2 1 


^m^ — sxy 


) 



^m^. — sxy j 
{x + y- l)(fc2^x - ki'^y) 
m^j: — sxy 
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(x + y-l)(fci-a:-fc/y) 

C5 = 7 7 ■ (1.189) 

47r^ ( ~ 5a;?/ j 

After integration over x and y the pole contribution vanishes. We obtain 



-i (^Tp-' (e[fci, A, ^, I/] - e[fc2, A,/i, I/]) + Tj^^-* (fciA + fc2A) e[ki,k2, ti,v] 

{ki,, - k2^) e[A:i,A:2,A,z/]+rf' (fci,-fc2.) e[A:i, fca, A, ^i]) , (1.190) 



^ 4s7r2 4s7r2 

4^2 /4,„2/^,_ 1 S^2 ' 24^2' 



4m2f 5 

+ , ; ' ^-TZF + :T7Z5' (1-191) 



Li2 



^ l-4rnj/s j "V ^^2 l^i + ^ i_4,„./, y 



2s27r2 2s27r2 

,/4m2,/s- ltan-1 ( — — L= ) 

V ^' y^47nj/s~l J 1 

2s7r2 4s7r2 ' 



^(3) 
^3 



L-i2 , , Li2 



2s27r2 2s27r2 



4m2 /s — 1 tan ^ 



(1.192) 



(1.193) 



2s7r2 4s7r2 
We present the analytically continued expressions of relations l|1.191l 11.1921 11.193P valid for y/s > 2m j 



3^*2 [ ,_^,1^„,./,, ) 3Lz2 (^^^-^jl^ j m2 

4s7r2 4s7r2 
(64„.)/.2 _ 20^2/. + l) tanh- (^r^) 4^2 



4^2 /i_4^2/g S7r2 247r2' 



(1.194) 



.(3) 



Li-, — = mi Li 



-^l-4.nj/sl " I l+Vl-4m5./W / 



2s27r2 2s27r2 



1 — 4m^ /s tanh ^ 
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3 2s27r2 ^ 2s27r2 



1 - 4m?/stanh ^ 



\^l-imj/s J 3 



2s7r2 4s7r2 
In the massless case, the contribution to the WI is given by 



(1.196) 



l,\rpAAA _ 


I 




l.tirpAAA _ 


i 


[k2,h,v, A] 


iVrpAAA _ 


i 


[k3,ki,X,fi 



(1.197) 

where we have chosen a symmetric distribution of (outgoing) momenta {ki,k2,kz) attached to vertices 
(/Lt, V, A), with fcs = — fc — —ki — k2. 



1,15.4 Equivalence of the shift-based (CVC) and of DR-HVBM schemes 

The equivalence between the HVBM result and the one obtained using the defining Ward Identities 
(|1.176p can be shown using the Schouten relation 

^,'''e[M2,M3,M4,M5] + ^re[M3,M4,M5,Mi] + ^l"e[M4, Ma, Mi, M2] 
+A;f''e[^5,^i,/Z2,Ai3] + fcf ''e[/ii, /i2, ^3, /Z4] = 0, (1.198) 

that allows to remove the A:^ 2 terms in terms of other contributions 

k^e[ki,k2,fi,iy] = ^e[A:i, /i, i^, A] - fcf e[fci, fc2, A] + fcJ'e[A:i, fc2, /i, A] 

k2e[ki,k2, = -~'^e[k2, n, i', X] - k!^e[ki, k2, i^, X] + k2e[ki, k2, fi, X\. (1.199) 

The result in the HBVM scheme then becomes 

T^^'' = -i (ti + ^T2^ e[ki,fi,iy,X] - i (^-Ti - ^^T2^ e[k2,fi,iy,X] 
{t2 - T3) e[kl,k2,^J,,X]kl'' - i {t2 + T3) e[fci,/c2,/i, AJfca 
-i (-T2 - T3) e[ki,k2,iy, A]fcf - i {t^ - T2) e[ki, k2,iy, A]fc^ (1.200) 

and it is easy to check using l|1.176p and l|1.186p that the invariant amplitudes given above coincide with 
those given by Rosenberg. Therefore we have the correspondence 



Ai = 


-i{Ti + 




A2 = 


-«(-Tl 


s 

-2-2 


A3 = 


-«(t2 - 


rz) 


Ai - 


-i{T2 + 


r,) 


A, = 


-«(-T2 


-rs) 


A, = 


-«(t-3 - 


r2). 



(1.201) 
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A similar correspondence holds between the Rosenberg parameterization of AAA and the corresponding 
DR-HVBM result 













= -(rf-rf) 




= -^(rf +rf) 


A3) 
^5 


= -(-f-rf) 


4(3) 
^6 





1.16 Appendix. The Chern-Simons and Wess-Zumino vertices 

The derivation of the CS vertex is straightforward and is given by 
I dx dy dz T^'^s" {z, X, y) {z)A^^{x)A'' (y) 

= Jdxdydz J ^^^^^ d^^^^ ^-ik,(x-z)-ik^{y-z) gAM^a (^a _ ^o) {z) A^" {x) A" {y) 

= I "^'y'^' - ^) (/ (^^.(Sjie-*^^-^^-"^^^-^^) B\z)A^ix)A'^iy)e^^^- 

= i-i) I dxdydz I ^^e-*i(a=-.)-.fe.(.-.)5A(^) (^A_A^^{a:)A-^{y) - A_A'^ {y)A^^ix)^ e'^^" 

= i-i) J dx dy dz S{x - z)S{y - z)B\z) (^-^A''{x)A^ {y) - -^A^ (y)A^'{x)^ e^"^" 

= i j dxA^{x)B'' {x)F^^{x)e^''P'' . (1.203) 

Proceeding in a similar way we obtain the expression of the Wess-Zumino vertex 

jdxdydz j ^^^^^P^k'lk^e-^k,■i.-.)-^k.■iy-z) b{z)B'^ {x)B'' {y) 

= (-1) I dxdydz5^'Hx-z)6^'\y-z)b{z)^{x)^iy)e^-^P^ 

= -\j dxb{x)F^l{x)F^,{x)e^'''"^ = \j dxbF^lF^^e"^'^'' (1.204) 

so that we find the following correspondence between Minkowsky space and momentum space for the 
Green-Schwarz vertex 

Ae^'-'P'^k^k^ ^ bF^hF^. (1.205) 

1.17 Appendix. Computation of the Effective Action 

In this appendix we illustrate the derivation of the variation of the effective action for typical anomalous 
contributions involving AVV and AAA diagrams. We consider the case of the A-B Model described in 
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the first few sections. We recall that we have the relations 

SBi" = d^9B SA^" = d^0A. 
We obtain the following gauge variations 



(1.206) 



SbSbaa 



6 b J dxdydzTi^''^{z,x,y)B^{z)A^{x)A''{y) 

-Jdxdy dz d,. T^!^\, {z, X, y) A'' {x) A'' (y) 6^ (z) 

-za3(/3)e^''"'^ j dxdydzd,.dy4S{x-z)6{y-z)]A'^{x) A''{y)eB{z) 

-ia3{P)€^"'°'^ J dxd^o.A^{x)d^ffA''{x) 9b{x) 

«3(/?)y, 



I dxeBF^^F^^e-^^'^ 



(1.207) 



5 a j dxdydzTii^"^{z,x,y)B^{z)A^'{x)A%y) 

- J dxdydzd,,Ti^\{z,x,y)B^{z) eA{x)A-{y) 

- j dxdydzdy^T^!^^^{z,x,y)B^{z)A''{x)eA{y) 

lai ip)e^'"'^' J dx dy dz d^.dy,[S{x - z) d{y - z)] B\z) {x) A" (y) 
-iai{P)e^''"'^ J dx d^cB^{x)d^0A''{x)eA{x) 
+zai(/3)e^^"^ / dx d^^ B^{x) d^<. 9a{x) 



j dxeAF^,F^^e-'^r 



(1.208) 



1.18 Appendix. Decay of the axi-Higgs: the pseudoscalar trian- 
gle xBB 

The computation is standard and the result is finite. There are no problems with the handling of 75 and 
so we can stay in 4 dimensions. 

We first compute the triangle diagram with the position of zero mass fermion rUf = Q 



d*q Tr[j^(Ji -kj ] 



q^{q-kY{q-k^f 



exch. 



(1.209) 



which trivially vanishes because of the 7-algcbra. Then the relevant contribution to the diagram comes 
to be proportional to the mass 7^ 0, as we are now going to show. 

We set k = ki+k2 and set on-shell the B-bosons: k\ = k"^ = Mg, so that fc^ = 2M^ + 2ki ■ k2 = 

The diagram now becomes 



d\ Tr[75(^ - 


^mf)r(Jl -ki 


+ m/)7^C4 + 




(27r)4 


q^ — nij 




{q — kY — rUj 




{q — kiY — m'j 





exch. 



(1.210) 
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Using a Feynman parameterization we obtain 



= 2 / dx [ 

Jo Jo 

= 2 f dx I 

Jo Jo 

= 2 [ dx f 

Jo Jo 



— 2q[k2y + A;i(l — a;)] + [t/m^ — mj + to^(1 — x — y) 



dy 



[g2 - 2gS + D]- 



\ dx dy 
Jo Jo 



[(g-S)2-(S2-D)]^ 



l3 • 



We define 



and 



Jo " [((Z-S)2-Ar 

T, = yk2 + ki{l - x) 



D = ym\ -m} + M%{1 - x - y), 
for the direct diagram and the function 



(1.211) 

(1.212) 
(1.213) 



A = Y,'^-D = rn'f-xym'^+m%{x + yy- a;M| - ym% = A{x,y,mf,mx,MB) (1.214) 



and perform a shift of the loop momentum 



(1.215) 



obtaining 

' d", Trl-r'iJ, +1 -fi +m,)YU, + t -H +m,)Y(Jl + ? + m/)l 



t)D [q2 - A]3 

(1.216) 

Using symmetric integration we can drop linear terms in q, together with q^q" = -^q^g^" . Adding the 
exchanged diagram and after a routine calculation we obtain the amplitude for the decay 



with 



I=[ dx [ dy— -. 

Jo Jo A{x,y,mf,m^,mB) 



(1.217) 



(1.218) 
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Chapter 2 



Stiickelberg Axions and the Effective 
Action of Anomalous Abelian Models 2. 

A SU{3)c X SU{2)w X U{1)y x U{1)b 
Model and its signature at the LHC 

2.1 Introduction to the chapter 

Among the possible extensions of the Standard Model (SM), those where the SU{3)c x SU{2)w x 
U{1)y gauge group is enlarged by a number of extra U{1) symmetries are quite attractive for being 
modest enough departures from the SM so that they are computationally tractable, but at the same 
time predictive enough so that they are interesting and even perhaps testable at the LHC. Of particular 
popularity among these have been models where at least one of the extra C/(l)'s is "anomalous", that is, 
some of the fermion triangle loops with gauge boson external legs are non- vanishing. The existence of 
this possibility was noticed in the context of the (compactified to four dimensions) heterotic superstring 
where the stability of the supersymmetric vacuum |47[ [48] can trigger in the four-dimensional low energy 
effective action a non-vanishing Fayet-Iliopoulos term proportional to the gravitational anomaly, i.e. 
proportional to the anomalous trace of the corresponding U{1). The mechanism was recognized to be the 
low energy manifestation of the Green-Schwarz anomaly (GS) cancellation mechanism of string theory^ 
Most of the consequent developments were concentrated around exploiting this idea in conjunction with 
supersymmetry and the Froggatt-Nielsen mechanism [49] in order to explain the mass hierarchies in the 
Yukawa sector of the SM [50], supersymmetry breaking [HI [52], inflation [53] and axion physics [M], in 
all of which the presence of the anomalous U{1) is a crucial ingredient. In the context of theories with 
extra dimensions the analysis of anomaly localization and of anomaly inflow has also been at the center 
of interesting developments [Ml [lH [15] . The recent explosion of string model building, in particular in 
the context of orientifold constructions and intersecting branes [Ml [Ml IM] but also in the context of the 
heterotic string [59], have enhanced even more the interest in anomalous C/(l) models. There are a few 
universal characteristics that these vacua seem to possess. One is the presence of C/(l) gauge symmetries 

^Conventionally in this paper we will use both the term "Green-Schwarz" (GS) to denote the mechanism of cancellation 
of the anomalies, to conform to the string context, though the term "Wess-Zumino" (WZ) would probably be more adequate 
and sufBcient for our analysis. The corresponding counterterm will be denoted, GS or WZ, with no distinction. 
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that do not appear in the SM [60l[6T]. In reaUstic 4-dim heterotic string vacua the SM gauge group comes 
as a subgroup of the 10-dim SO{32) or Eg x Eg symmetry [62l|63], and in practice there is at least one 
anomalous U{1) factor that appears at low energies, tied to the SM sector in a particular way, which we 
will summarize next. For simplicity and reasons of tractability we concentrate on the simplest non-trivial 
case of a model with gauge group SU{3)c x SU{2)w x U{1)y x U{1)b where Y is the hypercharge and 
B is the anomalous gauge boson and where the fermion spectrum is that of the SM. The mass term for 
the anomalous U{1)b appears through a Stiickelberg coupling |6 H [64 j [65 t [66 1 167] and the cancellation of 
its anomalies is due to axionic and Chern-Simons terms (in the open string context see the recent works 
[611 [681 n [691 [To]). 

Despite of all this theoretical insight both from the top-down and bottom-up approaches, the question 
that remains open is how to make concrete contact with experiment. However, as mentioned above, in 
models with anomalous C/(l)'s one should quite generally expect the presence of a physical axion-like field 
X and in fact in any decay that involves a non- vanishing fermion triangle like the decay Z*,Z * — > 77, 
Z, Z' — > Zj etc., one should be able to see traces of the anomalous structure [l] [691 EOl [El |40]. In 
this chapter we will mostly concentrate on the gauge boson decays which, even though hard to measure, 
contain clear differences with respect to the SM - as is the case of the Z* — > 77 decay - and in addition 
with respect to anomaly free U{1) extensions - Hke the Z * — > 77 decay - for example. 

In [1] a theory which extends the SM with this minimal structure (for essentially an arbitrary number 
of extra U{1) factors) was called "Minimal Low Scale Orientifold Model" or mLSOM for short, because 
in orientifold constructions one typically finds multiple anomalous J7(l)'s. Here, even though we discuss 
the case of a single anomalous U{1) which could also originate from heterotic vacua or some field theory 
extension of the SM, we will keep on using the same terminology keeping in mind that the results can 
apply to more general cases. We finally mention that other similar constructions with emphasis on other 
phenomenological signatures of such models have appeared before in [68 l iTT ] |27 1 l28 l [72l [73l [29l [7^ 1 [27] . 
A perturbative study of the renormalization of these types of models is in [75]. Other features of these 
models, in view of the recent activity connected to the claimed PVLAS result [76 l [77 t [TS j [79 l [8O I [8T 1 [82] . 
have been discussed in [40] . 

The chapter is organized as follows. In the first sections we will speciaHze the analysis of [l] to the 
case of an extension of the SM that contains one additional anomalous Abelian U{1), with an Abelian 
structure of the form U{1)y x U{1)b- We will determine the structure of the entire Lagrangian and fix 
the counterterms in the one-loop anomalous effective action which are necessary to restore the gauge 
invariance of the model at quantum level. The analysis that we provide is the generaHzation of what is 
discussed in Chap. [1] that was devoted primarily to the analysis of anomalous Abelian models and to the 
perturbative organization of the corresponding effective action. After determining the axion Lagrangian 
and after discussing Higgs- axion mixing in this extension of the SM, we will focus our attention on an 
analysis of the contributions to a simple process {Z 77). Our analysis, in this case, aims to provide 
an example of how the new contributions included in the effective action - in the form of one-loop 
counterterms that restore unitarity of the effective action - modify the perturbative structure of the 
process. A detailed phenomenological analysis will be performed in the Chap. [3 since it requires, to be 
practically useful for searches at the LHC, a very accurate determination of the QCD and electroweak 
background around the Z/Z' resonance. 
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2.2 Effective models at low energy: the SU{3)c x SU{2)w x U{1)y x 
U{1)b case 

We start by briefly recaUing the main features of the mLSOM starting from the expression of the La- 
grangian which is given by 

+ QL^ [d^ + % yG^l + ig^'^-^Wl + igyg'^'^A^ + ig^qf^^B^ Ql, 

+ uffi + '^9y4""'^AI + igB^B^^B^ "ffi + ^7^ + ^Sy'Z^'"^^ + "^gB^lt^^^^ 



e^. + ^Sy?!^'"^^^ + ^ffi + T^ffi *7^ (^^ + ^5^9^""^^^ + ^Sb^IT'^Sp) 



- V''Qj^H,idR-Y''Q^{ia2Bl)uR^c.c. 

- liJdeH - Tiia^BDvR + c.c. 

+ A i^s + ^^^Fy ^Fy + ^bFy A Fb 

+ ^bTr[F^ A F^] + ^bTr[F^ A F^] 
M ^ ' M ^ ' 

+ diBY AFy + d2YB AFb+ cie^"'"' B^Cj^^J-^^ + €26^"'"' B^C^^J-^^ 

+ V{Hu,Hd,b), (2.1) 

where we have summed over the S'[/(3) index a — 1,2, ...,8, over the SU{2) index j — 1,2,3 and over 
the fermion index i = 1,2,3 denoting a given generation. We have denoted with the field-strength 
for the gluons and with F^ the field-strength of the weak gauge bosons . F^ and F^ are the field- 
strengths related to the Abelian hypercharge and the extra Abelian gauge boson B, which has anomalous 
interactions with a typical generation of the Standard Model. The fermions in Eq. (|2.ip are either left- 
or right-handed Dirac spinors and they fall in the usual SU(i)c and SU{2)w representations of 

the Standard Model. The additional anomalous U{l)g is accompanied by a shifting Stiickelberg axion 
b. The Ci, z = 1,2, are the coefficients of the Chern-Simons trilinear interactions [U [Ml and we 
have also introduced a mass term at tree level for the B gauge boson, by means of the Stiickelberg 
term. As usual, the hypercharge is anomaly-free and its embedding in the so called "ZJ-brane basis" 
has been discussed extensively in the previous literature |60[ [7T| [64l [65]. Most of the features of the 
orientifold construction are preserved, but we don't work with the more general multiple U{1) structure 
since our goal is to analyze as close as possible this model making contact with direct phenomenological 
applications, although our results and methods can be promptly generalized to more complex situations. 

Before moving to the specific analysis presented in this chapter, some comments are in order concerning 
the possible range of validity of effective actions of this type and the relation between the value of the cutoff 
parameter A and the Stiickelberg mass Mi. This point has been addressed before in great detail in [21] 



68 



2.3. The Effective Action of the mLSOM with a single anomalous U{1) 
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Figure 2.1: Anomalous triangle diagrams for the mLSOM. 



and we omit any further elaboration, quoting the result. Lagrangians containing dimension-5 operators 
in the form of a Wess-Zumino term may have a range of validity constrained by Mi > (7ig^/(647r'^)a„A, 
where gi is the coupling at the chiral vertex where the anomaly a„ is assigned and g is the coupling 
constant of the other two vector-like currents in a typical AW diagram. More quantitatively, this bound 
can be reasonably assumed to be of the order of 10^ GeV, by a power-counting analysis. Notice that the 
arguments of pi], though based on the picture of "partial decoupling" of the fermion spectrum, in which 
the pseudoscalar field is the phase of a heavier Higgs, remain fully valid in this context (see [H] for more 
details). The actual value of Mi is left undetermined, although in the context of string model building 
there are suggestions to relate them to specific properties of the compactified extra dimensions (see for 
instance [60 1 164 1 165]). 



2.3 The Effective Action of the mLSOM with a single anomalous 



Having derived the essential components of the classical Lagrangian of the model, now we try to extend 
our study to the quantum level, determining the anomalous effective action both for the Abelian and the 
non-Abelian sectors, fixing the D, F and C coefficients in front of the Green-Schwarz terms in Eq. (|2.ip . 
Notice that the only anomalous contributions to San in the F-basis before symmetry breaking come 
from the triangle diagrams depicted in Fig. 12.11 Since hypercharge is anomaly-free, the only relevant 
non-Abefian anomafies to be canceled are those involving one boson B with two SU{2)\y bosons, or two 
SU{3)c bosons, while the Abelian anomalies are those containing three U{1) bosons, with the triangle 
excluded by the hypercharge assignment. These {BSU{2)SU{2)) and {BSU{3)SU{3)) anomalies must 
be canceled respectively by Green-Schwarz terms of the kind 



with F and D to be fixed by the conditions of gauge invariance. In the Abelian sector we have to focus on 
the BBB, BYY and YBB triangles which generate anomalous contributions that need to be canceled, 
respectively, by the Green-Schwarz terms CsBbF^ AF^ , CyrbF^ AF^ and CvBbF^ AF^ . Denoting 
by Sym the anomalous effective action involving the classical non-Abelian terms plus the non-Abelian 
anomalous diagrams, and with Sab the analogous Abelian one, the complete anomalous effective action 
is given by 




FhTr[F^ AF^l 



DbTr[F'^ AF% 



Seff — So + Sym + Sab 



(2.2) 
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Figure 2.2: Contributions to a three Abelian gauge boson amplitude before the removal of the B ~ db gauge 
boson- Stiickelberg mixing. 

with 5o being the classical Lagrangian and 

Sym = J dxdydz (^^TX§{^^.^,y)B\z)Wt(x)W^{y) + ^T^/a%'\z,x,y)B\z)G':,{x)G'i{y)^ , 

(2.3) 

Sab = j dxdydz (^^T^''^^{z,x,y)B\z)B^^{x)B''{y) + ^T^^''y{z,x,y)B\z)Y^ 

+ ^T^''B''Bi^,x,y)Y\z)B^ix)B-^iy)^ . (2.4) 

The corresponding three-point functions, for instance, are given by 

TXw'B^WtW," = {0\Ti4'^J^Ij!^f^mB'WtW;' 

^ {0\n4^ f-Ji^tJw^.'mB'WtW;', (2.5) 

and similarly for the others. Here we have defined the chiral currents 

The non- Abelian W-current being chiral 

Ji:^{ ^ J^i"" = -g^'^fl'r'PLi^f, (2.7) 
it forces the other currents in the triangle diagram to be of the same chirality, as shown in Fig. 12.71 



2.4 Three gauge boson amplitudes and gauge-fixing 
2.4.1 The non-Abelian sector before symmetry breaking 

Before we get into the discussion of the gauge invariance of the model, it is convenient to elaborate on 
the cancellations of the spurious s-channel poles coming from the gauge-fixing conditions. These are 
imposed to remove the db — B mixing in the effective action. We will perform our analysis in the basis 
of the interaction eigenstates since in this basis recovering gauge independence is more straightforward, 
at least before we enforce symmetry breaking via the Higgs mechanism. The procedure that we follow 
is to gauge fix the B gauge boson in the symmetric phase by removing the B — db mixing (see Fig. 12.21 
(C)), so to derive simple Ward Identities involving only fermionic triangle diagrams and contact trilinear 
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Figure 2.3: Unitarity check in the SU(2) sector for the mLSOM. 



interactions with gauge bosons. For this purpose to the Stiickelberg term 

1 



we add the gauge-fixing term 

to remove the biUnear mixing, where 



Qb 



(2.8) 



(2.9) 



(2.10) 



with a propagator for the massive B gauge boson separated in a gauge independent part Po and a gauge 
dependent one P^: 



.A A' 



A i,X' 



k^k 



AlA' 



k^k 



k^ - Ml 



Ml I ' k^-e,B Ml \ Ml 



pA A I pA A' 
^0 + 



(2.11) 



We will briefiy illustrate here how the cancellation of the gauge dependence due to b and B exchanges 
in the s-channel goes in this (minimally) gauge-fixed theory. In the exact phase we have no mixing 
between all the Y,B,W gauge bosons and the gauge dependence of the B propagator is canceled by the 
Stiickelberg axion. In the broken phase things get more involved, but essentially the pattern continues 
to hold. In that case the Stiickelberg scalar has to be rotated into its physical component x and the two 
Goldstones and G^, which are linear combinations of and G". The cancellation of the spurious 
s-channel poles takes place, in this case, via the combined exchange of the Z propagator and of the 
corresponding Goldstone mode G^. Naturally the GS interaction will be essential for this to happen. 

For the moment we simply work in the exact symmetry phase and in the basis of the interaction 
eigenstates. We gauge fix the action to remove the B — db mixing, but for the rest we set the v.e.v. of the 
scalars to zero. For definiteness let's consider the process WW WW mediated by a i? boson as shown 
in Fig. 12.31 We denote by a bold-faced V the BWW vertex, constructed so to have gauge invariance on 
the VF-lines. This vertex, as we are going to discuss next, requires a generalized CS counterterm to have 
such a property on the H^-lines. Gauge invariance on the i3-line, instead, which is clearly necessary to 
remove the gauge dependence in the gauge fixed action, is obtained at a diagrammatical level by the the 
axion exchange (Fig. 12. 3| . The expressions of the two diagrams are 



A, + B, 



fc2 - ^bM. 
-1-4 X 



I Ml ( 



^ BWW\ 



lA'-itAVV/, , 



9b92 Db 



AF\- 



_ I Mi^af} la iP M.' ly' a' (3' ya' yP' 



(2.12) 
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Figure 2.4: Unitarity check in the Abelian sector for the mLSOM. 
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(A) (B) 
Figure 2.5: Unitarity check in Abelian sector for the mLSOM. 



Using the equations for the anomahes and the correct value for the Green-Schwarz coefEcient F given in 
Eq. (|2.60p (determined in the next section), we obtain 



64 M2 ^ 



T^(L) 



ekik2e' k[k!2 



(2.13) 



so that the cancellation is easily satisfied. E| The treatment of the SU{3) sector is similar and we omit it. 



2.4.2 The Abelian sector before symmetry breaking 

In the Abelian sector the procedure is similar. For instance, to test the cancellation of the gauge parameter 
S,B in a process BB BB mediated by a i? gauge boson we sum the two gauge dependent contributions 
coming from the diagrams in Fig. 12.41 (we consider only the gauge dependent part of the s-channel 
exchange diagrams) 



k(4fc^Ai'XA(-fci,-fc2)) (4fc^'A^^'X'(fci,fc2)) (.9%Dsbb) 



■ ekik2 e'k'ik'2, 



k^ - ^bM? 

and cancellation of the gauge dependences implies that the following identity must hold 

16/a„\2,,_ ^2 . /4 



(2.14) 



M 



BE 



= 0, 



(2.15) 



which can be easily shown to be true after substituting the value of the GS coefficient given in relation 
l|2.75p . In Fig. 12.51 we have depicted the anomalous triangle diagram BYY (A) which has to be canceled 
by the Green-Schwarz term ^^jr^bF^ A , that generates diagram (B). In this case the two diagrams 



give 



-^{^^^BYvi ^1' ^^2)^ (j^^ ^BYY (^1>^2)^ {9b9y^BYy) 



^For brevity we have adopted the notation tk\k2 = t^^''" kipk2a 
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fc2 - ^bMI 



(2.16) 



The con 



dition of unitarity of the ampUtude requires the validity of the identity 



16 
'Ml 



{9b9yDbyy)^ + 4 X (^-^Cyy^ = 0, 



(2.17) 



which can be easily checked substituting the value of the GS coefficient Cyy given in relation l|2.76p . We 
will derive the expressions of these coefficients and the factors of all the other counterterms in the next 
section. The gauge dependences appearing in the diagrams shown in Fig. 12. 61 are analyzed in a similar way 
and we omit repeating the previous steps, but it should be obvious by now how the perturbative expansion 
is organized in terms of tree-level vertices and one-loop counterterms, and how gauge invariance is checked 
at higher orders when the propagators of the B gauge boson and of the axion b are both present. Notice 
that in the exact phase the axion b is not coupled to the fermions and the pattern of cancellations to ensure 
gauge independence, in this specific case, is simplified. At this point we pause to make some comments. 
The mixed anomalies analyzed above involve a non-anomalous Abelian gauge boson and the remaining 
gauge interactions (Abelian/non- Abelian). To be specific, in our model with a single non-anomalous 
U{1), which is the hypercharge U{1)y gauge group, these mixed anomahes are those involving triangle 
diagrams with the Y and B generators or the B accompanied by the non-Abelian sector. Consider, for 
instance, the BYY triangle, which appears in the YB YB amplitude. There are two options that we 
can follow. Either we require that the corresponding traces of the generators over each generation vanish 
identically 



TriqyqB] 



-2 I I) 



3 ) .i""^ 



1 



-3) IB 



(dR) 



0, 



which can be viewed as a specific condition on the charges of the model or, if this is not the case, we require 
that suitable one-loop counterterms balance the anomalous gauge variation. We are allowed, in other 
words, to fix the two divergent invariant amplitudes of the triangle diagram so that the corresponding 
Ward Identities for the BYY vertex and similar anomalous vertices are satisfied. This is a condition on 
the parameterization of the Feynman vertex rather than on the charges and is, in principle, allowed. It is 
not necessary to have a specific determination of the charges for this to occur, as far as the counterterms 
are fixed accordingly. For instance, in the Abelian sector the diagrams in question are 



YB YB mediated by Y 
YY rr mediated by B 
BB BB mediated by Y 



cx TrlqyqB] 
(X Trlqyqg] 



(X 



Tr[qYq%] 
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^ mediated by B cx Tr[qYql]. 

In the mLSOM these traces are, in general, non vanishing and therefore we need to introduce defining 
Ward Identities to render the effective action anomaly free. 



2.5 Ward Identities, Green-Schwarz and Chern-Simons countert- 
erms in the Stiickelberg phase 

Having discussed the structure of the theory in the basis of the interaction cigenstates, we come now to 
identify the coefficients needed to enforce cancellation of the anomalies in the one-loop effective action. 
In the basis of the physical gauge bosons we will be dropping, with this choice, a gauge dependent {Bdb 
mixing) term that is vanishing for physical polarizations. At the same time, for exchanges of virtual gauge 
bosons, the gauge dependence of the corresponding propagators is canceled by the associated Goldstone 
exchanges. 

Starting from the non- Abelian contributions, the BWW amplitude, we separate the charge /coupling 
constant dependence of a given diagram from the rest of its parametric structure T using, in the SU (2) 
case, the relations 

i 

where -D^' = ^Tr[qg] = —^J^/Ib" T'^^'^ is the three-point function in configuration space, with 
all the couplings and the charges factored out, symmetrized in jju. Similarly, for the coupling of B to the 
gluons we obtain 



a, 6 

= lgB9iY.^B^^""'B^G^aG:, (2.19) 

a 

having defined -D^^ = = | J2q[1b'^ ~ 9b^]i while the Abelian triangle diagrams are given by 

T^^j^gB^B^'B'' = gl\Tr[ql]T^^"'B^B^'B'' = glDBBBT^'"'B^B>'B'', (2.20) 



8 

= gBg^DBYYT>^''''B^Y<'Y'', (2.21) 
T^'^^j.Y^B'^B- = gygl'^Tr[qyql]T>'''-Y>^B>'B'' 

= gYglDYBBT^'^'Y^B^'B'', (2.22) 

with the following definitions for the traces 

Dbbb = lTr[q%] = lj2[{qiy-{qi'^f], (2.23) 
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Figure 2.7: All the anomalous contributions to a triangle diagram in the non-Abelian sector in the massless 
fermion case. 



Dbyy = \Tr[qBql] [^B^^'iY^f - 1b^(1' 



D 



YBB 



(2.24) 
(2.25) 



The T vertex is given by the usual combination of vector and axial-vector components 



-L — AAA + ^ AW + -'VAV ' VVA' 



(2.26) 



and we denote by A(fci,A:2) its expression in momentum space 

(27r)4(5(fc-fci -fc2)A^'^''(fci,/c2) = J dxdydze'^'-''+'^^-y-'^-''T:^^"'{z,x,y). (2.27) 

We denote similarly with A^^-^, A^'^, A^*^^ the momentum space expressions of the corresponding 
x-space vertices T^^^ , T^'^^ , T^'^ respectively. As illustrated in Fig. 12.71 and Fig. 12. 8[ the complete 
structure of T is given by 

A^^''(fci, fc2) = \ [A^^''(-l/2, fci, k2) + A^''^(-l/2, fc2, -k) + A''^^(-l/2, -k, fci)] 
+A^'^'^(-l/2, fci, fc2) + A^''\-l/2, fc2, -k) + A''^''(-l/2, -fc, fci) 



- [A^^''(-l/2, fci, fe) + A^''\-l/2, fc2, -k) + A''^^(-l/2, -fc, fci)] 



*^AAA' 



(2.28) 



where we have used the relation between the Aaaa (bold-faced) vertex and the usual A vertex, which 
is of the form AVV. Notice that 



aX - A^''''(-l/2,A:i,fc2), 
= A^''^(-l/2,fc2,-fc), 
A^^^v = A''^^(-l/2,-fc,A:i), 



(2.29) 



are the usual vertices with conserved vector current (CVC) on two lines and the anomaly on a single 
axial vertex. 

The AAA vertex is constructed by symmetrizing the distribution of the anomaly on each of the three 
chiral currents, which is the content of i|2.28p . The same vertex can be obtained from the basic AVV 
vertex by a suitable shift, with [3 — 1/6, and then repeating the same procedure on the other indices and 
external momenta, with a cyclic permutation. We obtain 



i 2 



(2.30) 
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and its corresponding anomaly equations are given by 

fcAAi'XA(l/6,fci,fc2) = ye^''"''fci„fc2/3 

^2.Ai'XA(l/6,fci,fc2) = ye^'^"''feafci/3, (2.31) 

typical of a symmetric distribution of the anomaly. 

These identities are obtained from the general shift-relation 

A^^''(/3', k„ k,) = A'^-'iP, k„k^) + ^{P - py^^'^'^ik, - k,),. (2.32) 

Vertices with conserved axial currents (CAC) can be related to the symmetric AAA vertex in a similar 
way 

AilA(+l/6, fci, k,) = {A^^''(+l/2, fci, k,)}cAc + e^'^'^ik, ~ k,),. (2.33) 

At this point we are ready to introduce the complete vertices for this model, which are given by the 
amplitude (|2.27p with the addition of the corresponding Chern-Simons counterterms, were required. 
These will be determined later in this section by imposing the conservation of the SU{2), SU{3) and 
Y gauge currents. Following this definition for all the anomalous vertices, the amplitudes can then be 
written as 



V 



A/j.i-', aa ijX 
BGG 



B^G^^G: = Ig^giD^^^T^^'^B^G^^G^ + c^e^^'^P^B^C^I^'J^^^ 



2 



VBYvB^Y^y = gB9YDBYY'^^'"'B^Y''Y'' +diBY AFy 
Vy'^bbY^B'^B" = gyglDYBBT^^^'^y^Bt'B'' +d2YB AFb, 
Vg^ggB^Bf^B" = g^DgggT^^"'B^B^'B'' 



(2.34) 



which are the anomalous vertices of the effective action, corrected when necessary by suitable CS inter- 
actions in order to conserve all the gauge currents at one-loop. 

Before we proceed with our analysis, which has the goal to determine expHcitly the counterterms in 
each of these vertices, we pause for some considerations. It is clear that the scheme that we have followed in 
order to determine the structure of the vertices of the effective action has been to assign the anomaly only 
to the chiral vertices and to impose conservation of the vector current. There are regularization schemes 
in the literature that enforce this principle, the most famous one being dimensional regularization with 
the t'Hooft Veltman prescription for 75 (see also the discussion in Chap.[T]). In this scheme the anomaly 
is equally distributed for vertices of the form AAA and is assigned only to the axial-vector vertex in 
triangles of the form AVV and similar. Diagrams of the form AAV are zero by Furry's theorem, being 
equivalent to VVV. 

We could also have proceeded in a different way, for instance by defining each V, for instance Vbyy, 
to have an anomaly only on the B vertex and not on the Y vertices, even if Y has both a vector and an 
axial-vector components at tree level and is, indeed, a chiral current. This implies that at one-loop the 



76 



2.5. Ward Identities, Green-Schwarz and Chern-Simons counterterms in the Stiickelberg phase 



chiral projector has to be moved from the Y to to the B vertex "by hand", no matter if it appears on the 
Y current or on the B current, rendering the Y current effectively vector-Hke at one- loop. This is also 
what a CS term does. In both cases we are anyhow bond to define separately the one-loop vertices as 
new entities, unrelated to the tree level currents. However, having explicit Chern-Simons counterterms 
renders the treatment compatible with dimensional regularization in the t'Hooft-Veltman prescription. 
It is clear, however, that one way or the other, the quantum action is not fixed at classical level since 
the counterterms are related to quantum effects and the corresponding Ward Identities, which force the 
cancellation of the anomaly to take place in a completely new way respect to the SM case, are indeed 
defining conditions on the theory. 

Having clarified this point, we return to the determination of the gauge invariance conditions for our 
anomalous vertices. 

Under B-gauge transformations we have the following variations (singlet anomalies) of the effective 
action 

^Sb < TbwwBWW ^a„ -^{ObF^ A ) Tr[rV^"] D^^\ (2.35) 



^fe < TbggBGG >= ^a„ ^{ObF^ A Tr[T''T'] Df\ (2.36) 

and with the normalization given by 

Tr[rV^] = ij*^' TrlT^'T^] ^ ^5"'' (2.37) 

we obtain 

— 5b < TbsU{2)SU{2)BWW > 
— Sb < Tbsu(3)SU(3)BGG > 

Note, in particular, that the covariantization of the anomalous contributions requires the entire non- 
Abelian field-strengths -Fj'^j^ and F^ 

d,Wl - d.W; - g,e,,kW^^W!: = F^^, - g^e^.uWf^Wt (2.40) 
— 9i/GJ^ — g^fabcG^^GI = F^^^^, — g^fabcG'lj^Gl. (2-41) 

The covariantization of the right-hand-side (r.h.s.) of the anomaly equations takes place via higher- 
order corrections, involving correlators with more external gauge fines. It is well known, though, that 
the cancellation of the anomalies in these higher-order non-Abefian diagrams (in d=4) is only related 
to the triangle diagram (see [40]). Under the non-Abelian gauge transformations we have the following 
variations 

l^Ssui2){TBWwBWW) = ^i^^a,,^(F^ ATr[eF'^])Di^^ (2.42) 
l^Ssui3){TBGGBGG) = ^i^^a,^l{F^ ATr[^F^])Df\ (2.43) 



■ 9b92 ^ pW 
6 



2! 

■ 9b93 ± 
' 2! 6 



{ObF^ a F^)D 



'b ' 

(Q) 

B ■ 



(2.38) 
(2.39) 



f: 



G 

a, LLU 



where the "hat" field-strengths and refer to the Abelian part of the non-Abelian field-strengths 
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W and G. Introducing the notation 



= 1,2,3 



Tr[T"-T']daF^ = -^aF^ a, = 1, 2, , 



the expressions of the variations become 
1 



2! 



Ssui2){TBWwBWW) = ^i^'^{e,F^ sfDd^^^ 



1 



-^^Ssui3){TBGGBGG) - - 2! 3 
We have now to introduce the Chern-Simons counterterms for the non-Abehan gauge variations 



non-ab — '^BWW '^BGG 



cs 



cs 



(2.44) 
(2.45) 

(2.46) 
(2.47) 

(2.48) 



with the non-Abehan CS forms given by 



Wl ( F, 



w 



(jSU(3) ^ 1 



Gf. F^ 



1 



^g^e^^^WlW^^ + cyclic 



g^r'^GlGD+cychc 



a, i^p 



whose variations under non-Abehan gauge transformations are 



dpO^ {F^,p) + cyclic 
d^r (F«,^) + cyclic 



The variations of the Chern-Simons counterterms then become 



cs 



hu(2)S'Bww 

0SU{3)<->BGG 



'-ilie^F^AFn 



(2.49) 
(2.50) 

(2.51) 
(2.52) 

(2.53) 
(2.54) 



and we can choose the coefficients in front of the CS counterterms to obtain anomaly cancellations for 
the non- Abelian contributions 



"l = -^9b92 gfln^B 



(L) 



C2 = ~i9B93^anD^I^\ 



The variations under S-gauge transformations for the related CS counterterms are then given by 



cs 



^B^BWW 
::CS 



= -^^(9sFrAF 



2 2 



SbS'i^'gg = -jI{ObF^^F^), 



(2.55) 

(2.56) 
(2.57) 



where the coefficients Ci are given in (|2.55p . The variations under the i?-gauge transformations for the 
SU (2) and SU (3) Green-Schwarz counterterms are respectively given by 



^SB{bTr[F^AF^]) = -F^'-iOBFr A F^) , 



(2.58) 
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R+L,R-L A/3 V A V 




Figure 2.8: All the anomalous contributions to a triangle diagram in the Abelian sector for generic vector/axial- 
vector trilinear interactions in the massless fermion case. 



^Ss{bTr[F°AF°]) 



(2.59) 



and the cancellation of the anomalous contributions coming from the S-gauge transformations determines 
F and D as 



M 



,2 



F — iOaQo Da 

Ml 2 ^ 



M 



,2 an „(Q) 



(2.60) 



There are some comments to be made concerning the generaHzed CS terms responsible for the cancellation 
of the mixed anomalies. These terms, in momentum space, generate standard trilinear CS interactions, 
whose momentum structure is exactly the same as that due to the Abelian ones (see the appendix 
of Chap. [U for more details), plus additional quadrihnear (contact) gauge interactions. These will be 
neglected in our analysis since we will be focusing in the next sections on the characterization of neutral 
tri-linear interactions. In processes such as Z ^ 777 they re-distribute the anomaly appropriately in 
higher-point functions. 



For the Abelian part Sab of the effective action we first focus on gauge variations on B, obtaining 

,3 



(2.61) 



^5B{T^'^''yB\z)Y'^ix)Y'^iy)) = ^^la„i(F^ A F^9s) D 



BYY' 



(2.62) 



21 ^'ii\^YBB 

and variations for Y that give 



l5B{T^W\^)B''{x)B'^{y)) = '^la,,l{F^ A F^9b) DyBs, 



^Sy{T^'iyyBHz)Y^{x)Y-^{y)) = ^^^U^l{F^ ^ F^'Oy) ^ 



2! 3 4 



'BYYy 



(2.63) 



(2.64) 



l-Sy{TXBY\z)B^'ix)B^y)) 



2! 



■ 9y9% 4 1 



F^ A F^ey) DysB- 



Also in this case we introduce the corresponding Abelian Chern-Simons counterterms 

= S%l-y + S^Ib = {BY A Fy) + d^{YB A F^) 



(2.65) 



(2.66) 
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whose variations are given by 



SyS^^y = ^{eyF^AF^), (2.67) 



SyS^ij, = -^{eyF^AF^), (2.68) 
and we can fix their coefficients so to obtain the cancellation of the Y-anomaly 

di = -igsgy^a^Dsyy 6,2 = igYg%Y^YBB- (2-69) 
Similarly, the gauge variation of B in the corresponding Green-Schwarz terms gives 

^5b(6F^AF^) = -CBB^iesF'' AF'') (2.70) 
^SsibF^AF^) = -Cyy^iOsF^ AF^) (2.71) 
^5s{hF^AF'^) = -Cyn^iesF^AF^) (2.72) 

and on the other hand the S-variations of the fixed CS counterterms are 

SsS^^y = -^{e^F^AF^), (2.73) 
SnS^i^ = ^{e^F^AF^). (2.74) 

Finally the cancellation of the anomalous contributions from the Abelian part of the effective action 
requires following conditions 

M ig^ 

Cyy = ^^igsgYY^BYY, (2.76) 
Cyb = ^^igYgsY^YBB- (2.77) 

Regarding the F-variations cx TrlqBqy] and oc Tr[qgqy], in general these traces are not identically 
vanishing and wc introduce the CS and GS counterterms to cancel them. Having determined the factors 
in front of all the counterterms, we can summarize the structure of the one- loop anomalous effective 
action plus the counterterms as follows 



<S = <So + San + SgS + ScS 

= 5o + ^ {TbwwBWW) + ^ {TbggBGG) + ^ {TbbbBBB) 
+ ^^{TBYyBYY) + ^{TyBBYBB) 

+^{bFB A Fb) + ^{bFY A Fy) + ^{bFy A Fb) 

+^{bTr[F^ A F^]) + ^{bTr[F^ A F^]) 
+di{BY A Fy) + d2{YB A Fb) 

+c^{e^''P''B^C^^}^^) + C2{e''"P''B^C^^}^^), (2.78) 
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where Sq is the classical action. At this point we are ready to define the expressions in momentum space 
of the vertices introduced in Eq. I|2.34p . denoted by V, obtaining 



^ BGG 




^Df'9B9i'~ 






(2.79) 


* BWW 


^2 B yBy2 ^AAAV^ / ' 1' 2/ 


^ ^ B yBH2 r) 2 
Z TT 


2 

3 ^1 


kn) 


(2.80) 


^ BYY 


= '^Dbyy 9b9y AiAA(+l/6, ^1, ^2) 


2 i 

+ ^BYY 9b9y^ 




^2). 


(2.81) 


^ YBB 


= ^Dyss 9y9b Ai'XA(+l/6, k,,k^) 


2 * 

^ ^YBB 9y9b~2 






(2.82) 


* BBB 


= 4DsBB9BAi7A(+yQ,k„k^). 








(2.83) 



kl^^YBBikli 




= AD 


k2v^Y^BB (^1' 


k2) 


= AD 


^a"^Y''bb(^1' 


k2) 


= 0, 



where for the generaHzed CS terms we consider only the trilinear CS interactions whose momentum 
structure is the same as the Abelian ones as already discussed in Sec. 12.51 The factor 1/2 overall in the 
non-Abelian vertices comes from the trace over the generators. These vertices satisfy standard Ward 
Identities on the external Standard Model lines, with an anomalous WI only on the i?-line 

ki^K'^YYiki.k^) - (2.84) 
k2uKYYiki,k2) = (2.85) 
kxyBYYiki.h) = ADBYY9B9Ya„^'"'"''kio.k20, (2.86) 

and obviously the S-currents contain the total anomaly a„ — The same anomaly equations given 

above for V^'^y hold for the ^^qq and ^''bww vertices but with a 1/2 factor overall. The anomaly 
equations for the YBB vertex are 

ysB5y5l Ye^"^"^fciafc2/3 (2.87) 
yBsSrffl Ye^'^"''fc2afci/3 (2.88) 

(2.89) 

where the chiral current Y has to be conserved so to render the one- loop effective action gauge invariant. 
Introducing a symmetric distribution of the anomaly, in the BBB case the analogous equations are 

"-^k^^k^p (2.90) 
^'3fc2ofcl/3 (2.91) 
'^fclafc2/3, (2.92) 

A study of the issue of the gauge dependence in these types of models can be found in Chap. [TJ The 
cancellation of the gauge dependendent terms in specific classes of diagrams can be performed both in 
the exact phase and in the broken phase, similarly to the discussion presented in the previous chapter, 
having re-expressed the fields in the basis of the mass eigenstates. The approach that we follow is then 
clear: we worry about the cancellation of the anomalies in the exact phase, having performed a minimal 
gauge-fixing to remove the B mixing with the axion 6, then we rotate the fields and re-parameterize the 
Lagrangian around the non trivial vacuum of the potential. We will see in the next sections that with 
this simple procedure we can easily discuss simple basic processes involving neutral and charged currents 
exploiting the invariance of the effective action under re-parameterizations of the fields. 



'^'iM * BBB 


(^1, 


k2) 


= ^Dbbb91 


3 


'^2v ^ BBB 




k2) 


= 4 Dgsg gl 


3 


'^A * BBB 


(^1, 


k2) 


= ^D^BBgl 


a« 
3 
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2.6 The neutral currents sector in the mLSOM 



In this section we move toward the piicnomcnological analysis of a typical process which exhibits the new 
trilinear gauge interactions at one-loop level. As we have mentioned in the introduction, our goal here is 
to characterize this analysis at a more formal level, leaving to the following chapters the numerical results 
with accurate studies of its predictions for applications at the LHC in the future. 

We proceed with our illustration starting from the definition of the neutral current in the model, 
which is given by 



(2.93) 



that we express in the two basis, the basis of the interaction eigenstates and of the mass eigenstates. 
Clearly in the interaction basis the bosonic operator in the covariant derivative becomes 



T = g^WlT^+gyYAl+g^Yj^B^ 
= QzQzZ^ + gz'Qz'Z'^ + e QAl, 

where Q = T^ -\-Y . The rotation in the photon basis gives 



(2.94) 



Ot.^Al + oi 



OwsZ'Z'fj, 



(2.95) 
(2.96) 
(2.97) 



and performing the rotation on T we obtain 

:F = Al [g^O^^.T^ + gyO^^Y] + [g^O^^zT'' + gyO^zY + geOjizM 
+Z'^ [920^,z'T^ + gyO^z'Y + gBOiz'ys] , 

where the electromagnetic current can be written in the usual way 

^1 [920^,^T^ + gyO^^Y] = eAlQ, 
with the definition of the electric charge as 

e = 920nr = gyOy - 



Vdy + g'i 



Similarly for the neutral Z current we obtain 



Zf. [920^,zT' + gyO^zY + geOizYB] 

Z^ [T^g^O^^z - gyO^z) + 9y0^zQ + gBOizYB] 



Z^gz 



9y0^z 



920wsZ - 9yO^ 



-Q 



9bO^ 



BZ 



YZ 



92^W3Z gyOyz 



Yb 



where we have defined 



(2.98) 



(2.99) 



(2.100) 



(2.101) 



9z = 92OW3Z - 9yOyz 



92 



cos 6 



w 



(2.102) 
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We can easily work out the structure of the covariant derivative interaction applied on a left-handed or 
on a right-handed fermion. For this reason it is convenient to introduce some notation. We define 



9yOyz 



sm 



9z 



,,z _ 9bObz 
Mb — 



9z 



so that lim /if — 0, 

2 M. — »oo 



and similarly for the Z' neutral current 



9z' = 92O 



WaZ' 



9yO 



YZ'i 



9yOyz' 
9z' 



9bObz' 
9z' 



We can easily identify the generators in the (Z, Z' , A^) basis. These are given by 



Qz 

Qz' 



qL _ rj^sL I ,,z' r)L I ,,z't^l I , ,,z'vR 



Ql + Qr 



(2.103) 
(2.104) 



(2.105) 



(2.106) 



which will be denoted as — {Q,Qz,Qz')- To express a given correlator, say (ZA^A^) in the 
(W3, Ay, B) basis we proceed as follows. We denote with — {Q, Qz, Qz') the generators in the photon 
basis {A^,Z,Z') and with = {e,g^,g^,) the corresponding couplings. Similarly, = {T^ ,Y,Yb) are 
the generators in the interaction basis (W3, Ay,B) and gp = {g2, gy, 9b) the corresponding couplings, so 
that 



Cnc = ^Pr[9zQzZ^ + gz,Qz'Z'^ + eQAl\i: 
= Jj^ [92T'W;^ + gyYAl + geYeB^] ^. 



(2.107) 



2.7 The Z77 vertex in the Standard Model 

Before coming to the computation of this vertex in the mLSOM we first start reviewing its structure in 
the SM. 

We show in Fig. 12.91 the ^77 vertex in the SM, where we have separated the QED contributions from 
the remaining corrections Rw- This vertex vanishes at all orders when all the three lines are on-shell, 
due to the Landau- Yang theorem. A direct proof of this property for the fermionic one-loop corrections 
will be shown in App. 12.9.31 

The QED contribution contains the fermionic triangle diagrams (direct plus exchanged) while R^r 
includes all the remaining contributions at one- loop level. Specifically, as shown in Fig. 12. 101 Rw contains 
ghosts, Goldstones and all other exchanges. An exhaustive computation of all these contributions is not 
needed for our discussion. We have omitted diagrams of the type shown in Figs. 12. 11^ 12.121 These are 
removed by working in the R^ gauge for the Z boson. Notice, however, that even without a gauge-fixing 
these decouple from the anomaly diagrams in the massless fermion limit since the Goldstone does not 
couple to massless fermions. In Fig. 12.131 we show how the anomaly is re-distributed in an AAA diagram 
by a CS interaction, generating an AVV vertex. 

To appreciate the role played by the anomaly in this vertex we perform a direct computation of the 
two anomaly diagrams and include the fermionic mass terms. A direct computation gives 
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z 






(B) 



(C) 



Figure 2.9: The Zjj vertex to lowest order in the SM, with the anomalous contributions and the remaining 
weak corrections shown separately. 




Y Y Y 

(E) (F) (G) 



Figure 2.10: Some typical electroweak corrections, involving the charged Goldstones (here denoted by G, ghosts 
contributions {u±) and W exchanges. 



G'"'^{k,h,k2) = 



9 

_£g_ 

cos 6w 



(2^ 



Tr 



7V- 



+ {ki ^ fc2,/u -> v). 



which can be cast in the form 



2 



2t:^ cos 9w 



1 pl-xi 

dxi / dx2 

^0 



1 

A 



+ (1 ~xi~ X2){e'^P^''k^^k2p{x2k^ - xik^) + ^ u)) 

+ t'""^^'ki^k2p{x2{x2 -XX- \)k{ - Xi{x2 - Xi + l)/c^) 



where 



A — mj + a::2(a;2 — l)fc^ + xi{xi — l)fc2 ~ 2a;iX2 fci • k2, 
and we have introducing the g-^ ^ and y coupHngs of the Z with 



1, 



9z,A 



^3 ' 



9z,v = - Qf sin^ dw 



(2.108) 



(2.109) 



(2.110) 



(2.111) 



This form of the ampUtude is obtained if we use the standard Rosenberg definition of the anomalous 
diagrams and it agrees with ^]. In this case the Ward Identities on the photon lines are defining 
conditions for the vertex. Naturally, with the standard fermion multiplet assignment the anomaly vanishes 
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fW\y Y 




Figure 2.11: Z — G% mixing in the broken phase in the SM. 



G 0^ , G 



(A) (B) 
Figure 2.12: Same as in Fig. EH] but for the mLSOM. 





f 



(2.112) 



Because of the anomaly cancellation, the fermionic vertex is zero also off-shell, if the masses of all the 
fermions in each generation are degenerate, in particular if they are massless. Notice that this is not a 
consequence of the Landau- Yang theorem. 

Let us now move to the WI on the Z-line. A direct computation gives 



9 



TT^ cos Uw 



f 



dxi 



dX2 



A 



(2.113) 



The presence of a mass-dependent term on the r.h.s. of l|2.113p constitutes a break-down of axial current 
conservation for massive fermions, as expected. 



2.7.1 The Z77 vertex in anomalous Abelian models: the Higgs-Stiickelberg 
phase 

The presence of anomalous generators in a given vertex renders some trilinear interactions non- vanishing 
also for massless fermions. In fact, as we have shown in the previous section, in the SM the anomalous 
triangle diagrams vanish if we neglect the masses of all the fermions, and this occurs both on-shell and 
off-shell. The only left over corrections are related to the fermion mass and these will also vanish (off- 
shell) if all the fermions of a given generation are mass degenerate. The on-shell vanishing of the same 
vertices is a consequence of the structure of the amplitude, as we show in the appendix. The extraction 
of the contribution of the anomalous generators in the trilinear vertices can be obtained starting from 
the 1-particle-irreducible (IPI) effective action, written in the basis of the interaction eigenstates, and 
performing the rotation of the trilinear interaction that project onto the Z77 vertex. 

In order to appreciate the differences between the SM result and the analogous one in the anomalous 
extensions that we are considering, we start by observing that only in the Stiickelberg phase (Mi ^ 
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and Vu = Vd = 0) the anomaly-free traces vanish, 



{YYY)glTr[Q^y] = 
{YW3W3) gyglTrlQYT^T^] = 0, 



(2.114) 



because of charge assignment. A similar result is valid also in the HS phase if the Yukawa couplings are 
neglected. Coming to extract the Z77 vertex we rotate the anomalous diagrams of the effective action 
into the mass eigenstates, being careful to separate the massless from the massive fermion contributions. 

Hence, we split the (YYY) vertex into its chiral contributions and performing the rotation of the 
fields we get the following contributions 

^{YYY)g^yTr[Q'y] = 

E \9'Yl{QY,ffiLLL)^''''+9'Yl{Qhf{Rm^'"' 
f 

+g^\Q^j{Qlff{LRR)^i'^ + g^y\QJ^jQlfQi^j{LRL)^i^^ 



+g^-{Qi:f)'Q^j{LLR)^'^'^ + gl.-Q'}j{Q^jf{RLL)>^^'^ 



+9y^QyjQyjQyj{RLR)^'''' + g^^mjYQ^jiRRL) 



z'At;A-;^R^^^ + ... 

(2.115) 



where the dots indicate all the other projections of the type ZZ-f,Z'-f^ etc. Here {LLL), {RLR) etc., 
indicate the (clockwise) insertion of L/R chiral projectors on the A/iz/ vertices of the anomaly diagrams. 

For the (F VFW^) vertex the structure is more simple because the generator associated to W3 is left- 
chiral 



2! 



{YWW} gygiTrlQYiT-') 



E 



,1 



gYgi^QifinjYiLLL} 



+gYgl\Q'}j{Tljf{RLL) 



The {BYY) vertex works in same way of {YYY) 



(2.116) 



-{BYY)gBglTr[QBQi^] 



E L5^0ij(Q^j)^iii)^''^ +5s5^jQij(QPj)'(i?i?i?)"'*'' 
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+gBg^lQ'^jQ^jQ^j{LLR)^'^-' + gB9l\Q^j{Qi^jf{RLL)^^'' 



Finally, the {BWW) vertex is similar to {YWW) 



(2.117) 



where we have defined 



+gB9l^Q''Bj{Tljf{RLL) 



(2.118) 



YYY 



YWW 



= 3[(0^^)22(0^^)L] 



i?^^^ = (0"")^l(0 J32 



-,AT\ 



32 



(2.119) 



which are the product of rotation matrices that project the anomalous effective action from the interaction 
eigenstate basis over the Z,j gauge bosons. 

We have expressed the generators in their chiral basis, and their mixing is due to mass insertions over 
each fermion line in the loop. The ellypsis refers to additional contributions which do not project on the 
vertex that we are interested in but which are present in the analysis of the remaining neutral vertices, 
ZZ-f, etc. The notation O^^ indicates the transposed of the rotation matrix from the interaction 
to the mass eigenstates. To obtain the final expression of the amplitude in the interaction eigenstate 
basis one can easily observe that in the chiral amplitudes (LLL) and (RRR) the mass dependence in 
the fermion loops is all contained in the denominators of the propagators, not in the Dirac traces. The 
only diagrams that contain a mass dependence at the numerators are those involving chirality flips 
{{LLR), (RRL)) which contribute with terms proportional to rni. These terms contribute only to the 



invariant amplitudes Ai and A2 of the Rosenberg representation (see Chap.[Tl Eg. 11.1201) ^.nd, although 
flnite, they disappear once we impose a WI on the two photon lines, as requested by CVC for the two 
photons. A similar result is valid for the SM, as one can easily figure out from Eq. I|2.109p . Therefore, the 
amplitudes can be expressed just in terms of LLL and RRR correlators, and since the mass dependence 
is at the denominators of the propagators, one can easily show the relation 



(LLL) = -{RRR) 



(2.120) 



vaHd for any fermion mass to/. Defining (LLL) = A^'^'^(to/ 7^ 0), we can express the only independent 
chiral graph as sum of two contributions 



^iTd^f ^ 0) = A^M + A^/Jm/) 



(2.121) 
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where we define 



^iTLimj) ^ A^z,L(m/ ^ 0) - A^l^^im^ = 0). (2.122) 
Also, one can verify quite easily that 

A^l'i(O) = A'/^'yiO) + A'y^XviO) + K'vAiO) + ^'/AAiO) 

= 4AX(0). (2.123) 

A second contribution to the effective action comes from the one-loop counterterms containing generalized 
CS terms. There are two ways to express these counterterms: either as separate trihnear interactions 
or as modifications of the two invariant amplitudes of the Rosenberg parameterization Ai,A2. These 
amplitudes depend linearly on the momenta of the vertex (see App. I1.16|) . For instance we use 

Aaaa{0) - ye^^''"(fci„ - k2a) = Aavv{0), (2.124) 

which allows to absorb completely the CS term, giving conserved Y/W3 currents in the interaction 
eigenstate basis. In this case we move from a symmetric distribution of the anomaly in the AAA diagram, 
to an AVV diagram. These currents interpolate with the vector-like vertices (V) of the AVV graph. 

Notice that once the anomaly is moved from any vertex involving a Y/W3 current to a vertex with 
a B current, it is then canceled by the OS interaction. The extension of this analysis to the complete 
m/-dependent case for A^LLimf ^ 0) is quite straightforward. In fact, after some re-arrangements of 
the Z77 amplitude, we are left with the following contributions in the physical basis in the broken phase 



f 

+gBg'YOf''''R^'''' + gsglef'^'^R^'^'^] Z^A';A^^ (2.125) 
where we have defined the anomalous chiral asymmetries as 

0f^^ = Q%j{Tljf. (2.126) 
The conditions of gauge invariance force the coefficients in front of the CS terms to be 

^BYY = g 51 
f 

/ 

which have been absorbed and do not appear explicitly, while the SM chiral asymmetries are defined as 

9]^^ = QhiTljf. (2.128) 



and the triangle A^yy(my 7^ 0) is given as in l|2.109p . Notice that Eq. I|2.125p is in complete agreement 
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with the SM result shown in l|2.109p , obtained by removing the contributions proportional to the B gauge 
bosons and setting the chiral asymmetries of Y and W3 to zero. In particular, if the gauge bosons are 
not anomalous and in the chiral limit (m/ = or m/ = m) this trilinear amplitude vanishes. As we have 
already pointed out, the amplitude for the (^77) process is espressed in terms of six invariant amplitudes 
that can be easily computed and take the form 

^)wv = Ai{ki,k2)e[ki, A2{ki,k2)e[k2, + ^3(^1, A:2)e[fci, ^2, Mi ^l^i'' 

+^4(^1, /c2)e[fci, fc2,/i, \]k2'' + A;^{ki, k2)f-[ki,k2, v, A]fc^ + A6(fci, A;2)e[fci, ^2, A]fc^, 

(2.129) 



with 



^i(fci,fc2) = ki-k2A-i(ki,k2)^klA^{kx,k2) 

^2(^1,^2) = -Ax(k2M) 

A^{kxM) = -^4(^:2,^:1) 

^6(fcl,fc2) = -^3(^,^1)- 



(2.130) 



1 



Also A\{k\, k2) = Ax(k2-,k\) as one can easily check by a direct computation. We obtain 

^3(^1,^) = -^ I dx 1 dy 
^ Jo Jo 

AA{h,k2) = lJ^ dx dy ^^^^ _ ^ _ ,,^.2 ^ ^, . _ ^2 



y{l — y)k\ + x{l — x)fc| + 2xy fci • ^2 — m?j 
1 , /-i^" x{l-x) 



lo 2/(1 — y)^! + ^(1 ^ 2;)fc| + 2xy ki ■ k2 — rrij 



(2.131) 



The computation of these integrals can be done analytically and the various regions < s < 4m j, 
TUf » \/s/2, and m/ ^ can be studied in detail. In the case of both photons on-shell, for instance, 
and s > 4m'j we obtain 

^3(fci,A:2) = ^Li2 , - — ^Li2 



2s s 



1 - 



- Amj/s J yi + y^l - Amj/s^ 



A4{ki,k2) = — + ^ ^ArcTanh I ^ ^ I (2.132) 



s 



Notice that the case in which the two photons are on-shell and light fermions are running in the loop, 
then the evaluation of the integral requires particular care because of infrared effects which render the 
parameteric integrals ill-defined. The situation is similar to the case of the coupHng of the axial anomaly 
to on-shell gluons in spin physics [84], when the correct isolation of the massless quarks contributions is 
carried out by moving off-shell on the external lines and then performing the m/ ^ limit. 



Chapter 2. An Abelian extension of the Standard Model 



89 



2.7.2 qq 77 with an intermediate Z 

In this section we are going to describe the role played by the new anomaly cancellation mechanism in 
simple processes which can eventually be studied with accuracy at the LHC. A numerical analysis of 
processes involving neutral currents can be performed along the lines of [85] and we will return to this 
point in Chap. [5] . Here we intend to discuss some of the phenomenological implications which might 
be of interest. Since the anomaly is canceled by a combination of Chern-Simons and Green-Schwarz 
contributions, the study of a specific process, such as Z ^ 77, which differs from the SM prediction, 
requires, in general, a combined analysis both of the gauge sector and of the scalar sector. 

We start from the case of a quark-antiquark annihilation mediated by a Z that later undergoes a 
decay into two photons. At leading order this process is at parton level described by the annihilations 
of a valence quark q and a sea antiquark q from the two incoming hadrons, both of them collinear and 
massless. In Fig. 12.141 we have depicted all the diagrams by which the process can take place to lowest 




Figure 2.14: Two photon processes initiated by a qq annihilation with a Z exchange. 

order. Radiative corrections from the initial state are accurately known up to next-to-next-to-leading 
order, and are universal, being the same of the Drell-Yan cross section. In this respect, precise QCD 
predictions for the rates are available, for instance around the Z resonance |85j . 

In the SM, gauge invariance of the process requires both a Z gauge boson exchange and the exchange 
of the corresponding Goldstone G^, which involves diagrams (A) and (B). In the mLSOM a direct Green- 
Schwarz coupling to the photon (which is gauge dependent) is accompanied by a gauge independent axion 
exchange. If the incoming quark-antiquark pair is massless, then the Goldstone has no coupling to the 
incoming fermion pair, and therefore (B) is absent, while gauge invariance is trivially satisfied because of 
the massless condition on the fermion pair of the initial state. In this case only diagram (A) is relevant. 
Diagram (B) may also be set to vanish, for instance in suitable gauges, such as the unitary gauge. Notice 
also that the triangle diagrams have a dependence on mj, the mass of the fermion in the loop, and show 
two contributions: a first contribution which is proportional to the anomaly (mass independent) and a 
correction term which depends on m^. 

As we have shown above, the first contribution, which involves an off-shell vertex, is absent in the 
SM, while it is non vanishing in the mLSOM. In both cases, on the other hand, we have nij dependent 
contributions. It is then clear that in the SM the largest contribution to the process comes from the 
top quark circulating in the triangle diagram, the amplitude being essentially proportional only to the 
heavy top mass. On the Z resonance and for on-shell photons, the cross section vanishes in both cases, 
as we have explained, in agreement with the Landau- Yang theorem. We have checked these properties 
explicitly, but they hold independently of the perturbative order at which they are analyzed, being based 
on the Bose symmetry of the two photons. The cross section, therefore, has a dip ai Q — M^, where it 
vanishes, and where is the virtuality of the intermediate s-channel exchange. 

An alternative scenario is to search for neutral exchanges initiated by gluon-gluon fusion. In this case 
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we replace the annihilation pair with a triangle loop (the process is similar to Higgs production via gluon 
fusion), as shown in Fig. 12.151 As in the decay mechanism discussed above, the production mechanism in 




Figure 2.15: Gluon fusion contribution to double-photon production. Shown are also the scalar exchanges (B) 
and (D) that restore gauge invariance and the axi-Higgs exchange (E). 

the SM and in the mLSOM are again different. In fact, in the mLSOM there is a massless contribution 
appearing already at the massless fermion level, which is absent in the SM. The production mechanism by 
gluon fusion has some special features as well. In ggZ production and Z77 decay, the relevant diagrams 
are (A) and (B) since we need the exchange of a to obtain gauge invariance. As we probe smaller 
values of the Bjorken variable a;, the gluon density raises, and the process becomes sizable. On the other 
hand, in a pp collider, although the quark annihilation channel is suppressed since the antiquark density 
is smaller than in a pp collision, this channel still remains rather significant. We have also shown in this 
figure one of the scalar channels, due to the exchange of an axi-Higgs. 

Other channels such as those shown in Fig. 12.161 can also be studied. These involve a lepton pair 




Figure 2.16: The qq annihilation channel (A,B). Scalar exchanges in the neutral sector involving the two Higsses 
and the axi-Higgs (C,D,E). 

in the final state, and their radiative corrections also show the appearance of a triangle vertex. This 
is the classical Drell-Yan process, that we will briefly describe below. In this case, both the total cross 
section and the rapidity distributions of the lepton pair and/or an analysis of the charge asymmetry in 
s-channel exchanges of W's would be of major interest in order to disentangle the anomaly inflow. At 
the moment, errors on the parton distributions and scale dependences induce indeterminations which, 
just for the QCD background, are around 4% [85], as shown in a high precision study. It is expected, 
however, that the statistical accuracy on the Z resonance at the LHC is going to be a factor 10^ better. 
In fact this is a case in which the experiment can do better than the theory. 
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2.7.3 Isolation of the massless limit: the Z* — > 7*7* amplitude 

The isolation of the massless from the massive contributions can be analyzed in the case of resolved 
photons in the final state. As we have already mentioned in the prompt photon case the amplitude, 
on the Z resonance, vanishes because of Bose symmetry and angular momentum conservation. We can, 
however, be on the Z resonance and produce one or two off-shell photons that undergo fragmentation. 
Needless to say, these contributions are small. However, the separation of the massless from the massive 
case is well defined. One can increase the rates by asking just for one single resolved photon and one 
prompt photon. Rates for this process in pp-collisions have been determined in [1^. We start from the case 
of off-shell external photons of virtuality S\ and si and an off-shell Z (Z*). Following |[86|, we introduce 
the total vertex V^^''{ki,k2,mj:), which contains both the massive m/ dependence (corresponding to the 
triangle amplitude A'^^") and its massless counterpart V'*'^''(0) = V{ki, fc2,TO^ — 0), obtained by sending 
the fermion mass to zero. The Rosenberg vertex and the V vertex are trivially related by a Schoutens 
transformation, moving the A index from the Levi-Civita tensor to the momenta of the photons 

= A{ki,k2,mf)e[\, ^, felsi - A{k2, fci, TO/)e[A, ki]s2 + A{ki, k2,mf)e[\, v, fci, /c2]fcf 
+A{k2, fci, m/)e[A, ^, fc2, fcijfcj — B{ki, k2,mf )e[fj,, v, ki,k2]k^ (2.133) 



with k — ki — k2 — and Si ^ kf (« = 1, 2), and 
A{ki,k2,mf) = - 



i(s - si + S2) - (^{s + S2) + (6/A)ssiS2 ) A#i 



+S2 



1 



(3/A)s(s - si - S2) 



^#2 



+ [ss2 + (rnj + (3/A)ssiS2)(s - si + S2)] C#o] 



(2.134) 



B{ki,k2,mf) 



-is - Sl- S2) + Sl 



+ (3/A)s2(s + Sl-S2) 



-S2 



+ (3/A)si(s-si+S2) 



A 



#2 



+ [siS2 - [mj + (3/A)ssiS2)(s - si - S2)] C^o] 



(2.135) 



with 

A = A(s,si,S2), (2.136) 

being the usual Mandelstam function and where the analytic expressions for A^i and C^q are given by 

fli + 1 03 + 1 

A#i = Qiln --03 In -, (1=1,2) 

a,; — i 03 — 1 



a 



#0 



1 



Li2 



03 
at + bi 



Li2 



-b^ - 1 



a, - bi J 



(2.137) 



and 



ti = -Si-ie, ai = + {2nnfY/ti, (i=l,2,3), 
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A = A(ii,t2,t3), &i = (ii - t2 - i3)/\/A or cydic (2.138) 
For m/ = the two expressions above become 



= ln(i,A3), (j = l,2), 



C#o - (1/VA) 



2\^{2) - Lhixi) - 02(2:2) + Li2 y— ) ) +lna;ilna;2 



(2.139) 



with 



a;i = |j^, (^- 1,2,3). (2.140) 

These can be inserted into (|2.134p and l|2.135p together with m/ = to generate the corresponding 
V'^'"'(0) vertex needed for the computation of the massless contributions to the ampHtude. 

With these notations we clearly have 

AV>'(o) = V^^''(fci,fc2) 
A^'^'^imf) = V^^''(fci,fe,m/)-V^^"^(fci,A:2). 



2.7.4 Extension to Z 7*7 

To isolate the contribution to the decay on the resonance, we keep one of the two photons off-shell 
(resolved). We choose si = 0, and S2 virtual. We denote by F^'*'^ the corresponding vertex in this 
special kinematical configuration. The Z boson is on-shell. In this case at one-loop the result simplifies 
considerably [87] 

Tx^^ = F2is2e[X,n,:y,ki]+k!^e[X,fi,ki,k2]), (2.141) 
with F2 expressed as a Feynman parametric integral 

1 /"\ J , ^ -Z2Z3 



^2 = TTT / dzidz2dz35{l - zi - Z2 - zs)^ -p^. (2.142) 

27r^ Jo T^f - Z2Z3S2 - ziZsM^ 

Setting F2 = —F{z,rf ) where f{z,r) is a dimensionless function of 

z = S2/M|, rf = ml/Am}, (2.143) 

and for vanishing to/ (r/ = Af|/4TO^ — > 00), the corresponding massless contribution is expressed as 
F{z, cxd) with, in general 

""^^ " 4(1 1 (-^(^/^^ ^/) - ^in-^^f) + 1 - (2-144) 

where 



x—1 1 

I{x,rf) = 2\ — — ln(\/— a; + \/l — x) {\n{\i'—x + y/l~x)f for X < 

a; rf 
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'l 




X 


X 






1 


X 



sm 



''^ Vx+ —{sin^'^ y/^f forO<x<l 



= 2y^^(^ln(VJ+\/^^) - - -i- (^ln(Vi+ V^^) - y 

for X > 1. (2.145) 

The mf = contribution is obtained in the r/ ^ +oo Hmit, 

F(z, oo) = — -:r(lnz + l — z) for z > 0, 

4(1 — z)^ 

^ {\n\z\ + in + l- z) for z < 0. (2.146) 



4(1 -z)2 

In these notations, the infinite fermion mass Hmit (m/ oo or r — > 0), gives F{z, 0) = and we find 

A^^''(0) = r^^''(0) = F(z,oo) 
A^'^'imf) = T^'"' -T^^^^mf) ^ F{z,rf)- F{z,oo), (2.147) 

which can be used for a numerical evaluation. The decay rate for the process is given by 

T{Z ^ 7*7) = ^ J d^hd^k2S{kj) 5{kl - Ql)\Mz^^Y P {'2^t5{k ~ k, - fe), (2.148) 

where 



n^l = + (2.149) 

We have indicated with the virtuality of the photon. A complete evaluation of this expression, to 
be of practical interest, would need the fragmentation functions of the photon (see [43] for an example). 
We briefly summarize the main points involved in the analysis of this and similar processes at the LHC, 
where the decay rate is folded with the (NLO/NNLO) contribution from the initial state using QCD 
factorization. 

Probably one of the best way to search for neutral current interactions in hadronic collisions at the 
LHC is in lepton pair production via the Drell-Yan mechanism (all the details of the numerical analysis 
will be presented in Chap. H]). QCD corrections are known for this process up to 0(0;^) (next-to-next- 
to- leading order, NNLO), which can be folded with the NNLO evolution of the parton distributions 
to provide accurate determinations of the hadronic pp cross sections at the 4 % level of accuracy |85j . 
The same computation for Drell-Yan can be used to analyze the pp ~* Z 77* process since the Wy 
(hadronic) part of the process is universal, with Wy defined below. An appropriate (and very useful) 
way to analyze this process would be to perform this study defining the invariant mass distribution 



da 
dQ2 



^Taz^rjiQ^^K)Wv{T,Q^) (2.150) 
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where t = Q'^ /S, which is separated into a point-like contribution az^-yy* 

ira T{Z —f 77*) 



4Mz sin cos O^^Nc {Q^ - M|)2 + A/| r| ' 



(2.151) 



and a hadronic structure functions Wz- This is defined via the integral over parton distributions and 
coefiicient functions Ay 

WziQ^,M^)= [ dxi [ dx2 [ dxS{T-xxiX2)PDYj{xi,X2,fi})A,j{x,Q^,fi}) (2.152) 
Jo Jo Jo 

where /^/ is the factorization scale. The choice fif = Q, with Q the invariant mass of the 77* pair , 
removes the log{Q/M) for the computation of the coefficient functions, which is, anyhow, arbitrary. The 
non-singlet coefficient functions are given by 



^(0) 



^qq 



(5(1 -x) 



(1) _ as{Ml) 



47r 



Ci. 



J(l-x)(8C(2)-16) + 16 



log(l ~ x) 

l-x 



1 + .T^ 

-8(1 -f x) log(l -x)- 4-; — — logx 



l-x 



(2.153) 



with Cf = [N^ - l)/(2iVc) and the "+" distribution is defined by 



log(l - x) 



l-x 

while at NLO appears also a qg sector 



^Oa-x)^ 



log(l - x) 



S{l~x) 



1-5 



dx 



log(l - x) 
l-x 



(2.154) 



Ad) 

qg 



47r 



-Tf 



2{l + 2x^ - 2x) log 



[l-xf 



l-7x^ + 6x 



(2.155) 



Other sectors do not appear at this order. Explicitly one gets 

dxS(T — XX1X2) 



WziQ^M^z) = y, [ dxi f dx2 f > 
j Jo Jo Jo 

X I (^qiixi,fi'j)qi{x2,fJ.}) + q^{Xl,fij)q^{x2,fJ.})^ \q{x, Q'^,fl}) 

+ (q^{xi,n'j)g{x2,^J.}) + qi{x2, ^J.})g{xi, fij)] Agg{x, Q'^ , fij)^ (2.156) 



where the sum is over the quark fiavours. The identification of the generalized mechanism of anomaly 
cancellation requires that this description be extended to NNLO. It involves a slight modification of 
the NNLO hard scatterings. An explicit computation will be performed in Chap. [5] together with the 
numerical results. 



2.8 Conclusions 

We have presented a study of a model inspired by the structure encountered in a typical string theory 
derivation of the Standard Model. In particular we have focused our investigation on the characteriza- 
tion of the effective action and worked out its expression in the context of an extension containing one 
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additional anomalous U{1). This analysis specializes and, at the same time, extends a previous study 
of models belonging to this class. The results that we have presented are generic for models where the 
Stiickelberg and the Higgs mechanism are combined and where an effective Abelian anomalous interac- 
tion is present. Our analysis has then turned toward the study of simple processes mediated by neutral 
current exchanges, and we have focused, specifically, on one of them, the one involving the Z77 vertex. 
In particular our findings clearly show that new massless contributions are presented at one-loop level 
when anomalous generators are involved in the fermionic triangle diagrams and the interplay between 
massless and massive fermion effects is modified respect to the SM case. The typical processes considered 
in our analysis deserve a special attention, given the forthcoming experiments at the LHC, since they 
may provide a way to determine whether anomaly effects are present in some specific reactions. Other 
similar processes, involving the entire neutral sector should be considered, though the two-photon signal 
is probably the most interesting one phenomenologically. Given the high statistical precision (.05% and 
below on the Z peak, for 10 fb~^ of integrated luminosity) which can be easily obtained at the LHC, 
there are realistic chances to prove or disprove theories of these types. 



2.9 Appendix. A Summary on the single anomalous U{1) Model. 



We summarize here some results concerning the model with a single anomalous U{1) discussed in the 
main sections. These results specialize and simplify the general discussion of [Ij to which we refer for 
further details. The hypercharge values used for our analysis are 



/ 


Ql 






L 


SR 


I^R 


Qy 


1/6 


2/3 


-1/3 


-1/2 


-1 






and general U{l)g charge assignments 



/ 


Ql 


Ur 


d-R 


L 


er 


vr 


<1b 










,'b"' 





The covariant derivatives act on the fermions Jl , Jr as 

^^^^fR - [^^^ + + iq[^'''^ giA^,) (2.157) 

with I = Y,B Abelian index, where is a non- Abelian Lie algebra element and write the lepton doublet 
as 

U=(^^^'^. (2.158) 

We will also use standard notations for the SU{2)w and SU{'i)c gauge bosons 

= ^Wl = nW'^, with i = l,2,3 (2.159) 

= yG^-TaG; with a = 1,2,. ..,8 (2.160) 
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with the normalizations 



The interaction Lagrangian for the leptons becomes 



(2.161) 



= ( z^Li eLi ) 7'' 



+ T^m 7^ [-gyq^'^^Al - g^q^'B^ 
As usual we define the left-handed and right-handed currents 



em 
I'm- 



+ 



(2.162) 



Writing the quark doublet as 



J - 



Q 



Li 



'■Li 



'■Li 



we obtain the interaction Lagrangian 



J,. 



(2.163) 



(2.164) 



quarks 



= (uLi d^i)!^ 



-53 yG" - gJ-Wl - gy q^'-^Al - gJ^^^B^ 



URi Y 



-gyqy - ggqg B^ 



+ "Hi 7 -gyqy \ - gsqB 



'■Ri 



dRi- 



''Li 



(2.165) 



As we have already mentioned in the introduction, we work with a two-Higgs doublet model, and therefore 
we parameterize the Higgs fields in terms of eight real degrees of freedom as 



Hi 



(2.166) 



where ifj" and if^ are complex fields. Specifically 



jj+_ KR + iKi 



V2 ' " V2 

Expanding around the vacuum we get for the neutral components 

— ^« H 7^ ) ^d — ^d-\ 



^/2 



^/2 



(2.167) 



(2.168) 



The Weinberg angle is defined via cos^iy = g2/g,sin9w = gy/g, with the following relation between the 
couplings 



2 2,2 

g =9y + g2- 



(2.169) 
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We also define cos/3 = v^/v, sin/3 = Vu/v, related by 



2 2 



(2.170) 



2.9.1 The neutral gauge sector 



The mass-matrix of the neutral gauge bosons is given by 



where explicitly 



with 



r 



(M^3 B) I 



/ 52'^' 

-92 gy'f'^ 
\ -92X3 



B 



92 9yv'^ -92 Xb ^ 
9y'^i''^ 9yXb 
QyXs 2Ml + Nj,j,l 



AT f B2 2 : B2 2\ 2 

Xb = (QuVu+Qdv!) 9b- 
The orthonormalized mass squared eigenstates corresponding to this matrix are given by 

/ OA 



0^2 







(2.171) 



(2.172) 



(2.173) 
(2.174) 



(2.175) 



I ^2\ 

0^2 

V o^. 



g2xB^A+^i^ {2Ml-g^v-^+NBB + ^J {^Ml-g-^v-^+NBsf +ig'^x\ 
QY (2Mf-g^v^+NBB + ^/{2Mf-g^v'^+NBBY+4:g'^xl^ 

g2a:BW4+^5- f2M^ -g^v^+NBB + ^J {2Mf -q^v^+NsbY +'lg^xl 



(2.176) 



\^ ^j4:+-^i^(2Ml-gH^+NBB + yJ{2Ml-g^v^+NBBY+4.g^xl^ j 

One can see that these results reproduce the analogous relations of the SM in the limit of very large M-^ 



lim = ^, lim = - — , 

Ml ^00 g Ml ^00 g 



r,A 9 Xb g ^, ^ ,. „A 



0. 
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Similarly, for the other matrix elements of the rotation matrix we obtain 

/ g2(^-2M^+g''v^-NBB + ^{2Mf-g'^v^+NBBY+ig^xl^ ^ 



( \ 



g^XB^li+J^(^-2M^+g^v^-NBB + ^{2Mf-g^v'^+NBBY+ig^y 
gv [-2Ml+g^v^ -Nbb + ^ {2Ml-g-^v-^ + NBBY +ig'^x%^ 

g^XB^li+^i^(^-2M^+g2v2-NBB + yJ{2M^-g^v^+NBBy+^x 

2 



V 



(^-2Mf+g^v'^-NBB+^{2M^-g'^v'^+NBBY+4.g''xl 

whose asymptotic behavior is described by the limits 



O 



31 



92 

' 2 Ml 



92^ 



'^33 — ^' 



(2.177) 



(2.178) 



hm O^i = 0, lim OA = 0, hm OA = 1 



Ml— >(X) 



Ml— >oo 



32 — 



Ml— »oo 



^33 



(2.179) 



These mass-squared eigenstates correspond to one zero mass eigenvalue for the photon A^, and two 
non-zero mass eigenvalues for the Z and for the Z' vector bosons, corresponding to the mass values 



m| 



= 1 (2MI + + - V(2Mf - gH^ + N^j,f + Ag^xj,^ 



1 g'xl , 1 5H(iv^^_52^2)^ 



2 Ml 4: Ml 8 



(2.180) 



m|, 



- ( 2MI 



■ g\^ + Nbb + \/ ml - 9'v^ + NbbY + 



Ml + ^. 



(2.181) 



The mass of the Z gauge boson gets corrected by terms of the order /M-^, converging to the SM value 
as Ml — > 00, with the Stiickelberg mass of the B gauge boson, the mass of the Z' gauge boson can 
grow large with M^. The physical gauge fields can be obtained from the rotation matrix 







(W3\ 


(;) 













(2.182) 



which can be approximated at the first order as 



' g 

92 



V 



f +0(e?) 



92 

-^+0(e?) 
^^1 



(2.183) 



l + 0(e?). 
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The mass squared matrix (|2.172p can be diagonaUzed as 



Z' 



Z Z' 



/o 














=) 




Vo 





ml,/ 





(2.184) 



It is straightforward to verify that the rotation matrix O satisfies the proper orthogonality relation 



o^ip^Y = 1. 



(2.185) 



2.9.2 Rotation matrix on the axi-Higgs 









Imi?° 






V & / 







This matrix is needed in order to rotate into the mass eigenstates of the CP-odd sector, relating the 
axion x and the two neutral Goldstones of this sector to the Stiickelberg field b and the CP-odd phases 
of the two Higgs doublets 



(2.186) 



We refer to p!] for a more detailed discussion of the scalar sector of the model, where, in the presence 
of explicit phases (PQ-breaking terms), the mass of the axion becomes massive from the massless case. 
The PQ symmetric contribution is given by 



VpQiH^,H,) = J2 [f^lHlHa + \aa{HlHaf) - 2Kd{HlH^)iHlH,) + 2X'JH^T,H,\^, (2.187) 

a—u,d 

while the PQ-breaking terms are 

(2.188) 

where b^ has mass squared dimension, while A^, Aj, A3 are dimensionless. From the scalar potential 
one can extract the mass eigenvalues of the model for the scalar sector. The mass matrix has two zero 
eigenvalues and one non-zero eigenvalue that corresponds to a physical axion field, x, with mass 



1 



-qS V sin 2/3 
Ml 2 



1 2 



\ , {in - Id? ^Wd 



Ml 



where 



= 4 I 4Ai + X^icot 13 +%^^— + A2tan/3 ) , 



v"^ sin 2/3 



and = V cos /3, w„ = vsuy(5 together with 



cos /? Vd ^ . sin /3 w„ 
cot p = -; — - = — , tan p ■ 



sin j3 Vu ' 



cos (3 Vd 



(2.189) 



(2.190) 



(2.191) 
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The mass of this state is positive if < 0. Notice that the mass of the axi-Higgs is the result of two 
effects: the presence of the Higgs v.e.v.'s and the presence of a PQ-breaking potential whose parameters 
can be small enough to drive the mass of this particle to be very light. We refer to Sec. ll.4.l] for a simple 
illustration of this effect in an Abelian model. The rotation matrix is shown below. 



Introducing N given by 



N = = (2.192) 



and defining 



Qi 



Ml 



idu - Id) 
Ml 



V sin /3, 



(2.193) 



is the following matrix 



-N cos f3 sin/3 NiQiCosf] 
0^=1 TV sin /3 cos/3 -iViQiSin/3 
/VQicos/3 Ni 



where we defined 
and 

^1 = 



(2.195) 

)i=gicos/3 (2.196) 



^^q2 ^1 + Q^cos2/3 
1 



M^.2 3i,2^eos2/3 + 



(2.197) 



One can see from (|2.192p that A^i — N, and the explicit elements of the 3-by-3 rotation matrix can 
be written as 



(O^)ii 



1 



^— iV ^ -/Vcos/3 (2.198) 



1 



21 



^—iV = iV sin/3 (2.199) 
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(0^^)31 = 



(0^^)12 = 



(0^^)22 
(0^^)32 



^1 v , 1 



Ml 



= 



= sm P 



— cos /3 



= iVQicos/3 



(2.200) 

(2.201) 

(2.202) 
(2.203) 



13 



33 



1 



(0^^)23 = - 



Wu COS (3 



1 I (iS'id Y 



cos/3 = A^Qi COS /3 



= -AT 



Ml 



w„ cos /9 



sin/? = -AfQiSin/3 



It can be easily checked that this is an orthogonal matrix 



{O^y = 13X3. 



(2.204) 



(2.205) 
(2.206) 



(2.207) 



2.9.3 Appendix. Vanishing of A^'*'' for on-shell external physical states 

An important property of the triangle amplitude is its vanishing for on-shell external physical states. 

The vanishing of the amplitude A for on-shell physical states can be verified once we have assumed 
conservation of the vector currents. This is a simple example of a result that, in general, goes under the 
name of the Landau- Yang theorem. In our case we use only the expression of the triangle in Rosenberg 
parametrization [42] and its gauge invariance to obtain this result. We stress this point here since if we 
modify the WI on the correlator, as we are going to discuss next, additional interactions are needed in 
the analysis of processes mediated by this diagram in order to obtain consistency with the theorem. 

We introduce the three polarization four-vectors for the A, ^, and v fines, denoted by e, ei and £2 
respectively, and we use the Sudakov parameterization of each of them, using the massless vectors ki and 
fc2 as a longitudinal basis on the light-cone, plus transversal (_L) components which are orthogonal to the 
longitudinal ones. We have 



a(fci — ^2) -I- e_L El = afci -I- £i_L £2 = ^^^2+22^, 



(2.208) 



where we have used the condition of transversality e • fc = 0, ei • fci = 0, £2 • ^2 =0, the external lines 
being now physical. Clearly • fci = • fc2 = 0, and similar relations hold also for £ix and £2±, all 
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the transverse polarization vectors being orthogonal to the light-cone spanned by ki and k2 . Prom gauge 
invariance on the iiv lines in the invariant amplitude, we are allowed to drop the light-cone components 
of the polarizators for these two lines 

A^'^'eAei^ea. = ^^'"'e^ei^^e2,±, (2.209) 
and a simple computation then gives (introducing = (0, e) and similar) 

A'*'^''eAei^_L£2i/j. = aie[fci - ^2, £2_l, e] = a^elki - fc2, £ij_, e2±,a{ki - fc2) + ej_] 

oc (eix X £2^) • = 0, (2.210) 

since the three transverse polarizations are linearly dependent. Notice that this proof shows that Z — + 77 
with all three particles on-shell does not occur. 

2.10 Appendix. Anomalous traces 

Here we briefly discuss the computation of the anomalous traces in front of the triangle amplitudes. We 
work with massless fermion amplitudes. The anomaly coefficient in Eq. (|2.18p can be obtained starting 
from the triangle diagram in momentum space. For instance we get 



^BSU(2)SU{2) - 9b92 J-n^ \ 2^1b 

/ 

9b92 Tr[T r\2_^q^{^) J ^ _ fc^)2(, _ fc)2 

+ {ki ^ k2,li^ v) 

rr[7^(i - 75)(^ - - 1^){4 - ^1)7^1 - 



9B9iTr[TW^]\Y.q*^\i) 
f 

+ {ki ^2, — > 1^) 



(2^)4 g2(g_fc^)2(g_^)2 



(2.211) 

and isolating the four anomalous contributions of the form AAA, AVV, VAV and VVA we obtain 

< = ^Tr[,i-]--^E'^B"- (2.212) 
Similarly in the Abelian case we obtain 

= g^B JZi^i^'f^''''- + 9l Y.i^i'f^''"' 

/ / 

„A i 



gB^QB ) W J (2^)4 q2^q_k,)2^q_k)2 

+ 9b yiB ) i^) J g2(,_fc^)2(,„^)2 
+ (fci ^ fc2,M ^ i^) 

3 1 /i^^3..^3 f A rr[7^(l -t- - + ^^){4 - ^,)7^(1 + 

9b^2^(9b ) W J (2^)4 q2^q_k,nq-kr 
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f 

+ {ki fc2,/i -* v) 



with the related coefficient 



(2^)4 qHq-k,)^{q-ky 



(2.213) 



The other coefficients reported in Eq. I|2.25p are obtained similarly. 



2.11 Appendix. CS and GS terms rotated 

The rotation of the CS and the GS terms into the physical fields and the Goldstone gives 
Vc^r - d,{BY A Fy) - (-z)die^^''"(fci„ - ^2.) [(O^^)L (0^^)32] Z^A>;A; + ... 



77 

+{ohCi + o^,c[)io^^)l,GzA>;A';] +... 

^GS ^ = ^bTr [Fw A Fw] - ^^^e^""^ k.k^W^W^ = 4^6^'^''-fc^fc. [OUO^^)li xA'^A; 

+{OhCi + o^,c[)io^^)l,] GzAt;A; + ... 

(2.214) 

These vertices appear in the cancellation of the gauge dependence in s-channel exchanges of Z gauge 
bosons in the gauge. The dots refer to the additional contributions, proportional to interactions of x, 
the axi-Higgs, with the neutral gauge bosons of the model. 
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Chapter 3 



Unitarity Bounds for Gauged Axionic 
Interactions and the Green-Schwarz 
Mechanism 

3.1 Introduction to the chapter 

The cancellation of gauge anomalies in the Standard Model is a landmark of modern particle theory that 
has contributed to shape our knowledge on the fermion spectrum, its chiral charges and coupHngs. Other 
mechanisms of cancellation, based on the introduction of both local and non-local counterterms, have 
also received a lot of attention in the last two decades, from the introduction of the Wess-Zumino term in 
gauge theories (8^ (which is local) to the Green-Schwarz mechanism of string theory [89] (which is non- 
local) . The field theory realization of this second mechanism is rather puzzHng also on phenomenological 
grounds since it requires, in 4 dimensions, the non-local exchange of a pseudoscalar to restore gauge 
invariance in the anomalous vertices. In higher dimensions, for instance in 10 dimensions, the violation 
of the Ward Identities due to the hexagon diagram is canceled by the exchange of a 2-form [89l [62l [63] . 
In this chapter we are going to analyze the similarities between the two approaches and emphasize the 
differences as well. We will try, along the way, to point out those unclear aspects of the field theory 
reaHzation of this mechanism - in the absence of supersymmetry and gravitational interactions - which, 
apparently, suffers from the presence of an analytic structure in the energy plane that is in apparent 
disagreement with unitarity. Moving to the WZ case, here we show that the restoration of gauge invariance 
in the corresponding one-loop effective Lagrangian via a local axion counterterm is not able to guarantee 
unitarity beyond a certain scale, although this deficiency is expected [lIlllS], given the local nature of 
the counterterm. In the GS case, the restoration of the Ward Identities suffers from the presence of 
unphysical massless poles in the trilinear gauge vertices that, as we are going to show, are similar to 
those present in a non-local version of axial electrodynamics, which has been studied extensively in the 
past [20] with negative conclusions concerning its unitarity properties. In particular, in the case of scalar 
potentials that include Higgs-axion mixing, the phenomenological interpretation of the GS mechanism 
remains problematic in the field theoretical construction. 

We comment on the relation between the two mechanisms, when the axion is integrated out of the 
partition function of the anomalous theory, and on other issues of the gauge dependence of the perturba- 
tive expansions, which emerge in the different formulations. In the second part of the chapter we apply 
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our analysis to a realistic model characterizing numerically the bounds in efi^ective actions of WZ type 
and discuss the possibility to constrain brane and axion-like models at the LHC. 



3.1.1 WZ and GS counterterms 

Anomalous Abelian models are variations of the SM in which the gauge structure of this is enlarged by one 
or more Abelian factors. The corresponding anomalies are canceled by the introduction of a pseudoscalar, 
an axion (5), that couples to 4-forms Fj AFj (via b/MFj AFj, the Wess-Zumino term) of the gauge fields 
(/, J). M is a scale that is apparently unrelated to the rest of the theory and simply describes the range 
in which the anomalous model can be used as a good approximation to the underlying complete theory. 
The latter can be resolved at an energy E > M, hy using either a renormalizable Lagrangian with an 
anomaly-free chiral fermion spectrum or a string theory. The motivations for introducing such models 
are several, ranging from the study of the flavor sector, where several attempts have been performed in 
the last decade to reproduce the neutrino mixing matrix using theories of this type, to effective string 
models, in which the extra U{1) abound. We also recall that in effective string models and in models 
characterized by extra dimensions the axion (6) appears together with a mixing to the anomalous gauge 
boson (dbB), which is, by coincidence, natural in a (Higgs) theory in a broken phase. In a way, theories 
of this type have several completions at higher energy [13] . 

Coming to the speciflc models that we analyze, these are complete mLSOM-Hke [H [l2l llSl ITU |90] 
models with three anomalous U{1) \91\ [92] . while most of the unitarity issues are easier to address in 
simple models with two U(l) [40]. In our phenomenological analysis, which concerns only effective actions 
of WZ type, we will choose the charge assignments and the construction of [93l[60], but we will work in 
the region of parameter space where only the lowest Stiickelberg mass eigenvalue is taken into account, 
while the remaining two extra Z' decouple. This configuration is not the most general but is enough to 
clarify the key physical properties of these models. 

3.2 Anomaly cancellation and gauge dependences: the GS and 
the WZ mechanisms in field theory 

In this section we start our discussion of the unitarity properties of the GS and WZ mechanisms, illus- 
trating the critical issues. We illustrate a pure diagrammatic construction of the WZ effective action 
using a set of basic local counterterms and show how a certain class of amplitudes have an anomalous 
behavior that grows beyond their unitarity limit at high energy. The arguments being rather subtle, 
we have decided to illustrate the construction of the effective action for both mechanisms in parallel. A 
re-arrangement of the same basic counterterms of the WZ case generates the GS effective action, which, 
however, is non-local. The two mechanisms are different even if they share a common origin. In a fol- 
lowing section we will integrate out the axion of the WZ formulation to generate a non-local form of 
the same mechanism that resembles more closely the GS counterterm. The two differ by a set of extra 
non-local interactions in their respective effective actions. One could go the other way and formulate the 
GS mechanism in a local form using (two or more) extra auxiliary fields. These points are relevant in 
order to understand the connection between the two ways to cancel the anomaly. 
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3.2.1 The Lagrangian 

Specifically, the toy model that we consider has a single fermion with a vector-Hke interaction with the 
gauge field A and a purely axial- vector interaction with B. The Lagrangian is given by 

Co = -^Fl-^Fi + ^id^b + Mi B,,)^+i^ij^id^+ieA^+tgs7^B^)^, (3.1) 

where, for simplicity, we have taken all the charges to be unitary, and we have allowed for a Stiickelberg 
term for B, with Mi being the Stiickelberg mass0. A is massless and takes the role of a photon. The 
Lagrangian has a Stiickelberg-Hke symmetry with 6 — > 6 — Mi9b under a gauge transformation of J5^, 
5B^ = B^Ob- The axion is a singlet under gauge transformations of A. We call this simplified theory 
the "A-B" Model. We are allowed not to perform any gauge-fixing on B and keep the coupling of the 
longitudinal component of B to the axion, dBb, as an interaction vertex. If we remove A, we call the 
simplified model the "S Model". We will be interchanging between these two models for illustrative 
purposes and to underline the essential features of theories of this type. 

In the A-B Model, the U{\)a gauge freedom can be gauge-fixed in a generic Lorentz gauge, with 
polarization vectors that carry a dependence on the gauge parameter ^a, but A being non- anomalous 
we will assume trivially the validity of the Ward Identities on vector-like currents. This will erase any 
dependence on S^a both of the polarization vectors of A and of the propagators of the same gauge boson. 
At the same time Chern-Simons (CS) interactions such as AB A Fb or AB A Fa, which are present if we 
define triangle diagrams with a symmetric distribution of the partial anomahes of each vertex both in the 
AVV (axial- vector/ vector/ vector) and AAA cases [1Q1[92], can be absorbed by a re-distribution of the 
anomaly. For instance, if we assume vector Ward Identities on the >l-current and move the whole anomaly 
to the axial-vector currents, then the CS terms can be omitted. The anomalous corrections in the one-loop 
effective action are due to triangle diagrams of the form BAA (AVV, with conserved vector currents) and 
BBB (AAA with a symmetric distribution of the anomalies) which require two WZ counterterms, given 
in Swz below, for anomaly cancellation. Since the analysis of anomalous gauge theories containing WZ 
terms has been the subject of various analyses with radically different conclusions regarding the issue of 
unitarity of these theories, we refer to the literature for more details [iQl [Ml EH ESI [971 EH] . Our goal here 
is to simply stress the relevance of these analyses in order to understand the difference between the WZ 
and GS cancellation mechanism and clarify that Higgs-axion mixing does not find a suitable description 
within the standard formulation of the GS mechanism. A detailed analysis of the unitarity issue will be 
presented in Chap. [H 

3.3 Local and non-local formulations 

The GS mechanism is closely related to the WZ mechanism [88] . The latter, in this case, consists in 
restoring gauge invariance of an anomalous theory by introducing a shifting pseudoscalar, an axion, that 
couples to the divergence of an anomalous current. It can be formulated starting from a massive Abelian 
theory and performing a field- enlarging transformation [40] so as to generate a complete gauge invariant 
model in which the usual Abelian symmetry is accompanied by a shifting axion. The original Lagrangian 
of the massive gauge theory is interpreted as the gauge-fixed case of the field-enlarged Lagrangian. The 

^Even if 113.111 is not the most general invariant Lagrangian under the gauge group U{1)a x U{1)b, our considerations 
are the same. In fact, since b shifts only under a gauge variation of the anomalous U{1) gauge field B (and not under A), 
the gauge invariance of the effective action under a gauge transformation of the gauge field A requires that there are no 
terms of the type bF^ A Fg . 
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(a) (h) (c) 



Figure 3.1: One-loop vertices and counterterms in the gauge for the A-B Model for the WZ case. 



A AAA 




A (a) A A (b) A 

Figure 3.2: A typical Bouchiat-Iliopoulos-Meyer amplitude and the axion counterterm to restore gauge invariance 
in the gauge in the WZ effective action. 

gauge variation of the anomalous effective action is compensated by the WZ term, so as to have a gauge 
invariant formulation of the model. We will show next that a theory built in this way has a unitarity 
bound that we will be able to quantify. The appearance of the axion in these theories seems to be an 
artifact, since the presence of a symmetry allows one to set the axion to vanish, choosing a unitary gauge. 
In brane models, in the presence of a suitable scalar potential, the axion ceases to be a gauge artifact 
and cannot be gauged away, as shown in [U [12]. This point is rather important, since it shows that 
the GS counterterm is unable to describe Higgs-axion mixing, which takes place when the Peccei-Quinn 
[22l [99) symmetry of the scalar potential is broken. The reason is quite obvious: the GS virtual axion is 
a massless exchange whose presence is just to guarantee the decoupling of the longitudinal component of 
the gauge boson from the anomaly and that does not describe a physical state. But before coming to a 
careful analysis of this point, let us discuss the counterterms of the Lagrangian. 

In the A-B Model the WZ counterterms are 

which are fixed by the condition of gauge invariance of the Lagrangian. The best way to proceed in the 
analysis of this theory is to work in the gauge in order to remove the B — b mixing [10] . Alternatively, 
we are entitled to keep the mixing and perform a perturbative expansion of the model using the Proca 
propagator for the massive gauge boson, and treat the bdB term as a bilinear vertex. This second 
approach can be the source of some confusion, since one could be misled and identify the perturbative 
expansion obtained by using the WZ theory with that of the GS mechanism, which involves, at a field 
theory level, only a re-definition of the trilinear fermionic vertex with a pole-like counterterm. In the WZ 
effective action, treated with the b — B mixing (and not in the gauge), similar counterterms appear. 

We show in Fig. 13.11 the vertices of the effective action in the R^ gauge approach, and we combine 
them to describe the process AA AA, as shown in Fig. 13.21 Graph a) of Fig. 13.21 is a typical BIM 
amplitude [38j, first studied in '72 by Bouchiat, Iliopoulos and Meyer to analyze the gauge independence 
of anomaly-mediated processes in the Standard Model. The gauge independence of this process is a 
necessary condition in a gauge theory in order to have a consistent S'-matrix free of spurious singularities 
[40j . but is not sufficient to guarantee the absence of a unitarity bound. Typically, gauge cancellations 
help to identify the correct power counting (in 1/Mi and in the coupling constants) of the theory and 
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(a) 






Figure 3.3: Perturbative expansion of the AA^AA amplitude in the presence oi B — b mixing. 



are essential to establish the overall correctness of the perturbative computations using the vertices of 
the effective action. In our example, this can be estabHshed as follows: diagram b) of Fig. 13.21 cancels the 
gauge dependence of diagram a) but leaves an overall remnant, which is the contribution of diagram a) 
computed in the unitary gauge — > oo) in which the propagator takes the Proca form 




AlA' 



k^k 



Ml 



Due to this cancellation, the total contribution of the two diagrams is 

^\^''{k,p,,p2)Df' ^i^'''\kMM). 



(3.3) 



(3.4) 



where is given by the Dolgov-Zakharov parameterization 



(3.5) 



where the coefficient Aq{s) in the massless case is Aq{s) = l/2(7r^s). 

We call Ab the triangle with a symmetric distribution of the anomaly (a„/3 for each vertex), which 
is obtained from A^ by the addition of suitable CS terms [9T| I92j. The bad behavior of this amplitude 
at high energy is then trivially given by [f| 



Ml 



Ml k^ 



Ml 



e[fi,iy,pi,p2]e[fi',i^',ki,k2], 



(3.6) 



with a„ — i/(27r^). Squaring the amplitude, the corresponding cross section grows linearly with s — k'^, 
which signals the breaking of unitarity, as expected in Proca theory, if the corresponding Ward Identities 
are violated. A similar result holds for the BBB case. In the alternative formulation, in which the h — B 
term is treated as a vertex, the perturbative expansion is formulated diagrammatically as in Fig. 13.31 
Though the expansion is less transparent in this case, it is still expected to reproduce the results of the 
gauge and of the unitary gauge. Notice that the expansion seems to generate the specific GS counterterms 
(Graph 3b)) that limits the interaction of the gauge field with the anomaly to its transverse component, 
together with some extra graphs, which are clearly not absorbed by a re-definition of the gauge vertex. 



3.3.1 Integrating out the Stiickelberg in the WZ case 

We can make a forward step and try to integrate out the axion from the partition function and obtain 
the non-local version of the WZ effective action. Notice that this is straightforward only in the case in 
which Higgs- axion mixing is absent. The partition function in this case is given by 



Z = j D^jD^PDADBDh exp {i{C{i:,i;, A, B,b))) , 



(3.7) 



We will use the coincise notation e[\,p,k,u] = t^'^l^'^pak^ 
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ABB A 

A (a) A B (b) B (c) A 



B B A 



B b B 



re/; B B (e) A (f) 
Figure 3.4: The structure of the WZ effective action having integrated out the axion. 

where ( ) denote integration over x and 

C = Co+Cwz, (3.8) 

with Co and Cwz given in <\3.Vj\ and p.2p . respectively. Indicating with £f, the b sector of C, a partial 
integration on the axion gives □ 

Cb = -^bOb + bJ, (3.9) 



where 



J^MOB-'^FaAFa-^FbAFb, (3.10) 



and performing the path integration over b we obtain 

J Dbexp{i{£)) = det Aff)"^^%xp QjD-ij^ , (3.11) 

where 

{jn~^J)wz = {(A'hdB - ^Fa a Fa- ^Fb A Fb) 0'' ( AhdB - ^Fa A Fa- ^Fb A Fb 
\ Ml Ml J \ Ml Ml 

(3.12) 

The additional contributions to the effective action are now non-local and are represented by the set 
of diagrams in Fig. 13.41 Among these diagrams there are two GS counterterms, diagrams c) and d), 
but there are also other contributions. To generate only the GS counterterms one needs an additional 
pseudoscalar called a in order to enforce the cancellation of the extra terms. There are various ways 
of doing this [H [Ml ESI [lOO]. In [lOOl the non-local counterterm dBD-^F A F of axial QED, which 
corresponds to the diagrams b) and c) of Fig. 13. 5[ is obtained by performing the functional integral over 
a and b of the following action [100] 

C = V^(j^ + ei/75)V'-i^^| + ^^^FBAFB(a + 5) 

+ i (3^6 - MiB^f - i (5^a - MiB^^f . (3.13) 

The integral on a and b are gaussians and their contributions to the effective action, after integrating 
them out, are shown in Fig. 13.51 Notice that b has a positive kinetic term and a is ghost-like. The role of 
the two pseudoscalars is to cancel the contributions in Fig. 13.51 a) and d) , leaving only the contribution 
given by graphs b) and c), which has the pole structure typical of the GS non-local counterterm. Due to 



^We have re-defined the coefficients in front of the counterterms absorbing the multiplicity factors. 
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a, b 




a, b 




>a, b a, b 



(a) (b) (c) (d) 

Figure 3.5: Effective action with two pseudoscalars, one of them ghost-like, a. 





(a) 



(b) 



(c) 




Figure 3.6: The GS vertex with the non-local contributions for the BBB diagram symmetrized on each leg. 



(3.14) 



these cancellations, the effective action now reduces to 

(dB{x)D-'ix-y)Fiy)AF{y)) 



besides the anomaly vertex and is represented by interactions of the form b) and c) of Fig. 13.51 This 
shows that the WZ and the GS effective actions organize the perturbative expansions in a rather different 
way. It is also quite immediate that the cleanest way to analyze the expansion is to use the gauge, as 
we have already stressed. It is then also quite clear that in the WZ case we require the gauge invariance 
of the Lagrangian but not of the trilinear gauge interactions, while in the GS case, which is realized via 
Eq. I|3.13p or, analogously, by the Lagrangians proposed in [Ml EH [96| , it is the trihnear vertex that is 
rendered gauge invariant (together with the Lagrangian) . The presence of a ghost-like particle in the GS 
case renders the local description quite unappealing and for sure the best way to define the mechanism 
is just by adding the non-local counterterms. In the WZ case the local description is quite satisfactory 
and allows one to treat the bFF interaction as a real trilinear vertex, which takes an important role in 
the presence of a broken phase. The GS counterterms are, in practice, the same ones as appearing in the 
analysis of axial QED with a non-local counterterm, as we are going to discuss next. 



3.3.2 Non-local counterterms: axial QED 

The use of non-local counterterms to cancel the anomaly is for sure a debated issue in quantum field 
theory since most of the results concerning the BRS analysis of these theories may not apply |95[ I96j. In 
the GS case we may ignore all the previous constructions and just require ab initio that the anomalous 
vertices are modified by the addition of a non-local counterterm that cancels the anomaly on the axial 
lines. 

Consider, for instance, the case of the BBB vertex of Fig. [3^ where the regularization of the anomalies 
has been obtained by adding the three GS counterterms in a symmetric way ^] . In the BAA case only a 
single countertem is needed, but for the rest the discussion is quite similar to the BBB case, with just a 
few differences. These concern the distribution of the partial anomalies on the A- and S-lines in the case 
in which also BAA is treated symmetrically (equal partial anomalies). In this particular case we need to 
compensate the vertex with CS interactions, which are not, anyhow, observable if the A-lines correspond 
to conserved gauge currents such as in QED. In this situation the Ward Identities would force the CS 
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counterterms to vanish. We will stick to the consistent definition of the anomaly in which only B carries 
the total anomaly a„ and A is anomaly-free. The counterterm used in the GS mechanism both for BAA 
and BBB is nothing else but the opposite of the Dolgov-Zakharov (DZ) expression [lOlj . which in the 
BAA case takes the form 

^Avvi^^ ^1, h) = -^k^ein, V, ki, k2]. (3.15) 
In the BBB case a similar expression is obtained by creating a Bose symmetric combination of DZ poles, 



ClXi(^'^i'^2) = - Q^fc^e[//,i/,A:i,fc2] + i^fcfe[t/,A, fc2,fc] + ^^k2e[\, fi, k, ki] 



(3.16) 



We have denoted by k the incoming momenta of the axial-vector vertex and by ki and k2 the outgoing 
momenta of the vector vertices. We keep this notation also in the AAA case, since k will denote the 
momentum exchange in the s-channel when we glue together these amplitudes to obtain an amplitude of 
BIM type; this, we will analyze in the next sections. These expressions are consistent with the following 
equations of the anomaly for the BAA triangle 

kip.C)^y{k,ki,k2) = 0, 
k2vC^y{k, ki,k2) = 0, 
kxC^'^y{k,ki,k2) = -ane[fi,i^,ki,k2], 



(3.17) 



and for the BBB anomalous triangle 



^IaiC'^aaI^'^I'^z) = — ^e[\,iy,k,k2], 
^aC^Xi(^'^1'^2) = -■ye[//,i/, ki,k2]. 



So we can define a gauge invariant triangle amplitude, in both the BBB and BAA cases, by 



(3.18) 



^AAA^if^' ^1' ^2) = A^^^{k, ki,k2) + C^aa{^^ ^2) 
^Av'y''^(^'^i'^2) = A^'^^^(fc,fci,fc2) +C;^'^7^/(fc,^l,fe)• 
(3.19) 

Notice that the (fermionic) triangle diagrams, in the symmetric limit k\ = k^ ^ ki, is exactly the opposite 
of the DZ counterterms, as we will discuss in the next section. 



^AVV 



{kl = kl = fc2) = -Caw AAAAikl - fc^ - fc') = -Caaa, (3.20) 



so the cancellation is identical at that point (only at that point), and the two vertices A*^"^ vanish. It is 
rather obvious that the cancellations of these poles in BIM amplitudes, corrected by the GS counterterms, 
is identical only for on-shell external gauge fines. It is also quite straightforward to realize that the massless 
S-model with the GS vertex correction is equivalent to axial QED corrected by a non-local term [20] that 
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Figure 3.7: BIM amplitude with full GS vertices. For on-shell external lines the contributions from the extra 
poles disappear. 

is described by the Lagrangian 

/:5Q£D = V^(«^ + e^75)^- Ji^l (3.21) 

plus the counterterm 

Set = ^{dBix)D-\x - y)Fiy) A F{y)). (3.22) 

This theory is equivalent to the (local) formulation given in Eq. p.Sp and in |95[l96j. where the transver- 
sality constraint {dB = 0) is directly imposed on the Lagrangian via a multipHer. Unitarity requires 




Figure 3.8: Embedding of the BIM amplitude with GS vertices in a fermion/antifermion scattering. 

these DZ poles in the C counterterms to disappear from a physical amplitude. In general, consider the 
diagrams depicted in Figs. 13.71 and l3. 81 The structure of the GS vertex is, for EBB, given by l|3.19p with 
the three massless poles generated by the exchange of the pseudoscalar on the three legs, as shown in 
Fig. 13.61 For on-shell external lines, in this diagram the contributions from the extra poles cancel due to 
the transversality condition satisfied by the polarizators of the gauge bosons. However, once these ampli- 
tudes are embedded into more general amplitudes, such as those shown in Figs. l3.8[l3.9[ the cancellation 
of the DZ extra poles introduced by the counterterm requires a more detailed analysis that we postpone 
to Chap.m where this cancellation will be proven up to three-loop order. 
We can summarize the issues that we have raised in the following points. 

1) The GS and the WZ mechanism have different formulations in terms of auxiliary fields. 

2) Previous analyses of axial gauge theories, though distinct in their Lagrangian formulation, are 
all equivalent to axial QED plus a non-local counterterm. The regularization of the gauge interactions, 
in these theories, coincides with that obtained by using the GS counterterm on the gauge vertex. In 
particular, the massless poles introduced by the regularization are not completely understood in the 
context of perturbative unitarity. 

A special comment is needed when we move to the analysis of Higgs-axion mixing. This has been 
shown to take place after electroweak symmetry breaking for a special class of potentials, which are not 
supersymmetric. The axion, which in the Stiickelberg phase is essentially a Goldstone mode, develops a 
physical component and this component appears as a physical pole. It is then clear, from the analysis 
presented above, that the regularization procedure introduced by the GS counterterm involves a virtual 
massless state and not a physical pole. This is at variance with the WZ mechanism, in which the bFF 
vertex is introduced from the beginning as a vertex and not just as a virtual state. In this second case, 
b can be decomposed in terms of a Goldstone mode and a physical pseudoscalar, the axi-Higgs, which 
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Pi P'i 




(b) (c) 



Figure 3.9: The structure of the fermionic scattering amplitudes with spurious massless poles (graphs b) and c)). 

takes the role of a gauged Peccei-Quinn axion [U [12]. This is entitled to appear as a physical state 
(and a physical pole, massless or massive) in the spectrum. The re-formulation of the GS counterterm 
in terms of a pseudoscalar comes also at a cost, due to the presence of a ghost-like (phantom) particle 
in the spectrum, which is absent in the WZ case. There are some advantages though, since the theory 
has, apparently, a nice UV behavior, given the gauge invariance condition on the vertex. The presence of 
these spurious poles requires further investigations to see how they are really embedded into higher-order 
diagrams and we will return to this point in Chap.lH 

In the next section we will move to the analysis of the unitarity bound in the WZ case. As we have 
shown, in this case it is possible to characterize it explicitly. We will work in a specific model, but the 
implications of our analysis are general and may be used to constrain significantly entire classes of models 
containing WZ interactions at the LHC. Before coming to the specific phenomenological applications we 
elaborate on the set of amplitudes that are instrumental in order to spot the bad high energy behavior 
of the chiral anomaly in s-channel processes: the so called BIM amplitudes. 



3.4 BIM amplitudes, unitarity and the resonance pole 

The uncontrolled growth of the cross section in the WZ case can be studied in a class of amplitudes that 
have two anomalous (AVV or AAA ) vertices connected by an s-channel exchange as in Fig. 13.31 a). 
We are interested in the expressions of these amplitudes in the chiral Hmit, when all the fermions are 
massless. Processes such as AA AA, mediated by an anomalous gauge boson B, with on-shell external 
A-lines and massless fermions, can be expressed in a simplified form, which is, also in this case, the DZ 
form. We therefore set fc^ = A:| = and m/ = 0, which are the correct kinematical conditions to obtain 
DZ poles. We briefly elaborate on this point. 

We start from the Rosenberg form of the AVV amplitude, which is given by 

T^^'•' = Aie[fci, A, ^i, i^] + A2e[k2, A, m, H + Agfe^eifci, fe, i^, A] 

+A4k!^e[ki,k2, i^, A] -|- Azk'(e[ki, k2, fi, A] + Aek^elki, k2, ^, A] , (3.23) 

and imposing the Ward Identities we obtain 



Ai = k^Ai + ki ■ fca^a 
A2 = klA^ + ki ■ k2Ae 
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^3(^1,^2) = -Ae{ki,k2) 

A4{ki,k2)^-A5{ki,k2), (3.24) 

where the invariant ampUtudes A^,.. .,Aq are free from singularities. In this specific kinematical Umit 
we can use the following relations to simplify our amplitude 

2 

e[fc2, A, ^, I/] = - [k2e[ki,k2, v,^] + k2e[ki, k2,^, A] + k!^e[ki,k2, v, A]) 
2 

e[fci, A, ^, i/] = (fci e[fci, fe, + fci'e[fci, fe, ^, A] + k'^e[ki, fc2, i^, A]) (3.25) 

where k^ = (/ci + ^2)^ = s is the center of mass energy. These combinations allow us to re- write the 
expression of the trilinear amplitude as 

T^"^ = Aek^e[ki,k2, m] + (A4 + Aq) (fc2^e[fci, fe, M, A] - k>^e[ki,k2, i^, A]) . (3.26) 

It is not difficult to see that the second piece drops off for physical external on-shell ^-lines, and we see 
that only one invariant amplitude contributes to the result 

T^--^ = 4(s)(fci + k2fe [fci, fe, V, ^l] . (3.27) 

There are some observations to be made concerning this result. Notice that multipHes a longitudinal 
momentum exchange and, as discussed in the literature on the chiral anomaly in QCD |101l 1102"! I103j . 
brings about a massless pole in s. We just recall that Aq satisfies an unsubtracted dispersion relation in 
s at a fixed invariant mass of the two photons, {kf = fc| = p^) 

Ae{s,p^)^— dt ' (3.28) 



ImAe{t,p'^)dt^ ^, (3.29) 



and a sum rule 

/•oo 

while for on-shell external photons one can use the DZ relation |101) 

ImAe{k^,0) ^ -6(k^), (3.30) 

TT 

to show that the only pole of the amplitude is actually at s = fc^ = 0. It can be simplified using the 
identity 

Li2{l - a) + Li2{l - a-^) = ~^\og\a), (3.31) 

with 



Pf + 1 / ml 

a=^— Pf = \l-A^, (3.32) 
Pf-l V s 
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to give [l03] 



4W = ^(^l-^log^^j. (3.33) 

We can use this amplitude to discuss both the breaking of unitarity and the cancellation of the resonance 
pole in this simple model. The first point has already been addressed in the previous section, where the 
computation of the diagrams in Fig. 13.21 has shown that only a BIM amplitude survives in the WZ case 
in the scattering process AA AA. If the sum of those two diagrams gives a gauge invariant result, 
with the exchange of the Z' described by a Proca propagator, there is a third contribution that should 
be added to this amplitude. This comes from the exchange of the physical axion x- We recall, in fact, 
that in the presence of Higgs-axion mixing, when b is the sum of a Goldstone mode and a physical axion 
X, each anomalous Z' is accompanied by the exchange of the x [HIE]- This is generated in the presence 
of electroweak symmetry breaking, after expansion of the Higgs scalar 4> around a vacuum v 

^= ^{v + c^^+i(j)^), (3.34) 
with the axion b expressed as linear combination of the rotated fields x and 

5 = aix + a2GB = — TT — X+— Gb- (3-35) 

Mb Mb 

We also recall that the gauge fields get their masses through the combined Higgs-Stiickelberg 
mechanism, 



MB^^JMf + iqsgBv)^■ (3.36) 

In the phenomenological analysis presented in the next sections the contribution due to x has been 
included. Therefore, in the WZ case, the total contributions coming from the several BIM amplitudes 
related to the additional anomalous neutral currents should be accompanied not only by the set of 
Goldstone bosons, to restore gauge invariance, but also by the exchange of the axi-Higgs. 

The cancellation of the resonance pole for s — Mb is an important characteristic of BIM amplitudes, 
which does not occur in any other (anomaly-free) amplitude. This cancellation is the result of some 
trivial algebra already seen at work in the first two chapters. For instance, given a BIM amplitude and 
a Proca propagator, we have 

= -^e[/^'^'^i'^2] ^ ^e[M',^',fci,fc2]- (3.37) 

This result implies that the amplitude is described - in the chiral limit and for massless external states 
- by a diagram with the exchange of a pseudoscalar (see Fig. 13.21 b)) and that the resonance pole has 
disappeared. It is clear, from (|3.37p . that these amplitudes break unitarity and give a contribution to the 
cross section that grows quadratically in energy (~ s). Therefore, searching for BIM amplitudes at the 
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LHC can be a way to uncover the anomalous behavior of extra neutral (or charged) gauge interactions. 
There is one thing that might tame this growth, and this is the exchange of the physical axion. We will 
show, working in a complete brane model, that the exchange of the x does lower the cross section, but 
insignificantly, independently from the mass of the axion. 



3.5 A realistic model with WZ counterterms 

Clarified the relation between the WZ and GS mechanisms using a toy-model, we now move towards the 
analysis of the issue of unitarity violation in the WZ Lagrangian at high energy. Details on the structure 
of the effective action of the complete model that we are going to analyze can be found in Chap. [H We 
just mention that this is characterized by a gauge structure of the form SU{?i) x SU{2) x U{1) x U{1)b, 
where the U {1)b is anomalous. We work in the context of a two-Higgs doublet model with Hu and Hd- In 
our analysis the charge assignments are those of a reaHstic brane model with three extra anomalous U{1), 
but we will assume that only the lowest mass eigenvalue taking part is significant, since the remaining 
two additional gauge bosons are heavy and, essentially, decoupled. 

We recall that the single anomalous gauge boson B, that we consider for this analysis, is characterized 
by a generator Yb which is anomalous {Tr [yj] ^ 0) but at the same time has mixed anomalies with the 
remaining generators of SM and in particular with the hypercharge Y. In the presence of this anomalous 
U{1)b both the Z and the (extra) Z' gauge boson have an anomalous component, proportional to B. We 
also recall that the effective action of the anomalous theory is rendered gauge invariant using both CS 
and WZ counterterms, while a given gauge invariant sector involves the exchange both of the anomalous 
gauge boson and of the axion in the s-, t- and w-channels. 

In [92] it has been shown how the trilinear vertices of the effective WZ Lagrangian can be determined 
consistently for a generic number of extra anomalous U{1). Here, the goal is to identify and quantify the 
contributions that cause a violation of unitarity in this Lagrangian. For phenomenological reasons it is 
then convenient to select those BIM amplitudes that have a better chance, at the experimental level, to 
be measured at the LHC and for this reason we will focus on the process gg 77. The gluon density 
grows at high energy especially at smaller (Bjorken variable) x-values. We choose to work with prompt 
final state photons for obvious reasons, the signal being particularly clean. To begin with, we will be 
needing the expressions of the Z77 and the Zgg vertices. In the presence of three anomalous J7(l)'s, here 
denoted as J7(1)_b, both the Z and the (extra) Z' gauge boson have an anomalous component, which is 
proportional to the Bi^, the anomalous gauge bosons of the interaction eigenstate basis (i=l,2,3). The 
photon vertex is given by [92] 

{Znj)\rnf=io - --^Zi A':^A^^ 2_^[gY0f Kzni'^92^f ^Zni +9Yg2^f ^Zn-r 

f 

+9Y920f ^Zi-y-y + 2_^9B,gYg20f H 



9B,gY^f ^Zai +9B,g2ff ^ 



BiWW 

Zni 



^Tvvi^f ^ 0) (3.38) 



with ^ = 1, 2, 3 enumerating the extra anomalous neutral currents. The explicit expressions of the rotation 
matrix can be found in App. 12.9.11 We have defined 

-^z,77 = (0^)i'z,(0^)yT,, R^a-^^ ^ {0^)w3Zi{0^)'^^^, (3.39) 
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and the triangle AAvv{mf ^ 0) is given by [92] 




{e[ki,X,fi, u] [y{y - l)kl - xyki ■ ^2] 
+e[k2, A, /I, u] [x{l - x)k'l + xyki ■ ^2] 
+e[ki, k2, A, t^] [a::(a; — l)fc^ — xyfcj] 
+e[A:i, fc2, A, ^] [xyfe^ + (1 - y)yfc2]} > 

A(m/) = "1/ + 2^(0: - l)kl + ?/(?/ - - 2xyki ■ k2 . (3.40) 
We have defined the following chiral asymmetries 

^/'^^ = QBjjiQYj)"^ ~ QBijiQvj)'^ 1 

nBiWW _ frp3 \2 

- ^BijK^L.j) ; 

nWWW frp3 ^3 

0f = [Q^'jQ^^^Tlj] , (3.41) 

with Qg^^ and Qy^^ denoting the charges of the chiral fermions and is the generator of the third 
component of the weak isospin, while the R factors are products of matrix elements. The matrix 
relates the interaction eigenstate basis of the generators {Yb,Y, T3) to those of the mass eigenstate basis 
{Tz,Tz> ,Q), of the physical gauge bosons of the neutral sector, Z, Z' and A^^. They are given by 

i?™=[3(0-4)B.z,(0^)k,] 

i?™ = [2{0^)yz,iO^)Yy{0^)w., + {0^)wsZ,{0^)l;] 

R'k^T =W^)b.zAO^)wAO^)y,\ ■ 

(3.42) 

These expressions will be used extensively in the next section and computed numerically in a complete 
brane model. 

3.5.1 Prompt photons, the Landau- Yang theorem and the anomaly 

Since the analysis of the unitarity bound will involve the study of amplitudes with direct photons in the 
final state mediated by a Z or a Z' in the s-channel, we briefiy recall some facts concerning the structure 
of these amplitude and in particular the Landau- Yang theorem. The condition of transversality of the Z' 
boson {ezi • fc = 0) is essential for the vanishing of this amplitude. 

The theorem states that a spin 1 particle cannot decay into two on-shell spin 1 photons because of 
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Boss symmetry and angular momentum conservation. Angular momentum conservation tells us that 
the two photons must be in a spin 1 state (which forces their angular momentum wave function to be 
antisymmetric), while their spatial part is symmetric. The total wave function is therefore antisymmetric 
and violates the requirement of Bose statistics. For these reasons the amplitude has to vanish. For a 
virtual exchange mediated by a Z' the contribution is vanishing -after summing over the fermions in each 
generation of the SM-, the theory being anomaly-free, in the chiral limit. The amplitude is non-vanishing 
only in the presence of chiral symmetry breaking terms (fermion masses) , which can be induced both by 
the QCD vacuum and by the Yukawa couplings of SM in the presence of electroweak symmetry breaking. 
For this reason it is strongly suppressed also in the SM. 

However, the situation in the case of an anomalous vertex is more subtle. The BIM amplitude is non- 
vanishing, but at the same time, as wc have explained, is non-resonant, which means that the particle 
pole due to the Z' has disappeared. For the rest it will break unitarity at a certain stage. 

In fact, a cursory look at the AW vertex shows that if the external photons are on-shell and transverse, 
the amplitude mediated by this diagram is proportional to the momentum of the virtual Z, . This 
longitudinal momentum exchange does not set the amplitude to zero unless the production mechanism 
is also anomalous. We will show first that in the SM these processes are naturally suppressed, though 
not identically zero, since they arc proportional to the fermion masses, due to anomaly cancellation. We 
start our analysis by going back to the AVV diagram, which summarizes the kinematical behavior of the 
Z77 amplitude. 

Let fci and ^2 denote the momenta of the two final state photons. We contract the AVV diagram 
with the polarization vectors of the photons, £1^ and e2v of the Z boson, ex, obtaining 



exeifj.e2v/^)l^yy{ki,k2,mf ^ 0) = — \ [ dx [ 

TI" Jo Jo 



1-.T 

, xy 
dy- 



' mj — 2xyki ■ k2 

e\ei^£2v (^2 - K) + k?k^ {^ocX^vk^ - eaA/J/ifc^} , (3.43) 
where we have used the conditions 

eii^K = ^2.k^ = 0. (3.44) 
It is important to observe that if we apply Schouten's identity we can reduce this expression to the form 

ex£i^,£2.^)tvvikiM,mf ^ 0) = eA {k^ + k^) J^^(fc^m/) (3.45) 

with 

:F/(fc^,m/) = j7/(fc^)e[fci,fc2,£i,£2] 

which vanishes only if we impose the transversality condition on the polarization vector of the Z boson, 
e\k^ = 0. Alternatively, this amplitude vanishes if the anomalous .^77 vertex is contracted with an- 
other gauge invariant vertex, as discussed above. The amplitude has an anomalous behavior. In fact. 
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contracting with the kx four- vector we obtain 

kxei^e2^A\^y{ki,k2,mf ^ 0) ^ i [ dx [ dy ^ ] e[fci, fe, £i, £2] 

\ Jo Jo ~ '^XyKi ■ K2 I 

= wlo '"i '^rn^.^XykTk) ^[^-^-^^'^^] 



1 


fl — X 


dx 


/ dy 

lo 


f 




[ dx [ 




'0 Jo 




1 

^■^ ^2 m'j — 2xyki ■ k2 



e[ki,k2, 61,62] (3.47) 



where the mass-independent and mass-dependent contributions have been separated. Summing over an 
anomaly-free generation, the first of these two contributions cancel. For this reason, it is also convenient 
to isolate the following quantity 

GAk = ^ I 'y m}-2xyk,.k2 '^'''''^''^''^ ^'-''^ 

which is the only contribution to the triangle amplitude in the SM for a given fermion flavor /. 

We illustrate in Fig. 13.101 the contributions to the qq annihihation channel at all orders (first graph) , 
at leading order (second graph), and the BIM amplitude (third graph), all attached to an AVV final 
state. In an anomaly-free theory all these processes are only sensitive to the difference in masses among 
the flavors, since degeneracy in the fermion mass sets these contributions to zero. Only the second graph 
vanishes identically due to the WI on the qq channel also away from the chiral limit. For instance in the 
third diagram chiral symmetry breaking is sufficient to induce violations of the WI on the initial state 
vertex, due to the different quark masses within a given fermion generation. 

To illustrate, in more detail, how chiral symmetry breaking can induce the exchange of a scalar 
component in the process with two prompt photons, we start from the SM case, where the Z*jj vertex, 
multiplied by external physical polarizations for the two photons becomes 

^^'77 = fc'^T7;S^e'E(Q/)'5i/-^/(fc':"^/) (3.49) 

z cos U\Y y 

and consider the quark antiquark annihilation channel qq ~> Z* ^ 77. We work in the parton model 
with massless fight quarks. We can rewrite the amplitude as 

M = i/^^^.nA.A'.e^i-^^, (3.50) 

where we have introduced the Zqq vertex 

Vffz = v{pi)r^'uip2) = tgzi^gv - gAi"), (3.5i) 
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and the expression of the propagator of the Z in the i?^ gauge 



n 



A. A' 



fc2 - Ml 



,AA' 



(3.52) 



To move to the unitary gauge, we spUt the propagator of the Z boson as 



n 



—I 

" fc2 „ Ml 



,AA' 



Al,A' 



fc^fc 



Ml 



A i,A' 



k^k 



F - ^Ml \ Ml J 

and go to the unitary gauge by choosing ^ ^ oo. The ampUtude will then be written as 



(3.53) 



k^ - Ml 



—v{p,)T^u{p2)k' 



,AA' 



92 



k^k 



Ml 



„A' 



92 



2 cos 9w 



e^Y.^Qff9lfTf{k\mf) 



-e^Y.^Qsf9ljTf{k^,mf) 
f 



(3.54) 



Clearly, at the Born level, using the WI on the left Vf/z* vertex, we find that the amplitude is zero. This 
result remains unchanged if we include higher-order corrections (strong/electroweak), since the structure 
of this vertex is just modified by a Pauli (weak-electric) form factor and the additional contribution 
vanishes after contraction with the momentum k"^. This amplitude is however non- vanishing if we replace 
the VffZ' vertex with a Vggz* vertex, where now we assume that the new vertex is computed for non-zero 
fermion masses (i.e. away from the chiral limit). In this case we use the WI 



{pi+P2)pGP''P 



2 cos 9 



w 



2 uuaB 
e ^PlaP2f3 



1 



2 rl 



dxi 

JO 



dX2 



(3.55) 



with 



Aq = -xyfc2 + m^, (3.56) 
where the constant term (I/tt^) vanishes in an anomaly-free theory. It is convenient to define the function 



Qqik^^niq) = e[eig,e2g,PijP2\'m'p:q{'mq) 



(3.57) 



with 



Tqiniq) 



dxi 



^0 



l—xi 



dxi 



A,' 



(3.58) 



where e is the polarization of the gluon, which allows one to express the squared amplitude as 



{\M 



a 9 2 \ s 
2 cos 



with s = k'^. Notice that in the large energy limit Xg ^ Jf ^ Xj |103j . This shows that double prompt 
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photon production, in the SM, is non-resonant and is proportional to the quark masses, neglecting the 
contributions coming from the masses of the leptons. 



3.6 Gauge parameter dependence in the physical basis 

When this analysis is extended to a complete anomalous model such as the mLSOM [H [HI [SI [92] even 
the direct proof of the cancellation of the gauge dependence in the Z' exchange is quite complex and not 
obvious, although it is expected at a formal level. We recall that we are working with a broken phase and 
the axion has been decomposed into its physical component (x, which is the axi-Higgs) and the Goldstone 
modes. In [92] it has been shown that the counterterms of the theory can be fixed in the Stiickelberg 
phase and then re-expressed, in the Higgs-Stiickelberg phase, in the physical base, which confirm the 
correctness of the approach followed in Chap. [2] for the determination of the effective Lagrangian of the 
model after electroweak symmetry breaking. 

The matrix O^, needed to rotate into the mass eigenstates of the CP-odd sector, relating the axion 
X and the two neutral Goldstones of this sector to the Stiickelberg field h and the CP-odd phases of the 
two Higgs doublets satisfies the following relation 



/ ImHl \ 




( X \ 






G? 









where the Goldstones in the physical basis are obtained by the following combination 



G 



z' 



Mz 



Mz Mz ^ Mz 



CiG°+C2G0 



G? 
Gl 



M 



Mz 
Ml 



c'iG\ + c^G^ . 



(3.60) 



Here we have defined the following coefficients 



fu = 920iw, - gyO^Y - 1u9B0iB 



fd = g20zw, - gyO^Y - QdgBO^B 



fu,B = g20iw, - gyOiy - qu9B0^,B fd,B = 920^,^^ - gyO^.y - qSgBO^,B , (3.61) 



and the ^ charges are defined in Tab. 13.21 The relations containing the physical Goldstones can be 
inverted so we obtain 



G° = CiG^ + C2G^' 

GO f^Z I r~iZ 



(3.62) 



where we give the explicit expression only for the coefficient C(, since this is the one relevant for our 
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purposes. Then, after the orthonormaUzation procedure, we obtain 



C[ 



C2 



(3.63) 



We illustrate the proof of gauge independence from the Z gauge parameter of the amplitudes in Fig. 13.111 
In this case the cancellation of the spurious poles takes place via the combined exchange of the Z 
propagator and of the corresponding Goldstone mode Gz- If we isolate the gauge-dependent part in the 
Z boson propagator we obtain 



where 



Ma^+Mb^ 



k^k 



+4 X {Ac^^t[pl,p2,^i,v]) 



^^-^-^{Ac^^e[k^,k2,fi',,^']) 



" / r 1 
+4 X (4c;^^e[pi,p2,Ai, 



1 



T72 ) [^44kuk2,fi',i''] 



{4c^^e[kuk2,fi',>^']) 



F 



(3.64) 



(3.65) 



The coefficient c^^ in the A4 amplitude {Gz exchange) must be compared with the massless coefficients 
C2 of the A4a( amplitude (Z boson exchange) and the explicit expressions of the coefficients Gyy and F 
have been already computed in Sec. 12.51 Adding the contributions of the two diagrams we obtain 



{ Y [gBg'yOr'-R^z^,^ + 9B9ief^'^R^,^^^] e[k,,k2, ,.']} 

033C[e[pi,P2,fl,l' 



1 



k^^^zM'z \Mi 



+4 X <^ 4 



— (nA ^2 , ^^(nA ^2 



fc2 _ ezAfi 



0^3G[e[ki,k2,fi'. 



(3.66) 



At this point, the pattern of cancellation can be separated in three different sectors, a pure BYY sector. 
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a pure BWW and mixed BYY-BWW sectors, and it requires the vaHdity of the relations 

{^gBgler"^ R^Z"")" + 4 (^4^.(0^^ fo-,C[^' = 0, (3.68) 

(3.69) 

We have been able to verify that these relations are automatically satisfied because of the following 
identity, which connects the rotation matrix of the interaction to the mass eigenstates to a component 
of the matrix . This matrix appears in the rotation from the basis of Stiickelberg axions to the basis 
of the Goldstones and G^, and of the axi-Higgs x- The relation is 



Orz -A- = 20^-iC[ -i- , (3.70) 

with 



03^3= , (3.71) 

with Ml the Stiickelberg mass. The origin of this connection has to be found in the Yukawa sector and 
the condition of gauge invariance of the Yukawa couplings. 



3.7 Unitarity bounds: the partonic contribution gg 77 

In this section we compute the gg — » 77 cross section with two on-shell gluons and two on-shell photons 
in the final state. The same computation is carried out both in the SM and in the mLSOM, where 
the charge assignments have been determined as in [93^ I60j. to determine the different behavior of these 
amplitudes in the two cases. The Hst of contributions that we have included are all shown in Fig. 13.121 
We report some of the results of the graphs in order to clarify the notation. For instance we obtain for 




Figure 3.12: Anomalous contributions to gg 77 in the mLSOM. 
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diagram (a) 



1 



20487r 



f ^ 



Mr 



(3.72) 



where we have defined the coefficients 



/ 



R 



Z77 



I „3 nWWW 3WWW j_ „ 2nr 
+ 9Y^f ^Z-y-y +9Yg2^f 



2aYWW j^YWW 



Z77 



YYW jdYYW 



+9BgY^f ^Z-fy +9392 



2qBWW j^BWW 



Z77 



-9B9Y92er'^Rry^] , 



(3.73) 



and the mass M^, of the extra Z' is given by Eq. I|2.18ip . We recall that Aq{s) is approximately 



27r2f 



2s2 



o 



log 



(3.74) 



at large values of s. We have seen that the SM contribution, in the presence of a massive fermion 
circulating in the loop is suppressed by a factor that is O {rn?^/ . In the case of an anomalous model 
this contribution becomes subleading, the dominant one coming from the anomalous parts, proportional 
to the chiral asymmetries Of of the anomalous charge assignments between left-handed and right-handed 
fermion modes. The amplitude in diagram (b) is given by 



o-s(s) = 

where, for convenience, we have defined 



(3.75) 



'77 



M 



(3.76) 
(3.77) 



Here we have used the model-dependent WZ coefficients D, F and Cyy already computed in Sec. 12.51 
Proceeding in a similar way, graph c) gives 



^^^')=3i(.-W(^'.V' 



H 2 



x-q 

99 



(3.78) 



where we have used Eq. I|3.3ip and we have set 



C^o(.,m,) = -^log^^ 



Pf 



- 1 



(3.79) 



Starting from the Yukawa couplings shown in Lagrangian l|2.ip it is convenient to define the following 
coefficients, which will be used below 



Cgg -33C , 



q = u,d 

q ^ u,d, v, e. 



(3.80) 
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Figure 3.13: Partonic cross section for the anomalous process gg — > 77 with nif = 0, tan/3 = 40, qb = 0.1, 
= 10 GeV and Mi — 800 GeV. The solid line refers only to the exchange of the Z and the Z' , while the 
dashed line refers to the complete cross section including the x exchange. 



We have used a condensed notation for the flavors, with u = {u, c, t}, d = {d, s, b}, v = {v^, v^i, i^t} 
and e = {e, fi, t}. The couplings of the physical axion to the fermions are given by 



. - 1 ^t^ii- ^^^(^11, 



^/2 



(3.81) 



We have also relied on the matrix elements introduced in Sec. 12.91 The fermion masses have been 
expressed in terms of the Yukawa couplings by the relations 



VdTd VuTi, VdTe 

rrid = — my = — nip. 



" V2 ' " ^/2 ' - V2 ' 
The cross section for the amplitude (d) in Fig. 13.121 is given by 



V2 



(3.82) 
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Figure 3.14: The same as in Fig. [3TT3] but with m/ / 0. 
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Figure 3.15: Partonic cross section for the anomalous process gg — » 77, with tan/3 = 40, ga = 0.1, = 10 GeV 
and Ml = 800 GeV. The solid line refers to the SM with the exchange of the Z boson. The dashed line refers to 
the mLSOM case. The point of minimum divides the anomaly-free region from the region where the anomalous 
contributions dominate. 



\2 '^^77 



f 



327r(s - M2)2 

With these notations, we are now ready to express the cross section for graph e) as 



^Co(s,mg)c- 



20487r(s - M|)2 
Finally, the cross section for the Z' exchange is given by 



gg 



f 



apis) 



I 



20487r 



M4 



where, again, in order to simplify the notation we have defined the coefficients 



(3.83) 



(3.84) 



(3.85) 



+9sgle'^'-^Rm + gsgl^r'^Rl^^ + gsgyg^or'^Rl^^] ■ (3.86) 

In the SM case we work in the unitary gauge, being a tree-level Z exchange, and we have only one 
contribution whose explicit expression is given by 



327687r9 s^M^ 



Pg - 1 



pf - 1 



(3.87) 



128 



3.7. Unitarity bounds: the partonic contribution gg — > 77 



le-06 



le-07 



£j le-( 



le-09 



le-10 



MLSOM TanP=10 

TanP=20 
Tanp=30 
Tan|3=40 
Tan|3=50 




500 1000 1500 2000 2500 3000 3500 4000 4500 
Vs GeV 

Figure 3.16: Partonic cross section for the anomalous process gg — » 77 with gB = 0.1, = 10 GeV and 
Ml = 800 GeV. The lines refer to the cross section evaluated for different values of tan /3. 
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Figure 3.17: Partonic cross section for the anomalous process gg 77 with tan/3 = 40, = 10 GeV and 
Ml = 800 GeV. The lines refer to the cross section evaluated for different values of the coupling constant gs- 



where we have defined the SM coefficients 



(3.88) 



The partonic SM cross section is in agreement with unitarity in its asymptotic behavior, which is given 
by 



l^q (^l,q ™9 l^f ^2,/ ™/ 



(3.89) 



In our anomalous model the complete expression of the same cross section is given by 
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Figure 3.18: Partonic cross section for the anomalous process gg — » 77, with tan/3 = 40, gs = 0.1 and = 10 
GeV. The lines refer to the cross section evaluated for different values of the Stiickelberg mass M^. 



= < 



+ 



_2 

204877 M| 
327r (s - M2)2 



IS' 



'20487r(s-M2)2 



2^''l 277^5 

g 



^(7o(s,m,)c^^ 
3 



27r2s 



1 V- f'rlifi^ 

327r(s - M2)2 



TT (S - M2)2 



-I 2 



- « 



^Co{s,mf)c: 
f 

2 



'77 



^Co(s,m/)< 



+ 



204877 M|, 



1 V- ,«:^(£l^ 

2 2-''i 27r2s 

q 



2Z.^2 2;r2s 



■77 
2 



+ 



167rM|(s - M2) 



2^"i 27r2s 

9 



+ 



1024M27r(s - M2) 



2^"^! 27r2s 



1^ jM^^mfl 
24-2 2;r2s 



1 ^ /^4(s^m£) 
2^2 27r2s 



+ 



^Co(s,m/') 
1 

102477 Ml Mf, 



^Co(s,mg')c^/ 
9' 



1 ,^4(£^m^ 

2 2^'^i 27r2s 



2Z.'^2 2^2, 



X 



q' 



A{s, niq' 
27r2s 



1 V- f':l(£iiZvO 
2Z^^2 27r2s 

/' 



+ 



1 ,9 -4(5, m^) 

1024 M|, TT (s - M2) 2 ^ 1 27r2s 



1 v^^/ ^(5,w/) 
2Z^'^2 2;r2s 



^Co(s,m//) 



'77 



^Co(s,mg/)c^/ 
9' 



130 



3.7. Unitarity bounds: the partonic contribution gg — > 77 



+ - 



1 9gg9^j 
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where we have introduced the notation 

A{s, ruf) 



(3.90) 
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Pf - 1 



(3.91) 



At high energy we can neglect the mass of the axion (s — Ri s) and from the limits 

A{s 00, m/) = 1, Co{s 00, m/) =0, 
we obtain that the total cross section reduces to 

^mLSOM^^ ^ 00) = —S, 
IT 

which is linearly divergent and has a unitarity bound. K, = /C(s6,5fB,a5(s),tan/3) is defined by 
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(3.94) 



The derivation of the unitarity bound for this cross section is based, in analogy with Fermi theory, on 
the partial wave expansion 



7 , 00 

i = l/WI^ = I^E(2^ + l)/'^Kcos.)r, 



(3.95) 



(=0 



with an s-wave contribution given by 

Since unitarity requires that \fi\ < 1 we obtain the bound 



or, equivalently. 
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(3.99) 



The bound is computed numerically by looking for values Sb at which 



JC{sb,gB,as{sb),ta,nl3) 

where in the total parametric dependence of the factor JC, JC{sb, gs, ces{sb),t3.ii /3), we have included the 
whole energy dependence, including that coming from running of the coupling (up to three- loop level). 
We will analyze below the bound numerically in the context of the specific brane model of [93 ^ [60 1 [64]. 



3.8 Couplings and Parameters in the Madrid Model 

We now turn to a brief illustration of the specific charge assignments of the class of models that we have 
implemented in our numerical analysis. These are defined by a set of free parameters, which can be useful 
in order to discern between different scenarios. In our implementation we rotate the fields from the D- 
brane basis to the hypercharge basis and at the same time we redefine the Abelian charges and coupHngs. 
The four U{1) in the hypercharge basis are denoted U{l)xi with i = A,B,C and Uy, where the last 
is the hypercharge U{1), which is demanded to be anomaly-free. This fixes the hypercharge generator 
in the hypercharge basis in terms of the generator qa {a = a,b,c,d) in the ZJ-brane basis. The U{\)a 
and U{\)d symmetries can be identified with (three times) the baryon number and (minus) the lepton 
number respectively. The J7(l)c symmetry can be identified with the third component of right-handed 
weak isospin and finally the U(\)b is a PQ-like symmetry. Specifically the hypercharge generator is given 

by 

y =\{qa + ?'qd)-\qc. (3.101) 
D Z 

which in fact is a Hnear combination of the two anomaly-free generators {qa + Sqd) and qc, while the 
orthogonal combinations 

Xa - 3qa -qd, XB--qb, (3.102) 

represent anomalous generators in the hypercharge basis. Note that relation (|3.10ip must be imposed in 
these models in order to obtain a correct massless hypercharge generator as in the SM. The set (F, A, B) 
does not depend on the model, while the fourth generator Xc is model-dependent and is given by 

f 3 P2 3/3/32 nd2 \ 
Xc = I — ^ qa + opubiqb + 2nciqc + -j^ qd I • (3.103) 

As can be seen in the detailed analysis performed in |93 1 [60 j [64]. the general solutions are parametrized 
by a phase e — ±1, the Neveu-Schwarz background on the first two tori Pi = 1 — bi = 1,1/2, the four 
integers na2 , nbi , rid and nd2 , which are the wrapping numbers of the branes around the extra (toroidal) 
manifolds of the compactification, and a parameter p = 1, 1/3, with an additional constraint in order to 
obtain the correct massless hypercharge 

j32 

"-ci = -z-^{na2 + ipnd2)- (3.104) 

This choice of the parameters identifies a particular class of models which are called Class A Models [6l] 
and all the parameters are listed in Tabs. 13. 1^ 13. 2^ 13.31 Whether anomalous or not, the Abelian fields 
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Figure 3.19: Lightest eigenvalue related to the generator Xb for a model of Class A. We have chosen the couplings 
fjfc and gd such that their ratio TZ = Qd/gc- 



have mass terms induced by the Stiickelberg mechanism, the mass matrix of the ^(1) gauge bosons in 
the f-brane basis is given by the following expression 

3 

= g^g^Ml ^ cfcf , (3.105) 

i=l 

where Ms is some string scale to be tuned. Greek indices run over the D-brane basis {a, 6, c, d}, the 
Latin index i runs over the three additional Abelian gauge groups, while the and g^ are the couplings 
of the four U{1). The eigenvectors Wi^y.A.B.c and their eigenvalues Xi for the matrix {M'^)ai3 have been 
computed in terms of the various classes of models in reference [93l [60j 



Wy = ^(|l,o,-^,U (3.106) 



\Wy\ [3ga gc 

1 



Wi = -. {Wia,Wib,Wic,l} (3.107) 

\wA 



where the Wi^A,B,c are the components of the eigenvectors. On the basis of the analysis of the mass 
matrix one can derive a plot of the lightest eigenvalue M3, which corresponds to the Xb generator in 
the hypercharge basis [Bl]. We have reproduced independently the result for the lightest eigenvalue M3, 
which is in agreement with the predictions of |6l] . We have implemented numerically the diagonalization 
of the mass matrix and shown in Fig. 13. 19] the behavior of the ratio M^/Ms as a function of the wrapping 
number rtaj and for several values of the ratio TZ — ga/ gc- This ratio, which characterizes the couplings 
of U{l)c and U{l)d, appears as a free parameter in the gauge boson mass matrix. M5, the string scale, is 
arbitrary and can be tuned at low values in the region of a few TeV. We have selected a Stiickelberg mass 
M3 (which is essentially the mass of the extra Z') of 800 GeV. From Fig. I3.19[ if we choose the curve 
with 7?. 1 at the peak value, then this value is 13% of the string scale, which in this case is lowered to 
approximately 6.1 TeV. It is quite obvious that the mass of the extra Z' can be reasonably assumed to be 
a free parameter for all practical purposes. The matrix Eia = {'Wi)a constructed with the eigenvectors of 
the mass matrix defines the rotation matrix Uia for the U{1) charges from the ZJ-brane basis {a,b,c,d\ 



Chapter 3. Unitarity Bound for Gauged Axionic Interactions 



133 



V 


/3i 


/?2 


"-a2 


mi 


nci 


nd2 


1/3 


1/2 


1 


na2 


-1 


1 


1 - "^02 



Table 3.1: Parameters for a Class A Model with a -D6-brane . 
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Table 3.2: Higgs cliarges in the Madrid Model. 



into the hypercharge basis {F, A, B, C} as follows 

q^= J2 U.a^^E,^, {i^Y,A,B,C). (3.108) 

-a.b,c,d 



So for the hypercharge we find that 

QY ^ 1^-^ — -Ma - iqc + 3gd) = \{qa + iqd) - \:qc, (3.109) 
igY\wY\ 6 2 

to be identified with the correct hypercharge assignment given in expression p.lOip . This identification 
gives a relation between the gauge coupHngs 



1 kvT 1 1 1 



gl 4g2 36g2 Agl Ag^ 
For the third generator a similar argument gives 



(3.110) 



qg = — Wg^ qa + — WBb qb + — «^Bc qc + — qd = (3.111) 

93 gs gs gs 

where we identify the gauge symmetry U{l)g corresponding to the lightest mass eigenvalue as an anoma- 
lous generator qs- The charges qs of the SM spectrum are given in Tab. 13.41 We recall that given a 
particular non-Abelian SU{N) gauge group, with coupHng g^, arising from a stack of N parallel branes 
and the corresponding U{1) field Hving in the same stack, the two coupling constants are related by 
gi ~ gN/V^N. Therefore, in particular the couplings ga and gb are determined using the SM values of 
the couplings of the non-Abelian gauge groups 



9l='^, gl = '-f, (3.112) 



where gL is the SU{2)l gauge coupHng, while gc and gd are constrained by relation l|3.110p . Imposing 
gauge invariance for the Yukawa couplings |91| we obtain the assignments for the Higgs doublets shown 
in Tab.l 



3.8.1 Anomalous and anomaly-free regions: numerical results 

We have implemented in Candia 1.0 |104| a numerical program that will provide full support for the 
experimental collaborations for their analysis of the main signals in this class of models at the LHC, 
with the charge assignments discussed in the previous section. Candia 1.0 has been planned to deal 
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Table 3.3: SM spectrum charges in the D-brane basis for the Madrid Model. 
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Table 3.4: Fermion spectrum charges in the F-basis for the Madrid Model. 

with the analysis of extra neutral interactions at hadron colliders in specific channels, such as Drell-Yan 
processes and double prompt photon processes with the highest precision. The program is entirely based 
on the theory developed in [1| [T2 j l40 l [9T | [T3 j 1105) and is tailored to determine the basic processes, which 
provide the signal for the anomalous and anomaly-free extra Z' both from string and GUT models. The 
QCD corrections, including the parton evolution, is treated with extreme accuracy using the theory of 
the logarithmic expansions, developed in the last several years. Here we provide only parton level results 
for the anomalous processes that we have discussed in the previous sections, which clarify the role played 
by the WZ Lagrangian in the restoration of unitarity at high energy. A complete analysis for the LHC is 
presented in Chap. \E[ 

• (T reduction by the exchange of x 

We show in Fig. 13.131 a plot of the (small) but increasing partonic cross section for double prompt 
photon production from anomalous gluon fusion. We have chosen a typical SM-like value for the 
coupHng constant of the extra Z' included in the analysis and varied the center of mass energy of a 
few GeV around 4.2 TeV. We show two plots, both in the brane model, one with the inclusion of the 
axi-Higgs x and one without it, with only the exchange of the Z and Z' . Notice that the exchange 
of the X is a separate gauge invariant contribution. We have chosen a Stiickelberg mass of 800 
GeV. The plots show the theoretically expected reduction of the linear growth of the cross section, 
but the improvement is tiny, for these values of the external parameters. In these two plots, the 
fermion masses have been removed, as we worked in the chiral limit. The inclusion of all the mass 
effects in the amplitude has an irrelevant effect on the growth of the cross section. This is shown in 
Fig. 13.141 where, again, the inclusion of the axi-Higgs lowers the growth, but not in a significantly 
way. We have analyzed the behavior of the cross sections in the presence of a light axi-Higgs (ten or 
more GeV), but also in this case the effects are negligible. This feature can be easily checked from 
Eq. (|3.90p : in fact, the mass term is contained in the denominator of the propagator for the 
scalar, and in the TeV region we have (s — M^) « s. The numerical value of the unitarity bound 
remains essentially unchanged. 

• Anomaly-free and anomalous regions 

An interesting behavior shows up in Fig. 13.151 where we compare the results in the SM and in 
the mLSOM for the same cross section, starting at a lower energy. It is clear that the SM result. 
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Figure 3.20: Partonic cross section for the anomalous process gg 77 with tan/3 = 40, gs = 0.1, = 10 GeV 
and Ml = 1 TeV. The lines refer to the cross section evaluated for different values of the center of mass energy 
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Figure 3.21: The partonic cross section with a parameter choice as in Fig. 13.201 The dashed upper lines refer to 
mLSOM cross sections evaluated with and without the x exchange, while the decreasing solid line refers to the 
SM. 

being anomaly-free, is characterized by a fast-faUing cross section, while the mLSOM result is very 
different. In particular, one finds a region of lower energy, where essentially the Model follows the SM 
behavior (below 1 TeV) - but smaller by a factor of 10 - the growth of the anomalous contributions 
still being not large, and a region of higher energy, where the anomalous contributions take over (at 
about 2 TeV) and which drive the growth of the cross section, as in the previous two plots. There 
is a minimum at about 1.2 TeV, which is the point at which the anomalous subcomponent becomes 
sizeable. 

• tan/3, and Mi variations 

The variation of the same behavior shown in the previous plot with tan/3 is shown in Fig. l3.16| where 
we have varied this parameter from small to larger values (10-;-50). The depth of the minimum 
increases as we increase this value. At the same time, the cross section tends to fall much steeper, 
starting from larger values in the anomaly-free region. 
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Fi gure 3.22; Partonic cross section plotted for different values of the coupling constant qb- The parameters are 
chosen as before. 
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Figure 3.23: Partonic cross section for the anomalous process gg 77, tan/? — 40, qb ~ 0.1, and — 10 GeV 
plotted for different values of the Stiickelberg mass Mi . 

In Fig. 13.171 we study the variation of a as we tune the coupling gB of the anomalous U{1)b- A 
very small value of the coupling tends to erase the anomalous behavior, rendering the anomalous 
components subleading. The cross section then falls quite fast before increasing reaching the bound. 
The falling region is quite visible for the two values of gs — 0.001 and 0.01, showing that the set 
of minimum points, or the anomaly-free region, is pushed up to several TeV, in this case above 4.5 
TeV. The unitarity bound is weaker, being pushed up significantly. The situation is opposite for 
stronger values of . 

A similar study is performed in Fig. 13.181 but for different Stiickelberg masses Mj^. As this mass 
parameters increase, the anomaly-free region tends to grow wider and the cross section stabilizes. 
For instance, for a value of the Stiickelberg mass around 5 TeV, the region in which a has a normal 
behavior moves up to 3.5 TeV. The explanation of this result has to be found in the fact that the 
anomalous growth is controlled by the mass of the anomalous Z' in the s-channel, appearing in the 
denominator of the cross section. This suppression is seen both in the direct diagram and in the 
counterterm diagram, which describes the exchange of the axi-Higgs. Obviously, it is expected that 
as we reduce the coupling of the anomalous gauge boson, the anomalous behavior is reduced as 



MLSOM,gB= 0.001 
gB=0.01 
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Figure 3.24: Partonic cross section for the anomalous process gg — > 77, tan/3 = 40 Mi = 800 GeV and = 10 
GeV. The different plots show a comparison between the SM and the mLSOM cross sections, at very high energies, 
for small value of the coupling constant gs ■ 

0.8003 



0.80025 
0.8002 

> 

0.80015 
0.8001 



0.80005 
0.8 

5 10 15 20 25 30 35 40 

tan p 

Figure 3.25: Behavior of the mass of the additional anomalous Z' as a function of tan/3 for different values of 
gs- The variations are very small. 

well. The different behavior of the cross section in the SM and mLSOM cases can easily be inferred 
from Fig. 13.201 having chosen a Stiickelberg mass of the order of 1 TeV. A similar behavior is quite 
evident also from Fig. 13.211 from which it appears that in the mLSOM the deviations compared to 
the SM partonic predictions get sizeable at parton level already at an energy of 4-6 TeV. Notice 
also from Fig. 13.141 that the presence of the axi-Higgs seems to be irrelevant for the chosen values 
of the coupHngs and parameters of the model. We show in Fig. 13.221 a plot of the dependence of 
the predictions on at larger energy values, which appears to be quite significant. 

Furthermore, in the TeV region the mLSOM predictions for small values of the coupling constant 
{gs = 0.001) go below the SM prediction and this is due to the axi-Higgs exchange, which is 
negative in this kinematical domain. Moving below to 1 TeV the axi-Higgs interference has an 
opposite sign and the mLSOM predictions are above the SM. A similar analysis, this time for a 
varying Stiickelberg mass, is shown in Fig. 13. 23^ and also in this case, as in the previous one, the 
results confirm that this dependence is very relevant. 

Finally, in Fig. 13. 241 we plot the SM and mLSOM results on a larger interval, from 10 to 140 TeV, 
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Figure 3.26: Mass of the extra Z' gauge boson for different values of the Stiickelberg mass. 
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Figure 3.27: Bound for different values of the Stiickelberg mass and tan/3 = 40. The bound grows as we reduce 
the anomalous coupling, and approaches the Standard Model behavior. For qb = 0.01 the model exhibits a bound 
around A/^mai = ^eV (not shown). 



from which the drastically different behavior of the two cross sections are quite clear. Notice that 
as we lower gs, for instance down to 10~^, the anomaly-free region extends up to energy values 
that are of the order of 200 TeV or so. We conclude that the enhancement of the anomalous 
contributions with respect to the SM prediction are in general quite large and very sensitive to the 
mass of the extra Z' and to the strength of the anomalous coupling. Interestingly, a very weakly 
coupled Z' gives a cross section that has a faster fall-off compared to the SM case in the anomaly- 
free region. The mLSOM and SM predictions intersect at a very large energy scale (140 TeV), when 
the anomalous contribution starts to increase. 

Before drawing conclusions, it is necessary to comment on the other dependence, that on tan/3, 
which appears to be far less significant compared to that on M-^ (or M'^) and qb- This third 
parameter essentially has a (very limited) infiuence on the mass of the extra Z' and on the overall 
predictions. This is clearly shown in Figs. 13.251 and [3?26l where we have varied both tan/? and 
g^. Therefore, the mass of the extra Z' and the Stiickelberg mass may be taken to be essentially 
coincident, to a first approximation. 
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Figure 3.28: Bound for different values of tan/3, for Mi = 800 GeV. 

• The bounds 

We conclude our analysis with two plots, depicted in Figs. l3.27l and [3r28j which show the variations of 
the bounds with the parameters and M^. In the first plots, shown in Fig. l3.27[ we choose a large 
value of tan (5 and we have varied both the Stiickelberg mass and the strength of the anomalous 
coupling. For a Stiickelberg mass around 1 TeV, the bound is around 5 TeV, for an anomalous 
coupling qb = 0.2. For a smaller value of = 0.1 the bound grows to 10 TeV. For a smaller value 
of gB = 10^^, the bound is around 100-^120 TeV. This result is particularly interesting, because it 
should allow one to set Hmits on the Stiickelberg mass and the value of the anomalous coupHngs at 
the LHC in the near future. Smaller values of g^ are tested in Fig. 13.28] where the bound is shown 
to increase significantly as g^ gets smaller. 

3.9 Conclusions 

We have analyzed the connection between the WZ term and the GS mechanism in the context first of 
simple models and then in a complete brane model, containing three extra anomalous C/(l). We have 
shown that the WZ method of cancellation of the anomaly does not protect the theory from an excessive 
growth, which is bound to violate unitarity beyond a certain scale. We have also studied the connection 
between the two mechanisms, illustrating the corresponding differences. 

We have quantified the unitarity bound for several choices of the parameters of the theory. The 
significant dependences are those on the Stiickelberg mass and the coupling constant g^ of the 
anomalous generator. We have also shown that the exchange of a physical axion x lowers the cross 
section, but not significantly, whose growth remains essentially untamed at high energy. We have shown 
that in these models one can identify a region that is SM-like, where some anomalous processes have a 
fast fall-off, from a second region, where the anomaly dominates. 

The analysis in this chapter has been confined to the parton level, but we postpone more definitive 
predictions for the detection of anomalous interactions at the LHC to Chap.[5l 

The approach that we have suggested, the use of BIM amplitudes to search for unitarity violations at 
future colliders, can be a way in the search to differentiate between non-anomalous |106j and anomalous 
extra Z' [107) . Our objective here has been to show that there is a systematic way to analyze the 
two mechanisms for canceling the anomalies at the phenomenological level and that unitarity issues are 
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important in order to characterize the region in which a certain theory starts to be dominated by the 
chiral anomaly. 



3.10 Appendix. The cross section 

The total cross section is given by the sum of all the contributions shown in Fig. 13.121 



mLSOM 



(s) = (Ta(s) + (T_b(s) + crc(s) + crD(s) + 0-£;(s) + o-f(s) 



+ aAB{s) + <7ae{s) + <7af{s) + <7bf{s) + <7ef[s). (3.113) 
The interference term between Z exchange and x exchange, diagram (b) in Fig. 13.121 is given by 



<Jab{s) = 



(3.114) 



The following interference terms are vanishing 



MaMI + McM\^Q, MaM^^ + MdM\^0, 



(3.115) 



The interference term between the exchange of the Z boson and x exchange, diagram (e) in Fig. I3.12[ 
gives 



crAE{s) = 



1024M|7r(s - M2) 



L q 



E ^4 A,/ 



f 



EC'o(s,TOqO' 
9' 



gg 



(3.116) 



while the interference term between x exchange and Z' boson exchange contributes with 



a-BE{s) 



167r(s-Af 2)2^77599 



EC'o(s,TO/)c^;-'^ 



rX,g 

^gg 



(3.117) 



The other interference term in the cross section is given by 



(^cd{s) 



167r(s-M2)2^^'r^99 



f 



(3.118) 



so we obtain 



o'cr>(s) + cTBEis) = 0. 
Other interference terms also vanish; in fact, we get 



(3.119) 



(3.120) 
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McM^'p + MfMI; ^Q, MDM''p + MFM^a = Q. 



(3.121) 



The interference term between Z exchange and Z' exchange takes the form 



1 



10247r 



E ^4 A,/ 



E ^4' A,/' 



Ml Ml 



(3.122) 



The interference term between Z' exchange and x exchange of diagram (b) in Fig. 13.121 is given by 



o-bf{s) 



167r 



E 1 4 A,/ 



-,x „x 



'M|,(s-M2) 



(3.123) 



Finaly, the interference between Z' exchange and x exchange, diagram (e) in Fig. 13.121 gives 



(7ef{s) 



1024M|,7r(s- M2) 



L q 



E J4^6,i 



EC'o(s,nT-/')c: 



xJ' 

77 



/' 



gg 



(3.124) 
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Chapter 4 



Axions and Anomaly-Mediated 
Interactions: The Green-Schwarz and 
Wess-Zumino Vertices at Higher Orders 
and g — 2 oi the muon 

4.1 Introduction to the chapter 

Understanding the role played by the Green-Schwarz (GS) and Wess-Zumino (WZ) mechanisms in quan- 
tum field theory is important in order to grasp the implications of the chiral gauge anomaly at the level of 
model building, especially in the search of extra trilinear gauge interactions at future colliders. In recent 
years several proposals coming either from string theory or from theories with extra dimensions have 
introduced new perspectives in regard to the various mechanisms of cancellation of the gauge anomalies 
in effective low energy Lagrangians, which require further investigation in order to be fully understood. 
These effective models are characterized by the presence of higher dimensional operators and interactions 
of axion-Hke particles. In a class of vacua of string theory this enterprise has some justification, for in- 
stance in orientifold models (see [261 [90l |93]), where deviations from the Standard Model may appear in 
the form of higher dimensional corrections which are not heavily suppressed and which could be accessible 
at the LHC. 

In anomaly-free realizations of chiral gauge theories the trilinear anomalous gauge interactions vanish 
(identically) in the chiral limit, by a suitable distribution of charges among the fermions of each generation 
(or inter-generational) , showing that residual interactions are proportional to the mass differences of the 
various fermions. In the GS reaHzation this request is far more relaxed and the mechanism requires 
only the cancellation, in the presence of anomalous contributions, of the longitudinal component of the 
anomaly vertex rather than that of the entire triangle diagram. In the WZ case, the cancellation of the 
anomaly takes place at Lagrangian level, rather than at the vertex level, and requires an axion as an 
asymptotic state, which is a generalization of the Peccei-Quinn interaction. 

The effective field theory of the WZ mechanism has been analyzed in [T|[i0 t [9T |fT3l 11051 [92] . together 
with its supersymmetric extensions |108j while a string derivation of the GS constructions has been 
outlined in [69]. Pseudoscalar fields (axion- like particles) - with a mass and a coupling to gauge fields 
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which are left unrelated - have been the subject of several investigations and proposals for their detection 
either in ground-based experiments |109) or to explain some puzzling results on gamma ray propagation 
[110^ I80j . while new solutions of the strong CP-problem in more general scenarios have also received 
attention |lllj . At the same time the search for extra Z' at the LHC from string models and extra 
dimensions, together with precision studies on the resonance to uncover new effects, has also received a 



If the GS and the WZ mechanisms are bound to play any role at future experiments (see for instance 
|116j ) remains to be seen, given the very small numerical impact of the anomaly corrections in the cleanest 
processes that can be studied, for instance, at the LHC; nevertheless more analysis is needed in order 
to understand the theoretical implications of "anomaly mediation" and of its various realizations, in the 
form of GS and WZ interactions, in effective models. 

Both mechanisms are quite tricky, since they show some unusual features which are not common to 
the rest of anomaly-free field theories and it is not hard to find in the literature several issues which have 
been debated for a long time, concerning the consistency of these approaches [94 l [96 l [97]. 

For instance, in the GS case, one of them concerns unitarity, due to the claimed presence of extra 
"double poles" |2Q] in a certain class of interactions which would render completely invalid a perturbative 
prescription; another one concerns the physical interpretation of the longitudinal subtraction, realized 
within the same mechanism, which is usually interpreted as due to the exchange of an axion, which, 
however, as pointed out in [105] is not an asymptotic state. 

The first part of this chapter is a study of the organization of the perturbative expansion for anomalous 
theories in the presence of counterterms containing double poles in virtual corrections and, in principle, 
in s/t/w— channel exchanges. Our point of view and conclusions are in contradiction with those of 
|20j . formulated within axial QED, where the analysis of the anomaly pole counterterm was not taking 
into account the fact that the subtracted term is an intrinsic part of the triangle (anomaly) diagram, 
corresponding to one of its invariant amplitudes, in a specific formulation. 

The picture that emerges from our analysis is that of consistency -rather than of inconsistency- of 
the GS mechanism at the level of effective field theory. In other words, it should be possible to subtract 
the longitudinal pole of the anomaly diagram with no further consequences at perturbative level. The 
structure of the perturbative expansion in the presence of explicit GS counterterms is worked out and we 
detail the methods for the computations of graphs containing extra poles in the propagators and compare 
the general features of this expansion to an ordinary expansion. 

In any case, in the absence of a direct check of the unitarity equations -which is hard to perform given 
the rather high order at which these anomalous corrections appear- the problems in perturbation theory 
can potentially appear in the form of double poles in some {external ) propagators. A re-examination of 
several diagrams brings us to conclude that this situation is avoided. 

Coming to a direct phenomenological application, we investigate the role of these vertices in the study 
of the anomalous magnetic moment of the muon. We stress that if the physical mechanism introduced 
for the cancellation of the anomaly is of WZ type, then a physical axion appears in the spectrum. This is 
the case if the anomalous extra Z' receives its mass both by the Higgs and the Stiickelberg mechanisms. 
Both for the GS and the WZ case we outline the role of the anomalous extra Z' and of the pseudoscalar 
exchange up to two-loop level. A previous analysis of the leading contribution to g — 2 for intersecting 
brane models can be found in |68j . 

More recently, the GS vertex has been used in the study of the coupling of the Kaluza-Klein (KK) 
[116^1117] excitations of gauge bosons to fermions, where it has been pointed out the possibility to detect 
these coupling at the LHC, for instance in tt production. We find that several of these results are based 
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on a still unsatisfactory understanding of the GS mechanism at theoretical level, and our work is an 
attempt to clarify some of these points. From our analysis will emerge the correct structure of the broken 
Ward Identities for the GS vertex, which are specific of a non-local theory. These points will be carefully 
analyzed in the final section of this chapter. 

4.2 The GS and WZ vertices 

The field theory version of the GS mechanism, deprived of all its stringy features, appears in an attempt to 
cancel the anomaly by introducing a specific non-local counterterm added to the anomalous theory. This 
attempt had been the cause of serious debates which have questioned the consistency of the approach. 
The mechanism uses a ghost-like particle, which in string theory is generically identified as an axion - 
although there it does not appear as an asymptotic state - to restore the broken Ward Identities due to 
the anomaly. A paradigm for the GS mechanism in field theory is an anomalous version of axial QED in 
4-dimensions defined by the Lagrangian 

C^QED=^{i£f + e^-f^)i^--^Fl (4.1) 

plus the counterterm 

Set - ^^{dB{x)U-\x - y)F{y) A F{y)). (4.2) 

Federbush [JJDOj proposed to reformulate this Lagrangian in terms of one axion and one ghost-like particle 
interacting via a Wess-Zumino (WZ) counterterm (see the discussion in Chap. [3]). An equivalent formu- 
lation of the same subtraction counterterm is given in j94] , where a transversality constraint {dB — 0) 
is directly imposed on the Lagrangian via a multiplier. Eq. (|4.2p can be obtained by performing the 
functional integral over a and b of the following action 

C = ^ + e ^^,)^-^Fl + ^^^FBAFBia + b) 

+ i (d^b - MB^f - i [d^a - MB^f . (4.3) 

The integral on a and b are gaussians and one recovers the non-local contribution in l|4.2p after partial 
integration. Notice that b has a positive kinetic term and a is ghost-like. Both a and b shift by the same 
amount under a gauge transformation of B 

a-^ a + Me, b^b + Me (4.4) 

where 9 is the gauge parameter. This second (local) formulation of the pole counterterm contained in 
l|4.2p shows the connection between this action and the WZ mechanism. Both actions, in fact, share 
some similarities, but describe different theories. In particular, the WZ action is obtained by removing 
the ghost term (b) and keeping only the axion. This second theory is characterized by a unitarity bound, 
as shown in Chap. [H The bound is due to the fact that in effective models containing Wess-Zumino 
interactions, gauge invariance of the effective action requires a cancellation between different trilinear 
vertices: the anomalous vertices and the axion counterterm (pF A F, while for Green-Schwarz vertices 
the subtraction of the longitudinal component of the anomaly is sufficient to make the effective vertex 
gauge-invariant to all orders. In both cases the physical amplitudes are gauge- independent. 

In the WZ case the proof of gauge independence is rather involved and has been discussed before in 
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z 



(a) 



(b) 



(c) 



Figure 4.1: A gauge invariant GS vertex of the AW type, composed of an AW triangle and a single counterterm 



of Dolgov-Zakharov form. Each term is denoted by A^'^;^^'^ (a), A^*^^ (b) and C^'^y (c 





(a) 



(b) 



>h 



(c) 





Figure 4.2: All the contributions to the GS gauge invariant vertex, for an AAA triangle. The single terms are 
denoted by A^'Xf (a), A^Xi (b), C^vv (c), C^v^^ (d) and C^vy (e). 



Chaps. [H [21 In the GS case, instead, this is trivial since the vertex is gauge-invariant by construction. 
Notice that a local counterterm in the form of a Peccei-Quinn term is not sufficient to remove the power- 
like growth with energy of a class of amplitude (BIM amplitudes) that are characterized by anomalous 
production and anomalous decay of massless gauge bosons in the initial and final states, mediated by the 
exchange of an anomalous Z' in the s-channel (see Chap. [3] for more details). These amplitudes are quite 
interesting since they evade the Landau- Yang theorem, triggering a Z77 vertex. The phenomenological 
implications of these amplitudes are discussed in Chap. \5\ 



4.2.1 The GS vertex in the AAA and AW cases 

In our analysis, we denote with T^^a the three-point function in momentum space, obtained from the 
Lagrangians (|4.ip and (|4.2p . In the case of three axial- vector currents we define the correlator 

{2TT)^S{k, +k2~ k)A\^^^{k, ki,k2) = I dxi dx2 dx3 e'^'''^'+''-^--''^'\jl{xi)Jl{x2)Jl{x^)). (4.5) 

and a symmetric distribution of the anomaly for the AAA vertex 



fci/^A^Xi(fc'^i'^2) = -^e[X,iy,k,k2] 



fc2i.A^'2i(fc,fci,fc2) = ^e[X,n,k,ki]. 



(4.6) 



In the AVV case, a second vector-like gauge interaction (A^) is introduced in Eq. (|4.3p for more generality 
and we have 

{27r)^S{ki + k2~k)A^/^y{k,kuk2)^ I dxida:2dx3e^('=^^^+'=^^^-'="^)(J^(xi)J,(:E2)J|(a;3)), (4.7) 



^We have used the following notation a„ 



and t[^l, V, ki, ^2] = t^"'°'l^ kxak 
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Figure 4.3: Amplitude with two full GS vertices and the exchange of an axial-vector current in the s-channel. 
For on-shell external lines the contributions from the extra poles disappear. 



where the anomaly equations are 



kxA\^y{k, fci, fe) = a„e''''"''fci„fc2/3 
ki^A\^yy{k, ki,k2) = 
k2i,A\^yy{k, ki, k2) = 0. 



(4.8) 



Below we will consider both the AVV and AAA cases. The GS counterterm that corresponds to the 
exchange of the massless pole of Eq. I|4.2p takes the following form in momentum space in the AVV case 

C\^y{k, fci, k2) = C^'^(fci, k2)k^ = h,k2]. (4.9) 

Similarly, a GS counterterm in the AAA case, with incoming momentum k and outgoing momenta fci, fc2, 
is defined as 

ClXi(^'^i'^2) = ^ (^C\'^y{k,ki,k2) + C[^''yy{-ki,k2,-k) + C';^^y{-k2,-k,kifj 
= I |^C'^'^(fci,fe)fc^ - C''\k2, -k)k'^ - C^^i~k, fci)fc2"^ 

= -^(^^k^e[fi,iy,ki,k2] + ^k'^e[X,i^,k,k2] + ^k2e[X,fi,k,ki]^ , (4.10) 

and corresponds to the Dolgov-Zakharov form (DZ) of the anomaly diagram |101) (modulo a minus sign). 
The re-defined vertex shown in Fig. 14.11 is written as 

^"Tvv'ik, k,, k2) = A\^y{k, ki, k2) + C\^\{k, k^M) (4.11) 

and we obtain a similar expression for the AAA vertex (Fig. 14. 2p just by replacing AVV with AAA in 
Eq. I|4.1ip and taking into account the different form of the counterterms. These gauge invariant vertices 
trivially satisfy the Ward Identities 

kxA^'"''^Hk,ki,k2) = fci^A^^''«^(fc,A:i,fc2) = fc2.A^^''«^(fc,A:i,A:2) =0, (4.12) 

where again A'^^'"-^"^ refers either to an AVV or to an AAA correlator. 

4.2.2 Implications of the GS vertex: vanishing of (real) light-by-light scat- 
tering at two-loop 

To illustrate some of the properties of the GS vertex and its impHcations, we consider a two-loop process 
in which we have two massless vector bosons in the initial and in the final state with the exchange in the 
s-channel of an axial- vector current (Fig. 14. 3^ . The example that we provide here comes from anomalous 
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(c) (d) 



Figure 4.4: All the contributions from the GS gauge invariant vertex, in the AW case, to the amplitude 
VV —* VV via an axial- vector current. 




(a) (b) 



Figure 4.5: The sub-amplitude in Fig. 14.4b after the contraction k^A'^y which gives the anomaly equation. 

axial QED, but it can be extended to more realistic models with no major variants. In Fig. 14.31 both the 
initial and the final state contain anomalous subdiagrams, but the two GS vertices are defined in such a 
way to absorb all the longitudinal subtractions terms inside each of the blobs. The amplitude of such a 
process is given by 

M = A%^^'i^k, -h, -k,) (-^) '"'{k, k[,k'^). (4.13) 

In the expression above, the propagator is deprived of its longitudinal momentum dependence due a 
WI. The amplitude in Eq. I|4.13p can be decomposed into the four sub-amplitudes shown in Fig. 14.41 after 
expanding the two GS vertices with Eq. (|4.1ip 

A^'^''^'"'' (AX(~fc.-fci,-fc2)-fc^C^''(-fci,-fc2)) ^ (Ai'{;;^'(fc,A:'i,fc^) + C^V^'(fc;^fc^)) ^ 

(4.14) 

but only two sub-amplitudes survive (Fig. 14.4b ) and 14.4b )) because of the Ward Identities in Eq. I|4.12p . 
We are left with two contributions which cancel, for on-shell matrix elements. In fact, while off-shell the 
graph in Fig. l4.5l spoils unitarity, when instead the four external lines are on-shell the triangle contribution 
(the first term) reduces to the DZ form and the cancellation between the two terms is identical. In view 
of the structure of the anomaly vertex and of the GS vertex given before, this cancellation implies that 
the anomaly diagram, for on-shell (axial-vector) photons and in the chiral Hmit, is purely longitudinal 
(DZ form). A similar result holds also for the AAA case. 

It is then natural to look at more general situations when these types of diagrams appear into higher- 
order contributions. In these more general cases, the anomaly diagram does not coincide with its DZ 
form, except for specific kinematical points (fcj = fc| = fc^, off-shell), and there is no identical cancellation 
of the anomalous trilinear gauge interactions. We conclude that compared to the identical cancellation 
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Figure 4.6: The embedding of the BIM amplitude with GS vertices in a fermion/antifermion scattering. 




of the anomaly by charge assignment on each generation, which eUminates all-together all the trilinear 
gauge interactions, the GS vertex can be either transversal or vanishing (in the chiral limit) for each given 
flavour. 

As we have previously mentioned, an anomaly vertex with the addition of the pole counterterms (i.e. 
deprived of the anomaly pole) has been criticized in previous works in [20]. There the author brings in 
as an example a class of amplitudes which are affected by double poles, claiming a unitarity failure of the 
model. We will argue against this interpretation. 

4.2.3 Embedding the GS vertex into higher-order diagrams 

When we embed the amplitude into higher-order diagrams (see Fig. l4.6p . and consider an on-shell fermion- 
antifermion scattering, according to [20j, we are forced to move away from a symmetric configurations of 
the loop momenta and the identical vanishing of the anomaly is not ensured any longer, for the reasons 
that we have just raised above. In particular, according to [20|, the s-channel exchange is affected by a 
double pole. 

There is no better way to check the correctness of these conclusions than going through an explicit 
computation of this amplitude. 

Expanding the two GS vertices, which are clearly non-zero in this case, we end up with several 
contributions, such as a graph with two triangle diagrams, and a specific set of counterterms. The two 
contributions involved in the study of fermion-antifermion scattering are shown in Fig. 14.71 Notice the 
presence of the box-triangle diagram (BT) in the first graph, which remains non-trivial to compute even 
in the chiral limit. The second graph is the only contribution which does not disappear, according to 
|20) . and therefore describes a spurious s-channel exchange characterized by a double pole. 

The conclusions of |2Q] are erroneous for two reasons: 1) in this specific case the double pole cancels 
in the explicit computation, so it is not a good counter example; 2) the cancellation or the presence of 
double poles should be analyzed together with the anomalous vertex and not separately. This second 
point will be addressed in the next sections. 

To prove point 1) we need the two-loop structure of the BT graph, which is just proportional to its 
tree-level axial- vector form times a form factor G(s), function of s = (pi +P2)'^, 



v{P2hWMpi)G{s). 



(4.15) 
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Figure 4.8: The axial-vector form factor for the BT diagram. 



Explicit expressions of the G(s) coefficient in the massless case are obtained from |118j and are given by 



7^eG(s, mi = 0, = 0) = 3 log - 9 + 2C(2) 

XmG(s, m, = 0, = 0) = -3, (4.16) 

where rrii is the mass of the internal fermion with flavor i circulating in the triangle diagram while niq is 
the mass of the fermionic external leg with flavor q. 
We have for the two sub-amplitudes in Fig. 14.71 



Mb = i 



— H 11 



^uip[)l^j'G{sHp'^)^0, 

(4.17) 



where Mb is identically zero, because of the equations of motion satisfied by the external fermion lines 

(fc=K+P2)- 

We can easily generalize our analysis to an AAA case. When an AAA triangle is embedded in the 
two-loop fermion-antifermion scattering process we can formally write the amplitude as follows 

J (27r)4 (27r)4 Pi- Hi Hi-ii K^i 

where the tensor sub-amplitude is defined as 



(4.19) 



Using the WI k^A'^^^^{—k, —ki, — fe) = 0, we can drop the GS counterterm C^^^ {k, k[, k2). In this 
way the sixteen terms which contribute to the sub-amplitude S ^ given in Eq. I|4.19p reduce to the 
four terms shown in Fig. 14.101 Therefore the total femion-antifermion scattering amplitude is given by 
the sum of four terms 5a, 5h, Sc and Sd which are defined below 
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fc2 



AAA 



where we have defined 

BT\^Ak,p[,p'2) = -j 0yA^'^;:;'(fc,A:l,fc^)^2K)7'^'-^^7"^'^(P2);^^ (4-21) 
and the total amplitude is given by 

S^Sa^Sb + Sc + Sd. (4.22) 

In the Sb sub-amplitude we distribute the anomaly symmetrically on each vertex and using the following 
Ward Identities on the vector currents we obtain 

k^BT^Ay = k^BT^y^ = 0. (4.23) 



This allows us to simplify the Sb expression as follows 
d^ki ( 1 1 1 \ a„ 



^b = i I 4rhi'"iP2)li' , ^ ,j lt^u{pi)^^]^—^e[ti,v,ki,k2]u{p[)l^j''G{s)v{p2)=0, 



(4.24) 



where we have used the result shown in |118j . 
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Also the third ampUtude Sc does not contribute to S, in fact we have 

= .,ipM.f-ieW,X,p,aWl ((^-f)^) ^BT^AAA = 0, (4.25) 

which vanishes by symmetry due to the structure of the tensor integral, which is proportional to k^. 
In the same way also the fourth contribution vanishes, Sd — 0- This explicit computations contradicts 
the conclusions of [20] where the same amplitude was conjectured to be affected by double poles in the 
s-channel. 

There are some conclusions to be drawn. The first is that the replacement of the two anomaly vertices 
in the amplitude with two GS vertices, in this case, is irrelevant as far as the fermions are massless. 
Equivalently, the longitudinal components of the two anomaly vertices decouple in the graph and the 
only invariant amplitudes coming from the anomaly vertices that survive - after the integration on the 
second loop momentum - are the transverse ones. This is one special case in which the anomaly diagram 
is transverse in the virtual corrections just by itself. In other cases this does not happen and the extra 
poles introduced by the counterterm are sufficient to cancel those generated by the anomaly. For this 
reason the presence of extra poles in a partial amplitude is not necessarily the sign of an inconsistency. 




Figure 4.11: Typical graph in which the longitudinal anomalous component vanishes. 



4.2.4 The vertex in the longitudinal/transverse (L/T) formulation 

The analysis presented above becomes more transparent if we use a special parameterization of the 
anomaly diagram in which the longitudinal part of the vertex is separated from the transverse one, as 
done in recent studies of radiative corrections to the anomalous magnetic moment of the gluon |119j . 
This parameterization is more convenient than the usual Rosenberg form |42j . 

While the longitudinal component of the anomaly diagram is given by its DZ form, once this com- 
ponent is subtracted from the general triangle diagram, it leaves behind an anomaly-free vertex which 
is purely transverse and corresponds to the GS trilinear interaction. The Ward Identities restrict the 
general covariant decomposition of ISP^ \f^i,{k^,ki,k2) into invariant functions to three terms (with all 
incoming momenta) 

A«^V.(A:i, fe) = - ^ (4^^ (fc?, ^2, ^i) tt^i^iM) + w'f^ {kl kl kl) t^(fci, fe) 

+4") [kl kl, kl) tl-Jp{kuk2)) , (4.26) 

with the transverse tensors given by 

^Mtp(^i>^2) = kii,ef,paf3 k"k^ - fc2^e^p„/3 k"k^ - (fci • k2)epupa {ki ~ fc2)" 
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{ki - k2)f 



"-1 ''■2 



(fci + k2)p 



7~Jp{ki,k2) = ki^ e^pap kfk^ + k2^ tupaf} kfk^ - (fci • ^2) e,,^pa (fci + fc2)" , 
where, due to Bose symmetry (/ci, /i ^ ^2, v) we have 
^ (^2 ' ^1 ' ^3) ~ +wip (/C]^ ,k2,k^^ , 



(4.27) 



(4.28) 



This version of the GS-corrected AW vertex satisfies the Ward Identities on all the three external lines. 
The explicit expression of these invariant amplitudes can be obtained from |120| 



W^rp ^ (kl ,^2,^3) 

,(- 

T 



\ki, k2, k^) 



(^1 1 ^2 ; ^3)1 

8(x - J/) A + 8(x - y){<oxy + A)^^^) (a;, y) 
4[18a::?; + - 6x + (1 + x + y)A)]L^ 
4[18a;?; + By^ - 6y + (1 + a; + y)^)]Ly , 



(4.29) 



(4.30) 



fc2A2w(,+)(fc2,/fc2^/fc2) ^ 8[6a;2/+ (a; + 2/)A]$(i)(2;,y) + 8A 
- 4[6a; + A](a; - y - 1)L2; 

+ 4[6y + A](.x-y+ l)Lj, (4.31) 



with 



^2 j^2 

L^^lnx, Ly^lny, x = -j J/ = t| (4.32) 

/C3 Kg 



which involves the scalar triangle diagram for general off-shell fines and determines the function <i>(^) 
[m] as 

a>(i) (x, y) = i ( 2 (Li2 (-px) + Li2 i-py)) + In ^ In + Hpx) In(py) + ^ 1 , (4.33) 

X 1 + px 3 ) 

where 

X{x,y) = VA , p(x,y) = 2 (l-x-y + A)-\ A = (1 - x - y)^ - 4xy . (4.34) 
The full anomaly amplitude is simply obtained by adding the anomaly pole to this expression 



A^^'' = WLk^eifi, V, ki, k2] + A^^^'^'' (4.35) 

with WL = l/(87r2fc2). 

In a non-anomalous theory a specific charge assignment -in the chiral limit- sets to zero the entire 
trilinear gauge interaction (identically), while in theories characterized by the OS vertex we require the 
vanishing of the anomalous part (the anomaly pole) . The pole is part of the expression of the triangle 
diagram, which may or may not contribute in certain graphs. A typical example is shown in Fig. 14.111 
which is not sensitive (in the massless fermion limit) to the longitudinal component of the anomaly, due 
to the Ward Identities satisfied by the fermion antifermion currents on each external photon line (we 
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Figure 4.12: The muon decay process via a BT diagram. 



are considering axial- vector interactions for each photon). In fact, this is a case in which a GS vertex 
or a complete anomaly vertex give the same contributions. In this sense, the anomaly, for this graph, is 
harmless since the external fermion current is conserved, but this situation is not general. In fact, we will 
analyze cases in which a similar situation occurs, and others in which the decoupHng of the longitudinal 
part requires the subtraction of from the anomaly diagram. As we have seen above, there are other 
cases in which the GS vertex is identically vanishing, and this happens in graphs in which the transverse 
part of the anomaly diagram is zero, as in light-by-light scattering. The anomaly diagrams are purely 
longitudinal, and their replacement with the GS vertex has to give necessarily zero. We come therefore to 
discuss point 2) which has been raised in the previous section. We cannot address the issue of double poles 
only in the DZ counterterms and forget that the same poles are also present in the triangle anomaly. In 
other words: the cancellation of the counterterms in specific graphs takes place if and only if the anomaly 
diagram is harmless. 



4.2.5 Examples of explicit GS counterterms: anomaly in muon decay 

In general, a given amplitude containing an anomalous extra Z' can be harmless if we neglect all the 
fermion masses and harmful in the opposite case. An interesting example is shown in Fig. 14.121 which 
describes a special decay of the muon, mediated by a WWZ vertex. In general, in anomalous extensions 
of the SM, this amplitude requires a longitudinal subtractions either with the inclusion of a GS or a 
WZ counterterm. For massless fermions, for instance, the process is anomaly-free. To show this point 
consider the amplitude for the second diagram in Fig. 14.121 which is given by 

a 1 

-^-^e[a, fi, k, ki]—u{p2h°'u{pi) 

= iu{p'^)rv{p'2)^u{p2)ru{pMa,p.,p',2,T] J ff)4fc2(_pf'_fe^)2 - (4-36) 

After using the equations of motion for on-shell spinors with p[ + + fci + fc2 = and the tensor integral 
decomposition in terms of the only momentum in the loop, p'12 — p'l + P2, it is trivial to verify that the 
expression vanishes. If we switch-on the external fermion masses, violation of the Ward Identities will 
induce a longitudinal coupHng of the anomaly pole on the neutral current, which need an expHcit GS 
subtraction. We will come back to address the structure of the anomalous contributions away from the 
chiral limit below, when we will analyze the contribution of similar diagrams to g — 2 of the muon. 
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Figure 4.13: Self-energy amplitude. 

4.2.6 Self-energy and gauge invariance 

Anomalous contributions, in these models, appear also in the running of the coupHng, though at a rather 
large order. Also in this case transversality of the self-energy is ensured by construction, being the 
GS vertex transverse by definition, however, the separation of the vertex into anomaly graph and OS 
counterterms illustrates how the cancellation of all the double poles takes place. 

The corrections appear at three-loop level and are shown in Fig. 14.131 We denote with a, b the GS 
vertices and assign a number on each line of all the vertices. For instance, in Fig. 14.131 vertex a shares 
Hues 2 and 4 with vertex b. The anomaly diagrams are denoted by and Ab, respectively, and are 
separated into the linear combinations AVV, VAV and VVA as in the previous example, carrying partial 
anomalies. The pole counterterm can be "emitted" by the vertex either toward the initial or the final state 
of the diagram along the numbered Hue. For instance Ca2 denotes the DZ counterterm that is generated 
by vertex a with a mixing/ double pole term generated on line 2. Other trivial cancellations are obtained 
due to the orthogonality relations between DZ counterterms associated to different lines when they are 
contracted together. 

The expression of the integrand in the amplitude is given by 

M% = -AX':f(fc,fci>-fc2)^^^^3^A^j^;/^(-fc,-fci,A:2) 

= — [^AAA,a + CaAaA'^'^" ^2Q^ _ \^AAA,b + CaAA^]^ , (4.37) 

which is given explicitly by 

C^A'^Xb(-fc--fcl,fc2) = I {C^3'"'{~k,~h,k2)+C^f{h,k2,k) + C^,^'''{~k2,k,^k,)') 

= C^^{-ki,k2)k^' + C^2^'{k2,k)k'^ + C^/{k, -ki)k^. (4.38) 

C'A7Ajk,k,-k2) = i {c^rik,ki,-k2)+C^^'i^ki-k2,-k) + C:^'^ik2,-k,k,)) 

= C^,l{k,-k2)k>^ + C:^{-k2-k)k^^+C^^^{-kM)k2 (4.39) 

so using the Ward Identities 

K^^TA%H-k, -fci, fc2) = fc^-A^^f (-fc, fc2) = (4.40) 

we can reduce the sixteen contributions of the amplitude M^^ij to eight terms. 

The GS counterterms Cai and Cbz are non-zero for off-shell external photons and are needed to 
remove the longitudinal poles from the anomaly diagram, while the remaining counterterm contributions 
are those shown in Fig. 14.141 The latter are transverse just by themselves, as we are going to show. They 
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are given by 



= ril + ri^; + ril (4.4i) 

The amphtude can be cast in this form using dimensional regularization in D dimensions 

rA2' = -J J^^AAAjk,ki,-k2) ^^^ C^2^ (fci,fc2,fc) 

— -e[A, i^, a, kJ— e[i^, A , p, k' ' 



3 ^ ' ' ' ^ 3 ^ ' V (27r)4 fc4(fci - fc)2 



87r(3- 2e) 

= C{k^k^' ~k^g^^')Bub^{s), (4.42) 

where the expUcit expressions of the two master integrals Bub^{s) and Bub^^'^{s) can be found in [98] 
and 

If we include the same amplitude in a fermion-antifermion scattering, see Fig. I4.15[ we obtain 

= v{p2hMpi)^CBub''is)u(p[)j\ip'^), (4.44) 
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with 

B.l.-'M (£:)"_J2_,„-.(_1,., ,4.45) 

where we have used the equations of motion for the on-sheh spinors (fc ~ pi + P2 = p'l +^2)- The 
transversality of the pole counterterm comes as a surprise, since while the total amplitude with GS 
vertices is transverse by construction, the anomalous contribution, in principle, is not expected separately 
to be so. The computation shows that internal double poles, those due to the GS counterterms, give 
contributions which are also transversal. This shows once more that there are no apparent inconsistencies 
in the perturbative expansion of the theory. 



4.3 Higher-order diagrams 

Having worked out several examples in which either the extra poles appear explicitly or cancel by them- 
selves, signalling a harmless anomaly, we now move to discuss more complex cases, where these techniques 
will be systematized. 

We have two ways to apply the GS vertex at higher-order. We could use its explicit form -in terms of 
its transverse invariant amplitudes- or we could use it in the form "anomaly diagrams plus counterterms". 
This second form is the most useful one. The presence of higher poles in the counterterms, which balance 
those -not explicit- in the anomaly diagrams, can be treated perturbatively as a field theory of a higher 
perturbative order. We will illustrate below one case from which we can easily infer the general features 
of the perturbative expansion with these types of graphs. It should be clear that the cancellation of all 
the poles from the external lines takes place only on-shell, but this is not a problem since we are interested 
in S'-matrix elements. 



4.3.1 Three-point functions 

For this reason we consider the four-loop diagram shown in Fig. 14.161 with three symmetric GS vertices 
of the AAA type connected together, which is given by 

M^P^ = z (A + Ci + C2 + Ce)^''^ (A + C2 + C3 + 6*4)^" ^(A + C4 C5 + 0^)7''^, (4.46) 

K2 Kg 

where, as done in the previous sections, A denotes an AAA triangle amplitude with a symmetric anomaly 
distribution on each vertex and Ci a single GS counterterm with the derivative couphng on the i-th line. 
At this stage we start simplifying the term (A -I- C2 -|- C3 -I- 6*4)6 as {GS)b and in a similar way the c blob 




Figure 4.16: A four-loop amplitude given by three GS vertices with on-shell external lines. 
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using the Ward Identities 



Ca2{GS)b = Ca6{GS)c — Cb4{GS)c — 0, 



(4.47) 



and then omit the GS counterterms Cai, Cbs, Cc5 in which the transversality conditions 

eixk^ = e^rkl = e^pk^ = (4.48) 
act on the derivative coupHng, which allow to reduce the M amplitude to the six contributions 
^xpr ^ ,(A)V^J^(A + C2)ri(A + C4 + C6)— 

^ 2 1.2 L2 (^aAfjAc + AaAbCci + AaAf,Cc6 + AaCb2Ac + AaCb2Cc4 + AaCb2C co)'^'''^ 



"■2 '^A '^6 



(A.A.A, + r4 + Tg + r2 + r24 + r26)^''" , 



(4.49) 



where the notation Ti and Tij refers to the line corresponding to the counterterm in Fig. 14.161 At this 




Figure 4.17: The r4, Fe and r2 contributions taken from M at four-loop level. 



point we consider the AaAbCc4 contribution represented in Fig. 14.171 with a counterterm on the line 4 
denoted by t\''^ 



(4.50) 



in which we substitute the Rosenberg parametrization for the triangle amplitude A^'^'^(A:i, fc2, — /ce) given 
by 

A^'"'(fci, fc2, -fee) = Aie[k2,fJ,,iy,X]~A2e[ke,fj.,iy,X]~A3k2e[k2,ke,fi,\] 

+ A4 fcg e[fc2, fcg, ^, A] - A5 fc^ e[fc2, /ce, J^, A] + fc^ e[fc2, fee, i^, A], (4.51) 

and the anomaly equation 



klA^,P^{k2,-k3,k4) 



(4.52) 
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We choose ki and as independent momenta, so we have 



-(fcl + fc5), 



ki + k4 + /C5, 



ki + ks, 



(4.53) 



with the on-shell conditions fc^ = fc| = fc| = 0. A direct computation of the T^^"^ ampUtude shows the 
complete cancellation of the spurious double pole relative to the ki momentum. 

In an analogous way we can consider the AaAfcCce term or Fg in Eq. I|4.49p . that is 



(27r)4 

and the AaCb2^c term or r2 



^4 3 /bg 



r 



Apr 



(4.54) 



(4.55) 



for which the conditions in Eqs. (|4.5ip and (|4.52p have to be modified in a suitable form. After the 
expansion of the tensor integrals in terms of the two external momenta ki and k^ we can conclude that 
also in this case the double poles don't contribute to the physical on-shell amplitude. 
In a similar way we can show the vanishing of the last contributions Aa Ch2 Cc4 {^24) and A^ Cb2 Cce 





Figure 4.18: Representation of and r26, the two terms with double poles on the internal lines. 



(r26) shown in Fig. 14.181 due to antisymmetry 



±24 ~ I 



0. (4.56) 



In the AaCb2Cc6 case one obtains the same result after using the anomaly equation, so that 



'-26 ^ ' 



(2^)4 

where the contraction 



(4.57) 



A;2^A^^''(fci, fe, -fee) = -y A, A^g, fci] 



(4.58) 



gives = for antisymmetry. In conclusion, the amplitude Ai at four-loop level, composed by three 
GS symmetric vertices, is not affected by unphysical massless poles arising from the derivative coupling 
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Figure 4.19: Higher-order contributions to the muon magnetic moment in the GS case. 

present on some internal lines. As a result of this analysis it is clear that there are far more cancellations 
than expected in some of these complex diagrams, due to the structure of the pole counterterms. In 
fact each DZ counterterm induces a WI on an attached triangle diagram and brings in antisymmetric 
e-tensors into the integrand. This is enough, in many cases, to cause a diagram to vanish by symme- 
try/antisymmetry of the integrand. 

4.4 WZ and GS interactions, anomalous magnetic moment of the 
muon and muonium 

In this section we move to discuss the role played by the GS and the WZ mechanism in g — 2 of the 
muon and in muonium. This is the case where the L/T decomposition of the anomaly amplitude shows 
its direct relevance and the role of the GS and WZ vertices can be easily worked out. 

Our aim is not to proceed with a complete study of these corrections, some of which require a separate 
study, but to highlight the role played by the two mechanisms in the context of specific processes which 
can be accurately quantified in future studies. The possibility of searching for anomalous extra Z' and 
axions in precision measurements of several observables is challenging but realistic. 

4.4.1 The GS case 

We show in Figs. 14.191 and [T23l some of the lowest order GS contributions to the anomalous magnetic 
moment of the muon and to the hyperfine splitting of muonium. Some of the recent theoretical attention 
to = g — 2 has been focused on the study of effects at two-loop level and higher, such as those shown in 
Fig. I4.19h and I4.19d . The first indicates generically the hadronic contributions coming from self-energy 
insertions in the lowest order vertex. Of these types are also the corrections coming from the self-energy 
graphs involving GS vertices. The corrections are tiny, being of order and their computation involves 
a 4-loop graph with ordinary propagators (the two-triangle diagram of Fig. I4.14p and two-loop graphs 
related to the pole counterterms that we have studied in the analysis of the self-energy. Clearly, the 
underlying Lagrangian should allow an anomalous extra Z' in the spectrum. Working models of this type 
have been studied previously, and include several anomalous ?7(l)'s, such as in the case of intersecting 
branes. The presence of a physical axion that mixes with the Higgs sector (the axi-Higgs) via a kinetic 
Stiickelberg term (and eventually a Peccei-Quinn breaking term) makes these models quite attractive. 
The axi-Higgs is massless in the first case and massive in the second case. Models with an axi-Higgs are 
constructed using only WZ interactions and not GS interactions. 



Chapter 4. The Green-Schwarz and Wess-Zumino Vertices at Higher Orders 



161 




Figure 4.20: Leading order corrections to the anomalous magnetic moment of the muon. 




(a) (b) (c) 



Figure 4.21: Higher-order corrections to the anomalous magnetic moment of the muon with a WZ vertex. 

4.4.2 Anomalous corrections to 

The evaluation of the anomalous corrections to a^i in the GS and WZ cases are quite different. In the 
WZ case there is a larger set of contributing graphs due to the interaction of the axion with the fermions 
and involve the exchange of an axi-Higgs (massless or massive), which is proportional to the fermion 
mass. The simplest corrections due to the presence of an anomalous extra Z' are shown in Fig. 14.201 
These do not involve the anomaly diagram and are the leading ones. They have been computed in |68j . 
Higher-order corrections are those shown in Fig. 14.211 also involving a physical axi-Higgs. 

It is convenient to describe in some detail the structure of the perturbative expansion at higher orders 
to emphasize the differences between the two mechanisms. 

The structure of the expansion can be grasped more easily if we work in the chiral limit (all the 
fermions are taken to be massless) and focus our attention, for example, on graph (b) in Fig. 14.191 since in 
this case there is no direct point-like interaction of the axion with the fermion. If we decide to cancel the 
anomaly with WZ counterterms, we know that we can draw a counterterm diagram in which the axion is 
emitted and absorbed by the gauge line. In this case it is clear that the anomaly is potentially harmful 
and only a direct computation is able to show if the counterterm is zero or not. In this specific diagrams 
we know that expHcit pole counterterms are needed, as we have shown in the previous sections. If we 
consider diagram (c), however, the application of this argument shows immediately that the anomaly, in 
this case, is harmless, since there is no axion counterterm of WZ type that we can draw. A similar result 
is obtained for diagram (a) in Fig. 14.211 Also in this case we are unable to draw a WZ counterterm in 
which the axion is attached only to gauge lines. Therefore this diagram is also well defined even in the 
presence of an anomaly diagram, since its longitudinal part cancels automatically due to the topology 
of the graph. In these last two diagrams the gauge fines have to be attached in afi possible ways to the 
muon fines for this to happen. Diagram (c) appears in the massive case, but it is not a counterterm. 

Coming to the GS case in the massive fermion case, the anomaly diagram developes a mass-dependence 
in the residue of the anomaly pole, shown in graphs (c) of Fig. 14.221 As we are going to show in the next 
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(a) (b) (c) 

Figure 4.22: As in Fig. OT] for a GS vertex. 




(a) (b) (c) 



Figure 4.23: Hadronic contributions (a), higher-order anomalous contributions (b) and light-by-light contribu- 
tions (c) to the hyperfine splitting in muonium. 

section, this is not an anomaly counterterm. The only counterterm is still given only by diagram (b). 
More details will be given below and in the final section. 

4.5 Two-loop Contributions to g — 2: Anomalous Diagrams 

In this section we briefiy analyze the general structure of these corrections for both mechanisms when 
anomaly diagrams are present. The analysis that we follow is close to the discussions for g — 2 presented 
in [1221 1123| I124| . adapted to our case. Most of the physical discussion carried out in these papers, in 
the case of the muon anomalous magnetic moment, has to do with the identification of the effects due 
to chiral symmetry breaking in the computation of the anomaly diagrams, which are related both to 
perturbative and to non-perturbative effects, treated within the operator product expansion. In our case 
we will be interested only in the perturbative contributions with the GS and WZ vertices. We will point 
out the differences compared to those previous studies while reviewing their derivation in order to be 
self-contained. In the GS case the anomaly diagram, corrected by the pole subtraction, does not satisfy 
any longer the Vainshstein relation |125) between the longitudinal {wL{q^)) and transverse (wt('Z^)) 
component of the anomaly vertex 

WL{q^) = 2wT{q^), (4.59) 

which is obtained in a specific kinematical Hmit of the anomaly diagram. In particular, in the chiral 
limit, the longitudinal component wl of the GS vertex is zero. Away from the chiral limit a pole 0(l/g^) 
reappears, multiplied by additional contributions proportional to the fermion mass squared (mj), but 
it is not an anomaly pole. The separation between L and T components, away from the chiral limit, 
for TO/ 7^ 0, can be done in several ways. In |123) this is obtained by isolating the anomalous pole 
contribution from the rest. After the subtraction of the pole term, the new anomaly-free vertex is still 
not transverse and satisfies a broken WI. The truly transverse component {w'^) is isolated by acting 
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(a) 



I X 



(b) 



I X 




(c) 




(d) 



(e) 



Figure 4.24: Leading contributions to the hyperfine splitting in muonium and denoted as A/i, with i=a,b,c,d in 
the WZ case. 





(a) 



(b) 






(d) 



Figure 4.25: Explicit (higher-order) expansion of the diagram in Fig. 14.23b for a trilinear WZ vertex. Each 
amplitude is denoted as Aii with i=a,b,c,d in the text with pi, p'l as incoming momenta and P2, p'2 as outcoming 
ones. 



with a specific projection on the vertex, as we shall see below. This assumes a special form in the limit 
in which one of the photons is on-shell (fc^ 0) and soft (fc 0). It can be expressed in terms of a 
set of scalar diagrams which come from the rank-2 tensor decomposition of the fermionic triangle (Cy ), 
and which are well-known in the literature. The explicit expressions of these integrals, which are for 
instance given in [86], are singular in the soft/on-shell photon Hmit that is needed in order to extract 
their contribution to g — 2. This is the reason for the re-analysis of these contributions using the operator 
product expansion (OPE), which in this case follows the approach of [122^ 1123] . In our case, both for 
the GS and WZ vertices, the OPE analysis would be similar, and can be performed on the two currents 
carrying large momentum (g^ — > 00), therefore we omit it. In the WZ case the pseudoscalar exchanges 
involve a Goldstone and of a physical axion, this second one being not present in the SM. 

We start our analysis by stating our conventions. The coupling of the extra neutral current to the 
fermions is given by 

{qv'^'i'^ + g^A^'ri') ^^y^ (4.60) 
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4 cos by/ 

where the vector boson VJj stays for the Z or the Z' and the vector and the axial-vector couplings can 
be written as 



4c 



T9v = 



-ig2 1 



4c. 



Cqn 2 



2, Z g2 2. I 



52 2 



(4.61) 



Here j is an index which represents the quark or the lepton and we have set sin 9w = Sw , cos 0w = 
for brevity. We denote with zr^l the charges of the fermions under the extra anomalous U{1) and with 
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5z the coupling constant of the anomalous gauge interaction. 

The electroweak vertex that we need to compute in order to take into account the corrections to the 
anomalous magnetic moment of the muon, due to the exchange of an extra anomalous Z', in analogy 
with the discussion presented in [123) . is given by 



(27r)4 g2 (p/_p„g)2_M| 



{-ie){-ie) 



u{p') 



Z' V , Z' V 



4 cos 9w 

i 
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4cos( 



u{p) X 



dx ( 



dy e 



i{p'~p~q)-y 



{0\T{AVx)ZUy)Am)}\0) , 



(4.62) 



where 



(4.63) 



are the fermion currents of quarks, and ^ refers to a quark of flavor /. The most general CP invariant 
expression for a vertex function satisfying the current conservation is deflned by 



'ieu{p2 



4M^ 



u{Pi) 



(4.64) 



where the coefficients Fi{q^) are the form-factors and q = p2 — Pi^ Mw and m^, denote the mass of the 
W and of the muon, respectively. Taking the limit ^ in the Pauli form-factor we obtain the value 
of the anomalous magnetic moment 

a=^—^ = F.M, (4.65) 



and using the equation of motion we obtain [l2 



= ieu{p2)- {pi +P2)f,u{pi). 



(4.66) 



We can use a project operator to extract i^2(0) 



F2(0)= lim TT{{^ + m,,)AP^{p',p){/ + m^)Tp{p',p)} , 



(4.67) 



where (p' — p + k) 



K{p',p) 



J^2 _ 1^2 



P (W-fc2)2 



(4.68) 



is the projector on the Pauli form factor. The triangle contribution is obtained from the one-loop corre- 
lator of the electroweak currents 



{2i,)H{p' -p-q)^>t;^y{q,k)^ J dxe^'i-^ j dy . 



,i(p'-p-q)-y 



{0\T{AVx)ZUy)Amm 



(4.69) 



with p' the incoming photon four-momentum. The corresponding tensor structure of the triangle in the 
fc^ — > limit for a fermion of flavor / is given by |124| . obtained from the Rosenberg representation [42j 
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(4.70) 



where k = p'—p- This expression, in the GS case, is simply modified by the subtraction of the longitudinal 
pole due to the anomaly. The tensor Ay^y(g, fc) in momentum space is aflFected by the longitudinal 
(anomaly) pole, similarly to the case of axial QED discussed above, in the form of a longitudinal WL{q^) 
contribution [120) . In fact the asymptotic behavior at large = —q^ is given by [122j 



cos Uw 

and in the GS case it becomes 

WL^ {Q'')\gS = - 
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(4.71) 
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Following |123) we can always write 

^iyp{^^ k) = A^^p(g, fc)„„„,,, + Aj^^piq, k) , 

where 



1 



(4.72) 
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(4.73) 
(4.74) 



with a„ = — i/(27r2). The function Aj^^,p{q,k) is transverse with respect to the momenta and k^ 

q^A^^piq, fc) = , kPAl,^{q, fc) = , (4.75) 

but in the presence of massive fermions we isolate the longitudinal components of the corresponding 
broken WI 

A/,^(g, k) = A/''7((7, fc) + Al';;-{q, k) . (4.76) 
Differentiating the 2nd expression in Eq. I|4.75p with respect to kp we obtain 



d ~ 

Af,up{q, k) = -fc'^— Ap^^(g, k) 



(4.77) 



where we have suppressed the flavor index / for simplicity. Since we are interested in the soft photon 
limit, the relevant contributions are those linear m k. In |123) these are extracted in the form 



AXl9,fc) = fc"Ap,p,(g) + ... 
where the tensor Af^^p„{q) is obtained by using the projection operator 11'"' as follows 



n'"'{q,k)^[g'^'^'-^-^^{q-ky 



(4.78) 
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(4.79) 



It is not difficult to notice that 



IT'''"' A / — TT'^'^'A / 



(4.80) 



166 
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As we have already mentioned, the action of H'^'^ is to remove all the longitudinal parts from the Af^^p 
tensor, including the anomalous term. A^ijpcr{q) in (|4.78p has the form 



A^upaiq) = iA(Q^) [qpep.^aaq" - gaC/ii/ap?"] 



(4.81) 



where q'^ = —Q^. We can now try to apply this formalism to the anomalous triangle diagrams. We use 
the generic parametrization of a AVV triangle given in |86] , 
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+A{-q,k,mf){qpe^pf3aq'^ - q^eyppc,)k" 
-B{k, -q, m/)(g - A:)^ep^a^fc"(-q)'^] , 



(4.82) 



where the functions A{k, —q, nif) and B(fc, —q,mf) are given by in terms of the tensor-reduction coeffi- 



cients C,-. as follows 



A{k, -q,mf) = (Cii - C12 + C21 - C23)(fc,-g,TO/) 
B{k, ~q, nif) = (C12 + C23)(fc, -q, ruf), 



(4.83) 



and are defined in Eqs. (A. 2), (A. 3) of Ref. |86]. The WI on the axial- vector current is given by 



iq-krAl,piq,k) 



TT^ cos Oy/ 



- - 2mjCo 



.pk^{-qf 



(4.84) 



and the most general expression of the coefficient Co is given in Eq. (A. 8) of ref. [86j. Co is the scalar 
three-point function with a fermion of mass m/ circulating in the loop. In the soft photon limit the 
invariant amplitude defined by the right-hand-side of l|4.84p reduces to l|4.7ip . The purely transverse part 
(for ^ 0) is obtained by applying the projection operator given in l|4.79p 



\ trans 



= -fc-A(n'^-'(q,fc)A/_(^,fc)) lu^fe^o 

d 
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(4.85) 



where 
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(4.86) 



Differentiating with respect to kp and taking the Hm fc — > we obtain 

■g^'^l^a{q,k)\\imk^o = A{Q^) [e pp^^q^ + qi,€p,a pfjq'^ - q^e^a pfjq'^] 

^ A{Q'^) [qpfipuaaq"' - qa^p^apq"'] ■ 



(4.87) 



where A{Q^) denotes the soft limit of the A(— fc,m/) amplitude. The intermediate steps to simplify 
the contribution to are those of pL26|. In our case, with the modifications discussed above, the Pauli 
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form-factor for a circulating fermion of flavor / we obtain 



i^2(0)|z' = (-e^) 
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(4.88) 



where AJ;'""^ is not anomalous and in the soft photon limit it is given by 



A^^rAq,k)^^wie^p^,q^k'^ 



(4.89) 



where 



(-^ 



(4.90) 



It is obvious from this analysis that in presence of the GS mechanism there is a two-loop counterterm 
which removes the pure anomalous contribution in Eq. (|4.88p and is given by see Fig. l4.22b . Diagram c) in 
the same figure is the longitudinal part of the diagram and appears in the broken WI that we will discuss 
in the last section. Finally, after some manipulations, similar to those performed in [119^ 11231 11271 ri22] . 



the final result for the anomalous contributions to takes the form 



F2(0)|z' - i-e'Qf) 



16 cos^ 9w 
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(4.91) 



where —q^ = and w{^{Q^) vanishes in the chiral limit. 
4.5.0.1 The Wess-Zumino Counterterm 

A similar analysis can be performed in the case of the WZ mechanism. The leading non anomalous 
one-loop contributions Fig. 14.201 have been calculated in [68] for a specific ZJ-brane model. These are due 
to the coupling of the axi-Higgs to the fermions. The organization of the perturbative expansion for a 
theory with an axion-like particle has been discussed in [40l [T3] , where the explicit cancellation of the 
gauge dependence has been discussed on general grounds. We show in Fig. 14.211 the contribution coming 
from the Z' propagator (graph a) in the anomalous exchange, the additional graphs b) and c) represent 
the axion counterterm due to the WZ interaction (b) and the correction due to the coupling of the axion 
to the massive fermions (c) . We have omitted a graph similar to (c) in which the exchanged pseudoscalar 
is a Goldstone and cancels the gauge dependence of the Z' propagator. 

The computation of graph a) follows exactly the analysis of [123j and can be performed in dimensional 
regularization in the unitary gauge, to give 
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The expression of the extra contributions when a physical axion is exchanged are given by 
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Using the projection operator we get 



^ mi + (x — l)xq'^ + (2/ ~ Vjyk'^ — 2xyq ■ k 



/d^ 1 1 
(27r)4 q2 {p' -p~ g)2 - M|, 



^ Tr <{ (^^ + m^; 



7^^ 



-75 + 75- 



+ d -m, 



-r 



1 



^Pp{'nT,f,q,k,q~ k). 



(4.92) 



(4.93) 



(4.94) 



(g - A:)2 - M2 

The contribution coming from the diagram in Fig. 14.21b is similar to Fig. 14.21b and we obtain 

d'^q 1 1 
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(4.96) 



where the coefHcient g^^ is the coupling of the axi-Higgs to the photons and it will be given explicitly in 
the next section together with the coefficient c^. 



4.5.1 Corrections to muonium 

A similar analysis of the role played by both mechanisms in anomalous processes at higher orders can be 
done in the case of muonium. A recent analysis of the hadronic effects in this type of systems can be found 
in |128j . One of the typical contributions is given by virtual light-by-light scattering, shown in Fig. 14.231 In 
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the presence of anomalous gauge interactions a dominant contribution for the GS case is given by diagram 
(b). Diagram (c) is subdominant. This is expanded in terms single and double counterterms, typically 
given in Fig. 14.261 In the WZ case we report some of the corresponding contributions in Figs. 14.241 and 
14.25^ where we allow a coupling of the axi-Higgs to the fermions. The leading contribution are diagrams 
(b) and (e) of Fig. 14.241 which are the analogue of (a) and (b) of Fig. I4.2QI The diagrams involving 
Hght-by-Hght scattering in the presence of a WZ vertex with a physical axi-Higgs x coupled to fermions 
are shown in Fig. I4.25t their expression can be easily obtained by taking into account some recent results 
on two-loop QCD corrections [118] and a specific choice of parameters for an anomalous model developed 
and fully described in Chaps. [Tl[2l So we have 



Ma = u{p2) 



/ 



u{pi 



fc2 - M|, 



Ml 
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(4.97) 



where the axial- vector vertex function K^{s,mf, niext) is given |118) in terms of some coefficients named 
Gi and G2 as 



Af_,{s,mf,mext) = 7^75Gi(s,TO/,me^t) + — k^'-f5G2{s,mf,mext) 



(4.98) 



and mext refers to the electron or the muon. Their expHcit expression can be found in [118) . For Mb, 
with an axi-Higgs exchanged in the i-channel we obtain 



Mb = u[p2) 
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fc2 — 



■ f 



v{P2) (4.99) 



with the general coupling of the physical axion 



and the pseudoscalar vertex function A{s,mf,mext) (see |118) ) 

A(s, TO/, rriext) = 75^(s, m/, ruext)- 



(4.100) 



(4.101) 



We have used a condensed notation for the flavors in Eg. 14.1001 with u = {u, c, t}, d = {d, s, b}, v = 
{vei v^i Vt} and e = {e, /i, t}, whose expansion yields 
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(4.102) 



where the elements of the rotation matrix from the interaction to the mass eigenstate basis are given 
in App. EJl 

The most difficult to analyze are those of higher order, shown in Fig. 14.251 
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(b) 



(a) 



(c) 



Figure 4.26: As in Fig. l4.25l for a GS vertex. 
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with the one- loop anomalous vertex function F{s,mext) |118| 

F{s,mext) = 2imextf{s,mext)l5 



(4.104) 



(4.105) 



where rriext is the mass of the external fermion, in this case the muon mass, and the specific choice of 
coupling given by 



•^31 



(4.106) 



in terms of model dependent parameters defined in Chap. [2l 

The simplest corrections are those of Fig. 14.241 and can be written as 



A/; = u{p2){gz'a'z,)Y'Yu{pi) 



/ 



AAfc = u{p2)c^-''Tu{pi) 
AAc = u{p2)c^'''j^u{pi) 



M'd = U{p2)c^-''l^u(pi) 



-v{p\)c^-^^-i''v{p'^), 

-^T^^v{p'i)F{s, m^)g^^e^v{p'2), 



vip'i) 



f 



viP2), 

(4.107) 
(4.108) 

(4.109) 
(4.110) 



where the one-loop functions A^, F and A have been given above and can be found in the literature. 



4.6 The longitudinal subtraction and the broken Ward Identities 
of the GS vertex 

There is one last important point that we will address in this final section which concerns the correct 
interpretation of the anomaly counterterm in both (chiral) phases of theory. The GS vertex satisfies a 
broken WI, which is easy to derive diagrammatically. The identity is similar to that of the ordinary 
triangle diagram, but with a subtraction of the (massless) anomaly pole. In the massless fermion case. 
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the GS counterterm restores the WI on the anomaly vertex; in the massive case the mass-dependent 
terms are a signal of chiral symmetry breaking, but are not counterterms. The only counterterm is the 
anomaly pole. We briefly clarify this point. 

We recall that, for on-shell photons (analogously for gluons) in an anomalous theory, the pole contri- 
bution to the AVV triangle is given by 
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(4.111) 



and the anomalous WI on the axial-vector line gives 
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(4.112) 



The second term in the WI above, or T^^, in a local gauge theory with spontaneous symmetry breaking 
(in an anomaly-free theory), is determined by the BRS invariance of the correlator. In an anomalous 
theory the first term is the anomaly, while the second term comes from chiral symmetry breaking. If we 
use a WZ counterterm to restore the gauge symmetry, the WI is modified with the addition of the bFF 
graph, and the analysis can be found in Eq. (|4.112p takes a more general form for off-shell gauge 
lines. The general corrections to the anomaly pole are of the form 



A'^'' = gv^^Of''g^,Tr[t-t'>]k\[k,, fc2,M, H 



2t:^s 



2rrijCo{t, k\, k2,mf) 



(4.113) 



where Co(i, kf, to/) is the scalar triangle diagram. Also in this case the Co terms are not counterterms. 
We don't need to add any mass-dependent term to the GS vertex to restore the WI of the non-local theory. 
These longitudinal contributions, following the analysis of g — 2 in [123] and the discussion of the previous 
sections, are easily interpreted as the longitudinal parts of the non-anomalous components of the vertex, 
generated by the breaking of the chiral symmetry. There are two ways to write the broken WI in GS 
case. The first form is given by 



(4.114) 



in which the T^y term, which is of the form l|4.113p . is derived simply by acting with the WI on the 
GS vertex (anomaly plus massless pole term) and bringing the result to the first member. The chiral 
symmetry breaking corrections to the pole term are then obtained from the decomposition 
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- 



Figure 4.27: Broken WI in the presence of a GS interaction. 



A second form of the same equation is obtained by extracting a massless pole from T^^ 

kx (^A^^" + r^'ir + ^r^"^ = o, (4.118) 

whose explicit form is shown in Fig. 14.271 This result is in disagreement with jTT7 ]. where the authors 
write down an exact WI for the GS vertex in the chirally broken phase, identity which clearly does not 
exist, since the pole counterterm and the effects due to chiral symmetry breaking should be kept separate. 

There are other issues concerning the use of this vertex to describe the mixing of the Kaluza-Klein 
excitations of gauge bosons to an axion, claimed to be relevant in tt production, which also point toward 
an inconsistency of these types of formulations in theories with extra dimensions and chiral delocalization 
on the brane. These quietly assume that the GS vertex is generated by sewing together local-interactions 
(bFF vertex and Bb mixing), which are claimed to be obtained from extra dimensional theories |117j . 
The bilinear mixing is assumed to be physical (i.e. no gauge-fixing condition can remove it). If these 
constructions were consistent, this would imply that the anomaly can be removed by adding a finite 
number of local interactions. Instead, the anomaly pole can be removed, but at the expense of building a 
non-local theory. This result does not contradict the use of the WZ mechanism for the "cancellation" of 
the anomaly, since the WZ theory, being local, generates an effective theory which is unitary only below 
a certain scale, while remaining gauge invariant at all scales. The theory, in fact, needs to be amended by 
higher dimensional operators for the restoration of unitarity, and therefore the description of axion-like 
particle, involving Stiickelberg axions and PQ interactions, are not unitary at all scales. In fact, the 
number of local interactions needed to obtain an anomaly-free theory is infinite, which is the price to 
pay for not having a pole counterterm as in the GS case. The presence of BIM amplitudes for the WZ 
mechanism provides a clear example of processes with a non-unitary growth at high energy, as clearly 
shown in Chap. [3l 

4.7 Conclusions 

We have investigated the consistency of the subtraction of pole counterterm in an anomalous theory, 
re-analysing the problem of the generation of double poles in the perturbative expansion due to the extra 
subtractions, and in particular, in some s-channel exchanges. Having the anomaly diagram a natural 
separation into longitudinal and transverse contributions, the subtraction of the longitudinal component 
can be viewed simply as the remotion of one of its independent invariant amplitudes. If the structure 
of a given graph does not render the anomaly vertex harmless, the longitudinal subtraction is expHcit, 
otherwise the subtraction vanishes by itself, as does the longitudinal component of the anomaly in that 
case. 

In principle, the perturbative expansion for the GS vertex can be formulated directly in terms of its 
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transverse components. Away from the chiral limit there is still no anomaly pole, and the decoupling of 
the anomaly should hold at all orders and also in the broken chiral phase. 

We have argued by expHcit examples that the organization of the perturbative expansion in terms of 
anomaly diagrams and pole counterterms (or DZ counterterms) is just a matter of convenience, especially 
if a given computation has to be carried out to higher orders. In this case, the double poles due to the 
counterterms have to be interpreted as genuine contributions which are embedded in two-loop graphs. 
We have pointed out that the emergence of double poles is not an isolated case, but a standard result, 
common to a specific way to address the tensor decomposition of a Feynman graph. 

In this approach the computation of tensor integrals is performed using scalar integrals with higher 
power of the denominators and then re-formulated in terms of suitable sets of master integrals. Therefore, 
an ordinary perturbative expansion at two-loop level - after integration on one of the loop momenta - 
gives -with no surprise- a theory with propagators of second order and higher. 

A final comment goes to the high energy behavior od the GS vertex. The good high energy behavior 
of the vertex is related to its gauge invariance, with BIM amplitudes which are identically vanishing in the 
chiral limit. A similar feature is absent in the WZ case, which violates unitarity at high energy. Finally, we 
have investigated the emergence of GS and of WZ vertices in 5 — 2 of the muon and in muonium, describing 
the differences between the SM case and its anomalous extensions, involving one axion-Hke particle and 
an extra anomalous Z', concentrating our attention, in particular, on the anomalous contributions, which 
can be studied accurately in the future in view of the planned experiments on 5 — 2 at BNL. In general, in 
the WZ case, the leading contributions to g — 2 come from the exchange of an axi-Higgs and an anomalous 
Z', while in the GS case they involve directly the transverse components of the GS vertex. 

4.8 Appendix. Some features of the GS and WZ vertices 

We comment on the relation between the WZ and GS formulation. 

There are several ways to parameterize an anomaly vertex (AFP^) , the most well known being the one 
due to Rosenberg [42] which involves six invariant amplitudes {Ai, A2, ■■■Aq), two of which are ill-defined 
and determined by the Ward Identities of the theory in terms of the finite ones. The presence of an 
anomaly pole is not obvious in this formulation, although its structure was clearly estabHshed by Dolgov 
and Zakharov in their work [lOlj using dispersion relations. The basic interpretation of this result is that 
the anomaly is not just an ultraviolet but also an infrared effect. 

The extraction of the anomaly pole from the rest of the amplitude is not so evident from the Rosenberg 
parameterization, but is quite obvious from the L/T formulation of this vertex, discussed in Sec. 14.2.41 
As we have discussed in the same section, the GS mechanism corresponds to a redefinition of the anomaly 
vertex. It means that whenever we encounter an anomaly diagram we replace it with another vertex in 
which the DZ pole has been explicitly removed. In a Lagrangian formulation this operation is equivalent 
to the addition of the counterterm shown in diagram c) of Fig. 14.11 We stress once more that there is no 
direct coupHng of the axion to the fermion, since in this approach the axion is not an asymptotic state. As 
we have extensively discussed in the previous sections this subtraction can be understood in a local version 
of the effective action by using Federbush's formulation of the GS mechanism with two pseudoscalars, 
Eq. I|4.3p . one of them being actually a ghost, with negative kinetic energy. This formulation could, in 
principle, be extended so to describe a coupling of one of these two axions to the fermions. 

In the WZ case the local counterterm bF /\ F introduces the axion as an asymptotic state of the 
corresponding S'-matrix. Therefore, the axion takes an important role in the mechanisms of symmetry 
breaking, being this due either to a Higgs sector or to the Stiickelberg mechanism, or to both. For this 



174 



4.9. Appendix. Simplifications in some of the integrands on higher-point functions 



reason, in the presence of electroweak symmetry breaking, there is a direct coupHng of the axion to 
the fermions via the corresponding Yukawa coupHngs. One point which is worth to stress is that the 
WZ mechanism guarantees the gauge invariance of the one-loop effective action but not of the trilinear 
gauge vertex. The differences between the two mechanisms can be seen rather clearly, for instance, by 
comparing Fig. 14.251 and 14.261 Notice that fermion mass effects, in the WZ case, induced either by chiral 
symmetry breaking and / or electroweak symmetry breaking cause a direct interaction of the axion to the 
fermion. If they are both absent, then those diagrams in which the axion couples to the fermions are 
trivially vanishing. 



4.8.1 Gauge choices 

The cancellation of the gauge dependence in the perturbative expansion is rather trivial in the GS case 
while it is less straightforward in the WZ case. In the first case, the redefinition of the trilinear gauge 
vertex is sufficient to obtain from the beginning a gauge invariant result. For this purpose we may work 
directly in the gauge, denoting with the gauge-fixing parameter. The gauge dependent propagator 
for the gauge field is given by 



.A A' 



9 



fc2 



(4.119) 



and the longitudinal components disappear whenever they are attached to a GS vertex, due to the Ward 
Identities satisfied on all the gauge lines. In the WZ case the cancellation of the gauge dependence is 
more subtle and has been discussed extensively in Chap. [TJ 



4.9 Appendix. Simplifications in some of the integrands on higher- 
point functions 

4.9.1 Computation of the diagrams in Fig. 14.91 

We show the vanishing of the counterterms in Fig. 14.91 We have 

(^^(^^2)>^^7."bi)^^ye[A,.,fc,fc2], (4.120) 

with k2 = k — ki so that 

= ^iP^hMP.fi^[X,'^,k,p]J^^^j-^^ (4.121) 

where the expansion of the integrand function yields a result proportional to the independent momentum 
kP and finally — 0. The C2 counterterm vanishes in an analogous way as C^, so we take into account 
the last diagram in Fig. 14.91 

= /^^(^^2)7.(^if|y7,"(pi)^^C'^ry(-fc,-fci,-fc2), (4.122) 
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with k2 = k — ki and C\'^y{—k, — fci, — ^2) = ^p-ef/i, ly, fci, k2]. C3 is given by the sum of a first-rank 
and a second-rank tensor integral which can be further reduced with the well-known tensor-reduction 
technique. The general expansion for the two integrands is 

(2^)4 (pi - k.ykfik - " Cip^ + C^fc", (4.123) 

lBy HP.-k.nL^k.r - C,„,«^ + C,,(p?fc^-,P?.")-,C,,,>? + C,,fc".^(4.124) 

first we notice that all the terms proportional to fc" trivially vanish after the contraction with the anti- 
symmetric Levi-Civita tensor in Eq. (|4.122p and then we conclude C3 = by using the following relations 
in Eq. ll4J22)l 

v{p2h,.^i'lt,4fJ-^'^,Pi,k]u{pi) = 2iv{p2){pll^ - k ■pi^^)'^^u{pi) ^0, (4.125) 
v{P2)lvli3lij.f-[tJ',v,P,k]u{pi) = 6ii)(p2)^7^"(Pi) = 0. (4.126) 

for massless external fermions with momenta pi and p2 and k — pi + P2- 



4.9.2 Simplifications of the integrands in Sec. 14.2.31 

The third amplitude Sc does not contribute to S, in fact we have 



Sr. = 



d'^ki 



^(^2)7.^^^^^i"(Pi);^^y A, fe, /c] 



(2^)4 

v{P2)1uu{pi)y J 



d'^ki 



1 1 



1 



(27r)M (fc-/ci)2 fcf 



e[v, X,k-ki,k] ] —BT^j^j^ 



v{p2)luu{pi)-^e[v, A, p, a]k'' 



d^ki 



K 



1 



(2^)M (fc-fci)2fc4 Ifc2^^i^^ 



oc v{p2)luu{pi)'^€[v, X,k,k]^BT\^j^ = 0, 
where by the tensor integral decomposition we obtain the following result 

K 



{k-kifkl 



= e[v,\p,a]k''Bkp = 0. 



(4.127) 



(4.128) 



Here we omit the explicit form of the coefficient of the rank-1 tensor decomposition B, since it is not 
essential for the calculation. We can apply the same arguments to prove that Sd — 0. 
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Chapter 5 

An Anomalous Extra from 
Intersecting Branes with Drell-Yan and 
Direct Photons at the LHC 



5.1 Introduction to the chapter 

The study of anomalous gauge interactions at the LHC and at future Hnear coUiders is for sure a difficult 
topic, but also an open possibility that deserves close theoretical and experimental attention. Hopefully, 
these studies will be able to estabHsh if an additional anomalous extra Z' is present in the spectrum, 
introduced by an AbeHan extension of the gauge structure of the Standard Model (SM), assuming that 
extra neutral currents will be found in the next several years of running of the LHC |106j . The interactions 
that we discuss are characterized by anomalous vertices in which gauge anomalies cancel in some non 
trivial way, not by a suitable (anomaly-free) charge assignment of the chiral fermion spectrum for each 
generation. 

The phenomenological investigation of this topic is rather new, while various mechanisms of cancel- 
lation of the gauge anomalies involving axions have been around for quite some time. Global anomalies, 
for instance, introduced for the solution of the strong CP-problem, such as the Peccei-Quinn solution 
[T29l [221 ri3Q| Im) ri32l 11331 ITM 1135] (reviewed in [136]) require an axion, while local anomalies, can- 
celled by a Wess-Zumino counterterm, allow an axion-like particle in the spectrum, whose mass and 
gauge coupling - differently from PQ axions - are independent. Similar constructions hold also in the 
supersymmetric case and a generalization of the WZ mechanism is the Green-Schwarz mechanism (GS) 
of string theory. The two mechanisms are related but not identical, the first of them being characterized 
by a unitarity bound |105| . Details on the relation between the two at the level of effective field theory 
can be found in |105| [98] . 

Intersecting brane models, in which several anomalous J7(l)'s and Stiickelberg mass terms are present, 
may offer a realization of these constructions |137[[93l[26l [56]. which can also be investigated in a bottom- 
up approach by using effective Lagrangians built out of the requirements of gauge invariance of the 
one-loop effective action p]. In our analysis we will consider the simplest extension of these anomalous 
Abelian gauge factors, which involves a single anomalous U{1), denoted as U{1)b- The corresponding 
anomalous gauge boson B gets its mass via a combination of the Higgs and of Stiickelberg mechanisms. 
Axions play a key role in the cancellation of the anomalies in these theories although they may appear 
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in other constructions as well, due to the decoupHng of a chiral fermion in anomaly-free theories [13] . 

The presence of an anomalous U{1) in effective models derived from string theory is quite common, 
although in all the previous literature before [l] and |13[ [40| [91] the phenomenological relevance of the 
anomalous U{1) had not been worked out in any detail. In particular, the dynamics of the anomalous 
extra gauge interaction had been neglected, by invoking a decoupling of the anomalous sector on the 
assumption of a large mass of the extra gauge boson. In [J it was shown that only one physical axion 
appears in the spectrum of these models, independently of the number of Abelian factors, which is the 
most important feature of these realizations. In our case, the axion can be massless or massive, depending 
on the structure of the scalar potential. Recent developements in the study of these models include their 
supersymmetric extensions flOSj and their derivations as symplectic forms of supergravity |1381 1139j . 
Other interesting variants include the Stiickelberg extensions considered in [29] [30] [74] which depart 
significantly from the Minimal Low Scale Orientifold Model (mLSOM) introduced in [l] and discussed 
below. Specifically these models are also characterized by the presence of two mechanisms of symmetry 
breaking (Higgs and Stiickelberg) but do not share the anomalous structure. As such they do not describe 
the anomalous [/(l)'s of these special vacua of string theory. 

Axion-like particles, beside being a natural candidate for dark matter, may play a role in explaining 
some puzzHng results regarding the propagation of high energy gamma rays [101 1110] due to the oscilla- 
tions of photons into axions in the presence of intergalactic magnetic field. In general, the presence of 
independent mass/coupling relations for these particles allows to evade most of the experimental bounds 
coming from CAST and other experiments on the detection of PQ axions, characterized by a suppres- 
sion of both mass and gauge couplings of this particle by the same large scale (lO^*^ 10^^ GeV), (see 
|109[ 1140"] ). Here we focus our attention on the gauge sector, quantifying the rates for the detection of 
anomalous neutral currents at the LHC in some specific and very important channels. 

• Drell-Yan 

Being leptoproduction the best way to search for extra neutral interactions, it is then obvious that 
the study of the anomalous vertices and of possible anomalous extra Z' should seriously consider the 
investigation of this process. We describe the modifications induced on Drell-Yan computed in the 
Standard Model (SM) starting from the description of some of the properties of the new anomalous 
vertices and of the corresponding one-loop counterterms, before moving to the analysis of the corrections. 
These appear - both in the WZ and GS cases in the relevant partonic channels at NNLO in the strong 
coupling constant {0{a^)). We perform several comparisons between anomalous and non-anomalous 
extra Z' models and quantify the differences with high accuracy. 

• Direct Photons (Di-photon, DP) 

Double prompt (direct) photons offer an interesting signal which is deprived of the fragmentation con- 
tributions especially at large values of their invariant mass Q, due to the steep falling of the photon 
fragmentation functions. In addition, photon isolation may provide an additional help in selecting those 
events coming from channels in which the contribution of the anomaly is more sizeable, such as gluon 
fusion. Also in this case we perform a detailed investigation of this sector. For direct photons, the 
anomaly appears in gluon fusion - at parton level - in a class of amplitudes which are characterized by 
two-triangles graphs - or BIM amplitudes - using the definitions of Chap. |3l 

In both cases the quantification of the background needs extreme care, due to the small signal, and 
the investigation of the renormalization/factorization scale dependence of the predictions is of outmost 
importance. In particular, we consider all the sources of scale-dependence in the analysis, including 
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those coming from the evolution of the parton densities (Pdf's) which are just by themeselves enough 
to overshadow the anomalous corrections. For this reason we have used the program Candia 1.0 in the 
evolution of the Pdf's, which has been documented in |104j . The implementation of DY and DP processes 
is part of two programs CANDlA^iy and CANDlAAsion for the study of the QCD background with the 
modifications induced by the anomalous signal. The QCD background in DP is computed using Diphox 
|141j and Gamma2MC based on Ref. |142j . The NLO corrections to DP before the implementation of 
Diphox have been computed by Gordon and Coriano back in 1995 [l^ and implemented in a Monte 
Carlo based on the phase space slicing method. 

In the numerical analysis that we present we have included all the contributions coming from the two 
mechanisms as separate cases, corrections that are implemented in DY and DP processes. We will start 
analyzing the contributions to these processes in more detail in the next sections, discussing the specific 
features of the anomalous contributions and of the corresponding counterterms at a phenomenological 
level. 

The chapter is organized as follows. After a brief description of the anomalous interactions and the 
counterterms that appear either at Lagrangian level (WZ case) or at the level of the trilinear gauge vertex 
(OS case), we discuss the main properties of these vertices and we address the structure of the corrections 
in DY and in DP. Our study is mainly focused on the invariant mass distributions in the two cases. The 
need for performing these types of analysis in parallel will be explained below, and there is the hope 
that it may be extended to other processes and observables in the future, such as rapidity distributions 
and rapidity correlations |143j . We present high precision estimates of the QCD background at NNLO, 
which is the order where, in these processes, the anomalous corrections start to appear. Other analysis, 
of course, are also possible, such as those involving four-fermion decays in trihnear gauge interactions 
which could, in principle, be sensitive to Chern-Simons terms [I1|69] if at least two anomalous C/(l)'s are 
present in the spectrum. These additional interactions are allowed, as discussed in [92], whenever the 
distribution of the partial anomalies on a diagram is not fixed by symmetry requirements. A complete 
description of these vertices has been carried out in j92], useful for direct phenomenological studies. 

As we are going to show, the search for effects due to anomalous C/(l) at the LHC in -p-p collisions 
cannot avoid an analysis of the QCD background at NNLO. DY and DP are the only two cases where 
this level of precision has been obtained in perturbation theory. As we are going to show, the anomalous 
effects at the LHC in these two key processes are tiny, since the invariant mass distributions are down by 
a factor of lO'^ 10^ compared to the NNLO (QCD) background. The accuracy required at the LHC to 
identify these effects on these observables should be of a fraction of a percent (0.1% and below), which is 
beyond reach at a hadron collider due to the larger indetermination intrinsic in QCD factorization and 
the parton model. 

5.2 Anomaly- free versus an anomalous extra Z' in Drell-Yan 

As we have already mentioned, the best mode to search for extra Z' at the LHC is in the production of a 
lepton pair via the Drell-Yan mechanism {qq annihilation) mediated by neutral currents. The final state 
is easily tagged and resonant due to the s-channel exchange of the extra gauge boson. In particular, a 
new heavier gauge boson modifies the invariant mass distribution also on the Z peak due to the small 
modifications induced on the couplings and to the Z — Z' interference. In the anomalous model that we 
have investigated, though based on a specific charge assignment, we find larger rates for these distributions 
both on the peak of the Z and of the Z' compared to the other models investigated, if the extra resonance 
is around 1 TeV. This correlation is expected to drop as the mass of the extra Z' increases. In our case. 
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as we will specify below, the mass of the extra resonance is given by the Stiickelberg (Mi) mass, which 
appears also (as a suppression scale) in the interaction of the physical axion to the gluons and it is 
essentially a free parameter. 

In DY, the investigation of the NNLO hard scatterings goes back to |144) . with a complete computation 
of the invariant mass distributions, made before that the NNLO corrections to the DGLAP evolution 
had been fully completed. In our analysis we will compare three anomaly-free models against a model 
of intersecting brane with a single anomalous C/(l). The anomaly-free charge assignments come from a 
gauged B — L Abelian symmetry, a^q + u" Model -both described in |145) - and the Free Fermionic Model 
analyzed in |107j . We start by summarizing our definitions and conventions. 

In the anomaly-free case we address Abelian extensions of the gauge structure of the form SU{3) x 
SU{2) X U{1)y X U{l)z, with a covariant derivative in the W^, By, B^^ (interaction) basis defined as 



5p - ^92 {WX + + K^') - i^YB^ - t^zB^ (5.1) 



where we denote with g2i9Y,9z the couplings of SU{2), U{1)y and U{l)z, with tan9w = 9y 192- After 
the diagonalization of the mass matrix we have 



( syhQw cosQw 

cosBw -sin^vF £ 11 I (5.2) 




\ Z'^ ) \ —esniQw e sin 6*^4/ 1 

where £ is a perturbative parameter which is around 10~^ for the models analyzed, introduced in |145) 
and [107) . It is defined as 



2 



Mi, -Mi 

while the mass of the Z boson and of the extra Z' are 

,2 



= = .,2 1\,2 (5-3) 



^^i = 7737r:(-^.+O[i + 0(£^)] 



r2 _ 52 

4 cos^ aw 

9' 



^^''^^'--J7^('k-k+^kv%J- (5.4) 

4 cos uw 

In this class of models we have two Higgs doublets Hi and H2, whose v.e.v.'s are Vj^^ and v^^ and an extra 
SU{2)w singlet (j) whose v.e.v. is v^. The extra U{l)z charges of the Higgs doublets are respectively 
zh^ and ZH2, while for the singlet this is denoted as z^. Taking the value of of the order of the 
electroweak scale (« 246 GeV), we fix vhi with tan/3 = vhz/vhi, and we still have one free parameter, 
v^, which enters in the calculation of the mass of the extra Z' . Then it is obvious that we can take the 
mass Mz' and the coupling constant as free parameters. We choose tan/3 « 40 in order to reproduce 
the mass of the Z boson at 91.187 GeV, choice that is performed, for consistency, also in the anomalous 
model. In this last case the Higgs sector is characterized only by 2 Higgs doublets, with the v.e.v. of the 
extra singlet being replaced by the Stiickelberg mass. We define g2 sin9w — gv cos 9w — e and construct 
the charge eigenstates and the corresponding generators T"^ as usual 

_ Wi T ± ^ Ti ± »r2 

^/2 V2 ' 
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while in the neutral sector we introduce the rotation matrix 



V 



singtv(l+e ) cos 9w 

l+e2 i+e2 

cos dw{l+e'^) singty 





sinSw 

1 



(5.5) 



which relates the interaction and the mass eigenstates. Substituting these expression in the covariant 
derivative we obtain 



-iZ^, gi cosdwT-i - gy sin 9w- 



Y 



9z£- 



Y z 

~52 cos 0wT3e + gy sin0w—£ + gz-z 



(5.6) 



where we have neglected all the 0{e^) terms. In the Hmit gz ^ and e — > we obtain the SM expression. 
The vector and the axial- vector couplings of the Z and Z' to the fermions are expressed equivalently in 
terms of the left - (zl) and right - (z^) U{l)z chiral charges and hypercharges (Yr, Yl) of the models 
that we have implemented. These can be found in [107) for the free fermionic case and in [145) for the 
remaining models with a V-A structure given by 



4g 



-».g2 1 



,2 rj^Lj 2 (XL I XR] I pile ffM + ^) 



4c. 



4c. 



4c. 



2 

-»g2 1 

2 

Cit, 2 



2 



4(f ) + s^c.(^-^) 



'52 



Yl 



ec^r3^-+e4(^ + ^) + ^cU 



52 

5; 



52 2 



7^7', 



(5.7) 



where j is an index which represents the quark or the lepton and we have set sin Q^Ji/ = Sw , cos 9w = c, 
for brevity. 



5.2.1 An anomalous extra Z' 

In the presence of anomalous interactions we can use the same formalism developed so far for anomaly- 
free models with some appropriate changes. Since the effective Lagrangian of the class of the anomalous 
models that we are investigating includes both a Stiickelberg and a two-Higgs doublet sector, the masses 
of the neutral gauge bosons are provided by a combination of these two mechanisms, as can be clearly 
understood from the expressions of and M^, in Eqs. (|2.18ip . In this case we have as free parameters 
the Stiieckelberg mass Mi and the anomalous coupling constant gs, with tan/3 as in the remaining 
anomaly-free models. As we have already stressed, the analysis does not depend significantly on the 
choice of this parameter. The value of the Stiickelberg mass Mi is loosely constrained by the Z3-brane 
model in terms of suitable wrapping numbers (n) of the 4-branes which define the charge embedding 



182 



5.3. The GS and WZ vertices and gluon fusion 





Ql 


ur 


d-R 


L 


eR 


Nr 




1/6 


- 2/3 


1/3 


-1/2 


1 





QB 


-1 








-1 









Table 5.1: Fermion spectrum charges in the F-basis for the Madrid Model [64]. 



[64t [93] reported in Tabs. \M\ \SM EJl of Sec. [3J] and Tab. [O As shown in Sec. [2Jl the physical 
gauge fields are obtained from the hypercharge basis by means of the rotation matrix which can be 
approximated at the first order as 



9 

a 



92 







£2.. itL.. l + 0(ef) 



(5., 



2 ""l 



which is the analogue of the matrix in Eq. (|5.2p for the anomaly-free models, but here the role of the 
mixing parameter ei is taken by the expression 



Xb 

Ml 



(5.9) 



A relation between the two expansion parameters can be easily obtained in an approximate way by a 
direct comparison. For simplicity we take all the charges to be 0(1) in all the models obtaining 



Ml, 



2 2 

92"" 



Mi 



6M''zz' 



' 929zV 



2 2 
2 



(5.10) 



giving 



Mf 



(5.11) 



which is the analogue of Eq. (|5.9p . having identified the Stiickelberg mass with the v.e.v. of the extra 
singlet Higgs, Mi gzV<p- This is natural since the Stiickelberg mechanism can be thought of as the 
low energy remnant of an extra Higgs whose radial fluctuations have been frozen and with the imaginary 
phase surviving at low energy as a CP-odd scalar [I3j. Concerning the charge assignments, the corre- 
sponding model is obtained form the intersection of four branes (a,6, c, d) with generators {qa,<lb,<lc,(ld) 
which are rotated to the hypercharge basis, with an anomaly free hypercharge. The identification of the 
generators involve the solution of some constraint equations, solutions which for a compactification are 
parametrized by a phase e = ±1; the Neveu-Schwarz background on the first two tori Pi — 1 — bi = 1,1/2, 
four integers na2, nbi^rici, nd2, which are the wrapping numbers of the branes around the extra (toroidal) 
manifolds of the compactification, and a parameter p = 1, 1/3, with an additional constraint in order to 
obtain the correct massless hypercharge. One of the choice for these parameters is reported in Tab. 13.11 
of Sec. KB 



5.3 The GS and WZ vertices and gluon fusion 

As we have mentioned above in the previous sections, the two available mechanisms that enforce at 
the level of the effective Lagrangian the cancellation of the anomalies involve either PQ-like (axion-like) 
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{a) (b) (c) 

Figure 5.2: A gauge invariant GS vertex of the AW type, composed of an AW triangle and a single counterterm 
of the Dolgov-Zakharov form. 

interactions - in the WZ case - or the subtraction of the anomaly pole (for the GS case). In the GS case, 
the anomaly of a given diagram is removed by subtracting the longitudinal pole of the triangle amplitude 
in the chiral limit. We have stressed that the counterterm (the pole subtraction) amounts to the removal 
of one of the invariant amplitudes of the anomaly vertex (the longitudinal component) and corresponds 
to a vertex re-definition. 

The procedure is exemplified in Fig. 15. 21 where we show the triangle anomaly and the pole counterterm 
which is subtracted from the first amplitude. The combination of the two contributions defines the GS 
vertex, which is made of purely transverse components in the chiral limit [98j and satisfies an ordinary 
WI. Notice that the vertex does not require an axion as an asymptotic state in the related S'-matrix; for 
a non-zero fermion mass in the triangle diagram, the vertex satisfies a broken WI. We now proceed and 
summarize some of these properties, working in the chiral limit. 

Processes such as 35 ^ 77, mediated by an anomalous gauge boson Z' , can be expressed in a simplified 
form in which only the longitudinal component of the anomaly appears. We therefore set A;^ = A;| = 
and ruf — 0, which are the correct kinematical conditions to obtain the anomaly pole, necessary for a 
parton model (factorized) description of the cross section in a pp collision at the LHC, where the initial 
state of the partonic hard-scatterings are on-shell. 

We start from the Rosenberg form of the AW amplitude, which is given by 

T^t^'^ = Aie[ki,X,fi,iy]+ A2e[k2,X,fi,i^]+ A3k'^e[ki,k2,iy, A] 

+Aikl^e[kx,k2, v. A] + A^k\t\kx, k2,fi, A] + A^ki^elki, k2,fi, A] , (5.12) 
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and imposing the Ward Identities to bring all the anomaly on the axial-vector vertex, we obtain the usual 
conditions 

Ai = klAi + ki ■ fczAg 
A2 = fcjAs + ki ■ fcaA 
^3(^1,^2) = -Ae{ki,k2) 

A4(fcl,fc2) - -A5(fci,fc2), (5.13) 

where the invariant amplitudes A3, . . . ,Aq are free from kinematical singularities for off-shell external 
lines. We set fc^ = (fci + /c2)^ = s. As we have mentioned, in the parton model we take the initial gluons 
to be on-shell, while the hadronic cross section is obtained by convoluting the hard scattering given above 
(corrected by a color factor) with the Pdf's. The amplitude simplifies drastically in this case and takes 
the form 

T^"'^ = Aek^eiki, k2,v, ^] + (A4 + A) {k'^t[ki,k2, ^i, A] - fc5'e[fci, /ca, A]) , (5.14) 

in which the second piece drops off for physical on-shell photon/gluon lines, leaving only a single invariant 
amplitude to contribute to the final result 

T'^-^ = 4(s)(fci -f k2fe [fci, fe, ^, ^i] (5.15) 

where 



4(^)^^(l + ^W^), ^<0. (5.16) 

The anomaly pole is given by the first term of Eq. I|5.16p 

T^-^ = -l^{kl + k2fe[kl,k2,v,^i]. (5.17) 
The logarithmic functions in the expression above are continued in the following way in the various region 



< s < 4mj 



^ ^ 2 \pf-lj y^4TO2 _ 5 

s > imj > : 



-Pf -ipf, arctan ^ — ^ -Jr + ^ log I . " I • (5.18) 



Notice that the surviving amplitude Aq multiplies a longitudinal momentum exchange and, as dis- 
cussed in the literature on the chiral anomaly in QCD |103[ llOlj . is characterized by a massless pole in 
s, which is the anomaly pole, as one can clearly conclude from Eq. (|5.16p . This equation shows also how 
chiral symmetry breaking effects appear in this amplitude at this special kinematical point by the to/ 
terms. 
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a) 



b) 



Figure 5.4: WI in the WZ case in the chiral limit. 



The subtraction of the anomaly pole is shown in Fig. 15.21 and is represented by diagram c). The 
combination of diagrams b) and c) defines the GS vertex of the theory [98] , with diagram c) described 
by Eq. I|5.17p (— Tc). It is easily verified that in the massless fermion limit and for on-shell gluon fines, 
the GS vertex is trivially vanishing by construction. In general, for any asymmetric configuration of the 
external lines in the vertex, even in the massless limit, the vertex has non-zero transverse components 
\119\ 1120] . The expression is well known [123^ 1120] in the chiral limit and has been shown to satisfy the 
Adler-Bardeen theorem p^OJ. 

For a non- vanishing m/ the GS vertex, for generic virtualities, can be defined to be the general 
AVV vertex, for instance extracted from [86] or, in the longitudinal/transverse formulation, by the 
amplitudes given in [120j . with the subtraction of the anomaly pole, as given in [98]. We will refer to the 
anomaly (subtraction) counterterm of diagram b) as to the Dolgov-Zakharov jlQl) (DZ) counterterm. The 
anomaly diagram reduces to its DZ form for two on-shell gauge fines (photons/gluons) and in this case the 
transverse components completely disappear. There are other cases in which, instead, the longitudinal 
components cancel. This occurs if, for instance, a conserved current is attached to the anomalous line, 
rendering the anomaly "harmless", as explained in [98] . 

The analogous interaction in the WZ case is shown in Fig. 15.31 where we have attached a fermion pair 
in the final state to better identify the contributions. In this case, beside the anomalous contribution 
of diagram a), the mechanism will require the exchange of a physical axion, shown in diagram b) and 
c). Diagram b) is the usual WZ counterterm (or generalized PQ interaction) while the third diagram is 
non- vanishing only in the presence of fermions of non-zero mass. This third contribution is numerically 
irrelevant and in DY is usually omitted. The WZ mechanism re-establish gauge invariance of the effective 
Lagrangian but is not based on a vertex re-definition and, furthermore, involves an asymptotic axion state. 
As shown in Chap. [3] the presence of a unitarity bound in this mechanism is a signal of its fimitation as 
an effective theory (see also the discussion in [98]). We have summarized in an appendix the discussion 
of this point in a simple case. 
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Fi ffure 5.5: Generalized WI in the WZ case. 
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Figure 5.6: Generalized WI in the GS case. 



5.3.1 Ward Identities 



Both vertices satisfy ordinary Ward Identities in the chiral Hmit and generaUzed Ward Identities away 
from it. In the chiral Hmit, for instance, the WZ mechanism adds to the effective action of the anomalous 
theory an interaction of the Stiickelberg field (6) with the gluons (6G A G), shown in diagram b) of 
Fig. 15.41 In this figure we have shown a diagrammatic realization of the WI for this case. 

In WZ, being the cancellation based on a local field theory, the derivation of the generalized WI can 
be formally obtained from the requirement of BRST invariance of the gauge-fixed effective action, as 
shown in [92]. This is illustrated in Fig. l5.5[ in the case of an anomalous Z' , where we show the coupling 
of the Goldstone - in the broken Higgs phase - to the gluons (diagram b)) and to the massive fermion 
(diagram c)) [92] ■ The normalization of the counterterm in b) can be chosen to remove the anomaly 
of diagram a) when a single fermion runs inside the anomaly loop. Alternatively, the same graphical 
representation holds if in the first and the last diagram we sum over the entire generation. In this case 
the counterterm is normalized to cancel the entire anomaly of the complete vertex. The analysis in the 
GS case is slightly more subtle. We show in Fig. 15.61 the generalized WI satisfied by the vertex in the 
massive case. In the massless case only diagrams a) and b) survive, while the contribution of diagram c) 
comes from a direct computation. It is obtained by multiplying typical pseudoscalar interaction - such as 
the one shown in Fig. 15.51 diagram c) - by a massless pole. If we denote by Tf^" the diagram describing 
the decay of a pseudoscalar into two gluons, diagram c) takes the form /k^T^^, with a factorized pole 
on the anomalous external line. We refer to [98] for a detailed discussion of these points. 

In our analysis we encounter a class of BIM amplitudes which are characterized by two anomaly 
vertices connected by an s-channel exchange of the anomalous gauge boson. These amplitudes grow 
quadratically with the energy and are not eliminated by fine tuning Fig. 15.71 The true BIM amplitude is 
the one shown in diagram b) and appears in the gluon fusion sector in the WZ case. In the SM a similar 
graph contributes only if heavy fermions run in the loop. They are comparable in size to the anomalous 
BIM amplitude. Obviously, this contribution would be identically vanishing if all the fermions of a given 
generation would be mass-degenerate. 

Diagram a) shown in the same figure, instead, is the GS version of the BIM amplitude and is identically 
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zero in the chiral Hmit for on-shell gluon Hnes, as is the case in the parton model. For this reason the 
gluon fusion sector disappears completely for DP (in the GS mechanism), since the BIM amplitude in 
this case is obtained by replacing diagram b) of this figure with diagram a) which is indeed vanishing. 

We can summarize the basic features of the anomalous sectors in anomaly free-models after QCD 
factorization, for generic virtualities of the external gauge lines, according to the following points: 

1) In the SM the residual contributions coming from anomalous diagrams, such as in the VVZ, VVZ' 
vertices, where F is a gauge field, are proportional to the mass of the heavy quarks in the anomaly loop. 
In the chiral Hmit, instead, both the anomaly pole contribution and the transverse component of the 
anomaly cancel by charge assignment. 

2) In the GS case, as we have just discussed, the anomaly pole is absent by definition, while the 
transverse contributions are allowed. This separation between longitudinal and transverse components is 
less transparent for a heavy fermion mass, which induce a longitudinal component, proportional to m^/s^ 
times a small logarithmic correction of the ratio of the same variables, away from the chiral Hmit. This 
longitudinal component, however, should not be confused with the anomaly pole and is not shifted or 
corrected perturbatively in any way. It can couple, for instance, to a tt (top) quark current because of a 
broken WI and can be interpreted as a manifestation of the GS mechanism at the LHC, but can be easily 
overshadowed by SM contributions. This point wiH be re-addressed more formaHy below in Eq. (|5.27p . 

At some special kinematical points (two massless gauge Hnes, or three massless gauge Hnes of the 
same virtualities) where the anomalous vertex takes its DZ form, the GS vertex is identically vanishing 
in the massless case. In the presence of a heavy fermion the logarithmic correction shown in Eq. (|5.16p 
reappears. 

3) In the WZ case the anomaly pole is not canceHed. A second sector (the exchange of the axion) is 
needed to restore the gauge invariance of the effective action. In a hadronic coHision the BIM amplitudes 
induce very small deviations from the SM behavior after the convolution with the gluon density. They are 
absent in DY at NNLO. In DP they affect the invariant mass distributions - at large Q - of the photon pair, 
for a given center of mass energy of the two colHding protons. As such they are sensitive to large (Bjorken) 
x-values of the gluon Pdf's, region where the gluon density is rapidly decreasing. In particular, in DP 
their contribution becomes more sizeable via intereference with some box-like amplitudes {gg 77). 
In previous NLO study of this process [43] they had been included even though they exceed the NLO 
accuracy, being truly NNLO contributions. These amplitudes and vertices are the basic building blocks 
of our numerical analysis and are responsible for all the anomalous signal both in DY and in DP. We will 
quantify their impact in the invariant mass distributions in both cases. 
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5.4 Invariant mass distributions in Drell-Yan 

Our NNLO analysis of the invariant mass distributions for lepton pair production, for the computation 
of the QCD sectors, is based on the hard scatterings of Ref. [144) . and the NNLO evolution of the 
parton distributions (Pdf's) has been obtained with Candia 1.0 |104j . The anomalous corrections to 
the invariant mass distributions have been evaluated separately, since at NNLO they appear in DY in the 
interference with the lowest order graph, and added to the standard QCD background. It is important 
to recall that lepton pair production at low Q via Drell-Yan is sensitive to the Pdf's at small- a; values, 
while in the high mass region this process is essential in the search of additional neutral currents. In our 
analysis we have selected a mass of 1 TeV for the extra gauge boson and analyzed the signal and the 
background both on the peaks of the Z and of the of the new resonance. 

At hadron level the colour-averaged inclusive differential cross section for the reaction Hi + H2 ^ 
h + h + X, is given by the expression [144) 

Taz{Q',Ml)Wz{r,Q^) r = ^, (5.19) 



where Z = Z, Z' is the point-like cross section and all the information from the hadronic initial state is 
contained in the Pdf's. The hadronic structure function Wz{t,Q'^) is given by a convolution product 
between the parton luminosities $ij(x, /i|n) and the Wilson coefficients Aij{x,Q^ , fij^, fip) 

Wz{r,Q^fil,fil) ^ Y.I —^^,{x,^ll,^ll)/^,J{-,Q\^ll), (5.20) 

- . Jr ^ ^ 

where the luminosities are given by 



1 dy 



X 



$ij(x,/i^,/i^) = / —f^{y,fiii,fip)fj l-,fl■}i,^lp \ = [f.,'Si fj]{x,fi-ii,fj,p) (5.21) 

J X y \y J 

and the Wilson coefficients (hard scatterings) depend on both the factorization {[ip) and renormalization 
scales (^ifl), formally expanded in the strong coupling as 



l\,,{xM\A) = ^<(mI)A,?(2^,Q',mI,mI)- (5.22) 

n=0 



We will vary ixp and [ipi independently in order to determine the sensitivity of the prediciton on their 
variations and their optimal choice. 

The anomalous corrections to the hard scatterings computed in the SM will be discussed below. We 
just recall that the relevant point-like cross sections appearing in the factorization formula (|5.19p and 
which are part of our analysis include, beside the Z and the Z' resonance, also the contributions due to 
the photon and the 7 — Z, 7 — Z' interferences. For instance in the Z' case we have 



' 3Q4 



2\ _ T^O-em ^ Z' 



AMz' sin^ Ow cos2 BwN^ (Q^ _ Ml,Y + M|,r|, 

„2 ^',1-1,1 1^2 _ »/r2 



fTZ'.'yW ) ^ 



QNc sin2 0w cos2 ew Q'(Q2 - + M|,r|, ' 
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(a) (b) (c) 

Figure 5.8: qq Z, Z' at LO and NLO (virtual corrections). 






(d) (e) (f) 

Figure 5.9: qq Z, Z' at NNLO (virtual corrections). 



<JZ',z{Q^ 



Z'l Z,l , Z' ,1 Z,l 

9v 9v +9a 9a 



(02 _ M|)(g2 _ Ml) + MzTzMz'T2 
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'z^ z\ 



(5.23) 



where Nc is the number of colours, T^'^u is the partial decay width of the gauge boson and the total 
hadronic widths are defined by 



Tz — r(Z —f hadrons) = T{Z —f tpiipi), 

i 

Tz' = T{Z' — > hadrons) — r(Z' — > V'iV'i); 



(5.24) 



where we refer to hadrons not containing bottom and top quarks (i.e. i = u,d,c,s). We also ignore 
electroweak corrections of higher-order and we have included the top-quark mass and QCD corrections. 
We have included only tree level decays into SM fermions, with a total decay rate for the Z and Z' which 
is given by 

Tz^ J2 T{Z^^,^,) + T{Z^bb) + 3T{Z^ll) + 3T{Z^:yii7i), (5.25) 

i—u,d.c.s 

Tz' ^ r(z'->7/>,v;,) + r(z'^66) + r(z'->tt) + 3r(z'-^/r) + 3r(z'->i^/!7i).(5.26) 



Coming to illustrate the contributions included in our analysis, these are shown in some representa- 
tive graphs. The complete NNLO expressions of the hard scatterings and the corresponding Feynman 
diagrams can be found in |144) . 

• SM QCD contributions 

We show in Fig. 15.81 the leading ©(a^,) and some typical next-to-leading order 0{awas) (LO, NLO) 
contributions to the process in the annihilation channel (virtual corrections). Examples of higher-order 
virtual corrections included in the hard scatterings are shown in Fig. 15.91 which are of ©(a^a^), while 
the corresponding real emissions, integrated over the final state gluons, are shown in Fig. 15.101 at NLO 
(graph g)) and NNLO (graphs h) and i)). 
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(g) (h) (i) 

Figure 5.10: gg ^ Z, Z' with real corrections at NLO {g) and at NNLO (/i), (i). 




(j) (k) (m) 
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Figure 5.11: Anomalous contributions for Z' production in the gg, qq and qg sectors at lower orders. 

• Anomalous corrections 

We show in Fig. 15.111 the leading anomalous corrections to leptoproduction. At 0{asaw) there is a 
first contribution coming from the interference between graph j) and the leading order qq annihilation 
vertex (graph a) of Fig. 15.81 The square of the same graph appears in the anomalous corrections at 
0{alaw)- Other contributions that we have included are those due to the exchange of a physical axion 
and Goldstone modes, which can be removed in the unitary gauge. Of higher order are the contributions 
shown in diagram k), 1) and n), which contribute via their interference with NLO tree level graphs. For 
instance k) interferes with diagram g) of Fig. 15.101 while m) interferes with the LO annihilation graph. 
The analogous contributions in the WZ and GS cases are obtained by replacing the triangle graph with 
the GS vertex, as in Fig. [Ol or, for the WZ case, with Fig. [El Notice that in Fig. [531 in the WZ 
case the anomaly pole is automatically cancelled by the WI on the lepton pair of the final state, if the 
two leptons are taken to be massless at high energy, as is the case. Then, the only new contributions 
from the anomaly vertex that survive are those related to the transverse component of this vertex. This 
is an example, as we have discussed in [O^, of a "harmless" anomaly vertex. A similar situation occurs 
whenever there is no coupling of the longitudinal component of the anomaly to the (transverse) external 
leptonic current. This property continues to hold also away from the chiral limit, since the corrections 
due to the fermion mass in the anomaly have the typical structure 

A,,p{q, = J2 9Aje'Qhn^^^^ Q - 2m}Co^ e^po^m'^kP + A*™- , (5.27) 

where A*''""" is the truly transversal component away from the chiral limit. The most general expression 
of the coefficient Cq is given in Eq. (A. 8) of ref. ^]. Co is the scalar three-point function with a fermion of 
mass mf circulating in the loop. In both mechanisms anomaly (strictly massless) effects are comparable 
with the corresponding contributions coming from the SM for massive fermions. It should be clear by 
now that in the WZ case the anomaly pole is not cancelled, rather an additional exchange is necessary 
to re-establish the gauge independence of the S'-matrix (the axion). In DY this sector does not play a 
significant role due to the small mass of the lepton pair. As we have discussed above, the cancellation of 
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Figure 5.12: Anomalous contributions for the gg gg process mediated by an anomalous Z' at higher pertur- 
bative orders. 

the anomaly is due, in this case, to the WI of the leptonic current and there is no axion exchanged in the 
s-channel. 

5.4.1 Precision studies on the Z resonance 

The quantification of the corrections due to anomalous AbeHan gauge structures in DY requires very 
high precision, being these of a rather high order. For this reason we have to identify all the sources 
of indeterminations in QCD which come from the factorization/renormalization scale dependence of the 
cross section, keeping into account the dependence on fip and ^ir both in the DGLAP evolution and in 
the hard scatterings. The set-up of our analysis is similar to that used for a study of the NNLO DGLAP 
evolution in Refs. [85 l 1146) . where the study has covered every source of theoretical error, including the 
one related to the various possible resummations of the DGLAP solution, which is about 2 — 3% in DY 
and would be sufficient to swamp away any measurable deviation due to new physics at the LHC. 

These previous studies have been focused on the DY distributions on the resonance peaks, in particular 
on the peak of the Z, where the accuracy at the LHC is of outmost importance for QCD partonometry. 
The presence of anomalous corrections on the Z peak is due both to the anomalous components of the 
Z in the anomalous models and to the interference between the Z' and the Z, that we have taken into 
account. Notice that in DY the treatment of the anomalous corrections to the Z is drastically simplified 
if we neglect the (small) mass of the lepton pair, as usual. In fact, these are due to trilinear (anomaly) 
vertices which involve the BBB, BYY, BW3W3 and BGG gauge fields - in the interaction basis - all of 
them involving interactions of the Stiickelberg field with the corresponding field-strengths of the gauge 
fields, such as bPs A Fg, bFy A Fy, bFw A Fw and bFc A Fq, where G denotes the gluon field. The 
only contribution that is relevant for the LHC is then one obtained by projecting the bFc A Fq vertex on 
the physical axion x, whose mass is, in principle, a free parameter of the anomalous models. It is then 
clear that the axion channel plays a more important role in the production of the top, due to its large 
mass, than in leptoproduction. We will now briefiy summarize the results for the new contributions in 
DY, starting from the non-anomalous ones. 

In the qq sector we have two contributions involving triangle fermion loops see Fig. 15.111 k,m. The 
one depicted in Fig. IS.llh i is a two-loop virtual correction with & Z ox & Z' boson in the final state, 
while in Fig. 15.111 ;: we have a real emission of a gluon in the final state which is integrated out. The first 
contribution has been calculated in [1181 1147| 11481 fno) . 

Aj,(x,Q2,M^,m2) = 5(l-x)af (^)' x 

[0(Q2 _ 4m2)Gi(TO2/Q') + ^(4^2 - Q^)G2(m'/Q^)) (5.28) 
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where Cp and Ty are the color factors, q — u,d,c, s, Q — t,b and m the mass of the heavy flavors, while 
in the massless hmit the functions Gi and G2 are given by 

Gi(m==0) = 31ogY%) -9 + 2C(2) 

G2(m = 0) = (5.29) 
and Q represents the invariant mass of the system. The contribution of Fig. 15.11k in the massless limit 




Figure 5.13: GS mechanism: anomalous contribution and counterterm for the qq scattering sector. 



is given by 

Af,(x, m^O)^ afal^CFTf\ (^)' x [-^^ h2 + 2x{l - \og{x))] | , (5.30) 

while in the qg sector we have the contribution shown in Fig. 15.111 which is given by 



Aqg(x,Q^^|,m2) 



with the massless limit of Hi{x, Q^, m^) given by 
i/i(x,Q^m = 0) 



= 2x 



log - log - - 1 + Lz2 1 - 



2 1- 



1 - 2x log 



(5.32) 



Separating the anomaly-free from the anomalous contributions, the factorization formula for the invariant 
mass distribution in DY is given by 



da 



"1 dx 



T^— (r,Q2)=^ / -$,,(a;,4,4)A— (-,Q^M|) 
^ — ' 1^ X X 



(5.33) 
(5.34) 



1 ano7n , ,2 



{x,Q ,fip) 



= A^^ix, Q\fi%, m = 0) + A^^{x, Q^,fi%, m = 0) + Agg{x, Q^,fi%, m = 0) (5.35) 
that we will be using in our numerical analysis below. 



5.4.2 Di-lepton production: numerical results 

We have used the MRST-2001 set of Pdf's given in Refs. jHO] and [151] • We start by showing in Fig. [5141 
various zooms of the differential cross section on the peak of the Z - for all the models - both at NLO and 
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Figure 5.14: 
models. 



Zoom on the Z resonance for anomalous Drell-Yan in the \if = I-Ir = Q at NLO/NNLO for all the 



at NNLO. We have kept the factorization and renormaHzation scales coincident and equal to Q, while the 
mass of the extra Z' has been chosen around 1 TeV. The anomaly-free models, from the SM to the three 
Abelian extensions that we have considered (Free Fermionic jl07j and U{1)b-l |145j in Fig. 15.141 while 
U{l)q+u appears in Tab. 15.41 ) show that the cross section is more enhanced for the mLSOM, illustrated 
in Fig. 15.14b . c. The plots show a sizeable difference (at a 3.5 % level) between the anomalous and 
all the remaining anomaly-free models. A comparison between (a) and (c) indicates, however, that this 
difference has to be attributed to the specific charge assignment of the anomalous model and not to the 
anomalous partonic sector, which is present in (c) but not in (a). The anomalous corrections in DY 
appear at NNLO and not at NLO, while in both figures the difference between the SM and the mLSOM 
remains almost unchanged. 

Moving from NLO to NNLO the cross section is reduced. Defining the if-factor 

= Knlo (5.36) 

in the case of the mLSOM this factor indicates a reduction of about 4% on the peak and can be attributed 
to the NNLO terms in the DGLAP evolution, rather than to the NNLO corrections to the hard scatterings. 
This point can be explored numerically by the (order) variation [152^ [85] 



Act ~ Aa (g) (j) + & (g) Ac/) 
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da'^'°/dQ [pb/GeV] for the mLSOM with Mi = 1 TeV, tan/3 = 40, Candia 1.0 evol. 
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Table 5.2: Invariant mass distributions at NLO for the mLSOM and the SM around the peak of the Z. The 
mass of the anomalous extra Z' is taken to be 1 TeV with = ^^R ~ Q- 



d(T""'°/dQ [pb/GeV] for the mLSOM with Mi = 1 TeV, tan /3 = 40, Candia 1.0 evol. 
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Table 5.3: Invariant mass distributions at NNLO for the mLSOM and the SM around the peak of the Z. The 
mass of the anomalous extra Z' is taken to be 1 TeV with = fJ^R ~ Q- 

Act = \(tnnlo - <^NLo\ (5.37) 

which measures the "error" change in the hadronic cross section a going from NLO to NNLO (Act) in 
terms of the analogous changes in the hard scatterings (Act) and parton luminosities A^). The dominance 
of the first or the second term on the rhs of Eq. (|5.36p is an indication of the dominance of the hard 
scatterings or of the evolution in moving from lower to higher order. The same differences emerge also 
from Tabs. [Ol 15.31 Differences in the resonance region of this size can be considered marginally relevant 
for the identification of anomalous components in this observables. In fact, in (8^ a high precision study 
of this distributions on the same peak (in the SM case) shows that the total theoretical error is reasonably 
below the 4 % level and can decrease at 1.5-2 % level when enough statistics will allow to reduce the 
experimental errors on the Pdf's. It is then obvious that the isolation/identification of a specific model 
- whether anomalous or not - appears to be rather difficult from the measurement of a single observable 
even with very high statistics, such as the Z resonance. The evolution of the Pdf's has been performed 
with Candia 1.0 }104j which allows independent variations of and in the initial state. This analysis 
is shown in Fig. I5.15( where we vary /zf up to 2(5, while we have taken 1/2/xf < IJ-r< 2iip. We observe 
that by increasing both scales there is an enhancement in the result and this is due to the logarithms 
ln/x|j//i|, and lnQ^//i|,, contained in the hard scatterings. The scale variations induce changes of about 
4% in the SM case at NNLO and about 3.5% in the mLSOM on the peak of the Z. Notice that the 
variations are not symmetric as we vary the scales and the percentual changes refer to the maximum 
variability. This typical scale dependence is universal for all the studies presented so far on the peak of 
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[fb], s/S 


= 14 TeV, Mx = 1 TeV, 


tan B — 40 




mijbUM 




U(l)q+u 


FtcgFgttti. 


0.1 


5.982 


3.575 


2.701 


1.274 




0.173 


0.133 


0.177 


0.122 




0.277 


0.445 


0.252 


0.017 


0.36 


106.674 


105.567 


53.410 


42.872 




2.248 


1.733 


2.308 


1.583 




4.937 


13.138 


4.991 


0.586 


0.65 


240.484 


143.455 


108.344 


51.155 




7.396 


5.700 


7.592 


5.205 




11.127 


17.853 


10.124 


u.oyy 


1 


532.719 


317.328 


239.401 


113.453 




17.810 


13.720 


18.274 


12.530 




24.639 


39.491 


22.370 


1.550 



Table 5.4: Total cross sections, widths and atot x BR{Z II), where BR{Z II) = Tz'^a/Tz' , for the mLSOM 
and three anomaly-free extensions of the SM; they are all shown as functions of the coupling constant. 

the Z and is a limitation of the parton model prediction. After a large data taking, optimal choices for 
the Pdf's and for and /if will allow a considerable reduction of this indetermination. In Fig. l5.15b we 
repeat the same analysis, for the same cm. energy, this time for Q ^ 1 TeV, on the Z' resonance in the 
mLSOM, for a sizeable coupHng of the anomalous gauge boson, = I. Compared to the value on the 
Z peak, the reduction of the cross section is by a factor of 2 x 10"*. Also in this interval the variation of 
the differential cross section with the two scales is around 3%. We have added Tab. 15.41 in which we show 
results for the total cross sections for the various models at the Z peak. In the first line of each column 
we show the results for the total cross section in [fb], in the 2nd line the total width F^, , expressed in 
GeV and in the 3rd line the observable atot x BR{Z II), where BR{Z II) = Tz>^ii/Tz'- These 
quantities refer to the value of the coupling constant gz listed in the first column. 

We show in Fig. I5.16b .b two plots of the results for the mLSOM of the DY cross section on the peak 
of the Z and of the extra Z', where we vary the scales both in the hard scatterings and in the parton 
luminosities. We have added and subtracted the anomalous sector in order to estimate their size respect 
to the remaining contributions. As we have already pointed out, the scale variability at NNLO is larger 
than the changes induced on the result by the anomalous graphs. The anomalous effects are more visible 
at large Q (subfig. (b)), on the resonance of the extra Z' , and are due to the behavior of the anomalous 
components at large-x due to a growing Q. In Fig. 15.17b we show a plot of the mLSOM for different 
values oi gs and for different values of and fip. The first peak (purple fine) corresponds to gs — 0.1 
the 2nd (blue line) to gs — gv and so on. As gs grows the width of each peak gets larger but the 
peak- value of the cross section decreases. Different choices of gs correspond to slightly different values 
of the mass of the extra Z' because of the relation between the Stiickelberg mass Mi and Mz' given in 
Eq. I|2.18ip . For a fixed value of the coupHng, the effects due to the variations of the scales become visible 
only for = 1 and in this case they are around 2-3%. In the case = 1 (red line), the uppermost lines 
correspond to the choice — 2Q, fiR = l/2^p and ^ir — 2fj.p, while the lowermost fines correspond to 
the choice fip = Q, Mfl. = 1/2m_f and ^r = 2^f. Again, we notice that if we increase fip and fiR the 
cross section grows. 

In Fig. l5.17b we show the result of a comparison between the mLSOM and the anomaly-free extensions. 
We have also included the hr/ hf scale dependence, which appears as a band, and the variations with 
respect to gs- As shown in this figure, the red lines correspond to the mLSOM, the blue lines to the 
U{1)b-l model, the green fines to the free fermionic model and the purple lines to U{l)q+u. Right as 



^Notice that we have chosen gz = gs for the mLSOM. 
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Figure 5.15: Zoom on the Z resonance for anomalous Drell-Yan for varying factorization and renormalization 
scales at NNLO for the SM and the mLSOM. Results are shown for Q ~ 91 GeV (a) and 1 TeV (b) both for 
= 14 TeV. 




Figure 5.16: Plot of the DY invariant mass distributions on the peak of the Z (a) and of the Z' (b). Shown are 
the total contributions of the mLSOM and those in which the anomalous terms have been removed. The variation 
of the result on /if and hr is included both in the hard scatterings and in the luminosities {^{/if / ij.r)). 



before, the first peak corresponds to gs — 0.1, the 2nd to gs — gv etc. The peak-value of the anomalous 
model is the largest of all, with a cross section which is around 0.022 [pb/GeV], the free fermionic appears 
to be the smallest with a value around 0.006 [pb/GeV]. 



5.5 Direct Photons with GS and WZ interactions 

The analysis of pp 77 proceeds similarly to the DY case, with a numerical investigation of the 
background and of the anomalous signal at parton level. 

We start classifying the strong/ weak interference effects that control the various sectors of the process 
and then identify the leading contributions due to the presence of anomaly diagrams. Direct photons 
are one of the possible channels to detect anomalous gauge interactions, although, as we are going to see, 
also in this case the anomalous signal remains rather small. Direct photons are produced by partonic 
interactions rather than as a result of the electromagnetic decay of hadronic states. At leading order (LO) 
they carry the transverse momentum of the hard scatterers, offering a direct probe of the underlying 
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Figure 5.17: (a) Anomalous Z' resonances obtained by varying g^. (b) Comparisons among anomalous Drell-Yan 
in the mLSOM versus several anomaly-free models. 
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Figure 5.18: qq sector for the process qq — > 77 including virtual corrections at LO (a) and NLO (b,c) 



quark-gluon dynamics. The two main channels in collisions are the annihilation qq and Compton 
{qg), the second one being roughly 80% of the entire signal at large pt (from = 4 GeV on). The 
annihilation channel is subleading, due to the small antiquark densities in the proton. The cross section 
is also strongly suppressed (by a factor of approximately 10""^) compared to the jet cross section. For this 
reason the electromagnetic decay of the produced hadrons is a significant source of background, coming 
mostly from the 7r° 77 decay. In this case the angular opening of the two photons is in general rather 
small, due to the small pion mass, and proportional to their energy asymmetry ((i?i — E2)I(E\ E-i)). 
A limitation in the granularity of the detector, therefore, may cause the two photons to be unresolved 
experimentally, giving a spurious signal for direct photons. Even in the presence of enough granularity in 
the detector, very asymmetric decays can also cause the failure of the experimental apparatus to resolve 
the low energy photon. A second source of background is due to r/ ^ 77 decay, which is about 20% of 
the pion contribution. These two contributions account for almost all the background to direct photons. 
The overall signal to background, though small, is supposed to raise with an increasing p^- This is due to 
the steepening of the tt and 77 spectra -at higher Q^- respect to the pt spectra of the parent jet, so there 
are smaller fractions of these particles that can fragment into photons. The reduction of the background 
can be performed either using reconstruction of the contributions due to the pions by measurements of 
the invariant mass of the pair in the final state, or by imposing isolation cuts. In the isolation procedure 
one can eliminate events with more than 2 particle in the final state, considering that emissions from 
fragmentation are usually accompanied by a large multiparticle background. The selection of appropriate 
isolation cuts are one of the way to render the anomalous signal more significant, considering that the 
tagged photon signal, although being of higher-order in as (NNLO in QCD), is characterized by a two- 
photon-only final state. As we are going to see this signal is non-resonant, even in the presence of an 
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Figure 5.19: Real emissions for qq — > 77 at NLO. 
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Figure 5.20: qg sector for the process qg —^ 77. 



s-channel exchange, due to the anomaly. 

We show in Fig. 15.181 a partial list of the various background contributions to the DP channel in pp 
collisions. We show the leading order (LO) contribution in diagram (a) with some of the typical virtual 
corrections included in (b) and (c) . These involve the qq sector giving a cross section of the form 

O"?? = "em(ci + C2as). (5.38) 

These corrections are the NLO ones in this channel. The infrared safety of the process is guaranteed at 
the same perturbative order by the real emissions in Fig. 15.191 with an integrated gluon in the final state, 
which are also of 0(ag,„as). 

A second sector is the qg one, which is shown in Fig. I5.20| also of the same order {0{asaem))- These 
corrections are diagrammatically the NLO ones. In general, the NLO prediction for this process are 
improved by adding a part of the NNLO (or 0{al.^a'^)) contributions, such as the box contribution (j) of 
the gg sector which is of higher order {0{al^al)) in as, the reason being that these contributions have 
been shown to be sizeable and comparable with the genuine NLO ones. All these corrections have been 
computed long ago [l3] and implemented independently in a complete Monte Carlo in |141l 1153) with a 
more general inclusion of the fragmentation. More recently, other NNLO contributions have been added 
to the process, such as those involving the gg sector through 0{al^al), 

^gg = (^lm{dial + ^2^^), (5.39) 

shown in graphs (fc), (Z), (m). The other sectors have not yet been computed with the same accuracy, for 
instance in the qq and qq channels they involve 2 to 4 emission amplitudes which need to be integrated over 
2 gluons. For instance, graph (m) is a real emission in Ogg which is needed to cancel the infrared/collinear 
singularities of the virtual ones at the same order. 

The anomalous contributions are shown in Figs. [5321 [5331 [531 [5351 and [536^ One of the most 
important partonic process, in this case, is the BIM amplitude shown in diagram (n) which violates 
unitarity at very high energy. In the WZ case, where the axion h appears in trihnear interactions not as a 

^As stated in the previous sections, the diagram in Fig. 15.251 vanish because of a WI. 
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Figure 5.21: gg sector for the process gg — » 77 with virtual and real radiative corrections. 




Figure 5.22: Anomalous contributions for gg — > 77 involving the BIM amplitude and its interference with the 
box graphs. 

virtual state (such as in (bFAF)) this amplitude has two main properties; 1) it is well defined and finite in 
the chiral limit even for on-shell physical gluons/photons and 2) it is non- resonant and can grow beyond 
the unitarity limit. Working in the chiral limit, its expression is given by the Dolgov-Zakharov limit of 
the anomaly amplitude (Eqs. I|5.15p and l|5.16p . with m/ — 0), which appears both in the production 
mechanism of the extra Z' , {gg — > Z'), where the Z' in the s-channel is virtual, and in its decay into 
two photons. We recall from Chap. [3] that the presence of an anomaly in the initial and in the final state 
cancels the resonance of a given channel. For simpHcity we consider amplitude Fig. I5.22h . assuming to 
have photons both in the initial and in the final state. The amplitude is given by 

= p£[M,^, fcl,fc2] fc2_A^2 Jf2 )e[/i,l.,fci,fc2] 

= -^e[^,,,.,k,,k2]^^e[^^',,.',k[,k',]. (5.40) 

where AI denotes, generically, the mass of the anomalous gauge boson in the s-channel. If we multiply 
this amplitude by the external polarizators of the photons, square it and perform the usual averages, 
one finds that it grows quadratically with energy. The additional contributions in the s-channel for this 
amplitude are shown in Fig. 15.271 The exchange of a massive axion (Fig. 15.27b ). due to a mismatch 
between the coupHng and the parameteric dependence between Fig. 15.27b and b, does not erase the 
growth (see the discussion in the appendix) . This mismatch is at the origin of the unitarity bound for 
this theory analyzed. The identification of this scale in the context of QCD is quite subtle, since the lack 
of unitarity in a partonic process implies a violation of unitarity also at hadron level, but at a different 
scale compared to the partonic one, which needs to be determined numerically directly from the total 
hadronic cross section app. Overall, the convolution of a BIM amplitude with the parton distributions 
will cause a suppression of the rising partonic contributions, due to the small gluon density at large 
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Figure 5.24: Another configuration for the total amplitude of the qg 77 process. 



Bjorken x. Therefore, the graphs do not generate a large anomalous signal in this channel. However, the 
problem of unitarizing the theory by the inclusion of higher dimensional operators beyond the minimal 
dimension-5 operator bF A F remains. 

The anomalous terms, beside the (n)(n)* contribution with the exchange of an extra Z/Z' which 
carry an anomalous component, which is 0{al^asa^), include the interference between the s/t/u box 
diagrams of gg 77 with the same BIM amplitude (n). In the gg sector the anomalous terms give, 
generically, an expression of the form 

c^ffg = al^{aialaw + a2alal), (5.41) 

with the first contribution coming from (n)(o)* and from the interference with the {gg 77) box 
diagram, while the second from (n)(n)*. Other contributions which appears at 0{alj^asaw) are those 
shown in Fig. l5.23] which involve 2 anomaly diagrams (r) and their interference with the NLO real emission 
diagram of type (m). These contributions are phase-space suppressed. If we impose isolation cuts on the 
amplitude, we can limit our analysis, for the anomalous signal, only to 2-to-2 processes. 



5.5.1 Helicity amplitudes: massless box diagrams and anomalous interfer- 
ences 

Moving to the computation of the anomalous contributions to g(pi, ±) + g(j>2, ±) — >■ 7(^1, ±) + 7(^2, ±), 
coming from the 2-to-2 sector we identify the following non- vanishing helicity amplitudes for the diagrams 
shown in Fig. 15.221 with the usual conventions 

S = {pi +P2f 

t = {pi- kif = -s/2(l - cose) 

u= {pi- = -s/2{l + cose), (5.42) 
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Figure 5.25: Single diagram with an exchanged Z' boson in the s-channel. 
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Figure 5.26: Generic representation of the qg — > 77 process in the presence of a GS vertex of the AVV type. 



where 6 is the angle between pi and ki , and we obtain 
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(5.43) 



where again Z indicates either Z or Z' and the refers to the contributions with the exchange of a 
axi-Higgs. In the above formulas we have omitted all the coupling constants to obtain more compact 
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Figure 5.27: Complete list of amplitudes included in the type of graphs shown in Fig. 15.221 They also have the 
exchange of a physical axion and contributions proportional to the mass of the internal fermion. 



results. The helicity amplitudes for the massless box contribution have been computed in |154j and are 
given by 
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giving a differential cross section 



(5.44) 
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The interference terms are listed in Fig. 15.221 and the interference differential cross section is given by 
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Figure 5.28: Tlie NNLO gluon luminosity as a function of r = Q'^ I S for various value of the invariant mass of 
the photon pair (Q) and energy of the hadronic beam (5) at the LHC evolved with Candia 1.0. 
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where is the strong coupling constant while is the anomalous coupHng constant of the model. Here 



box 



-++ 



and we have used the parameters of the mLSOM, explicitly given in Chaps. [2l[3l The 
rotation matrix elements from the hypercharge basis to the physical basis after electroweak symmetry 
breaking of the neutral gauge sector (O'^) and rotation matrix elements of the CP-odd sector (O^) are 
defined in App. l2.9| while the couplings of the physical axion to the gluons and the photons, g^g and g;^^, 
are given in Eqs. 14.1061 The axial- vector coupling g^ ^ of the neutral gauge bosons to a quark fiavour q 



9A,q 



{Z = Z, Z') 



(5.49) 



5.5.2 Numerical analysis for direct photons 

In our numerical implementation of double prompt photon production we compare the size of the anoma- 
lous corrections respect to the SM background evaluated by a Monte Carlo 1141(1142] . Since the anomalous 
signal is small compared to that of the SM, we have extracted both for the SM case and the anomalous 
case the gg sector and compared them at hadron level by convoluting the partonic contributions with 
the Pdf's (see Fig. I5.28|) . In this comparison, the SM sector is given by the graphs shown in Fig. 15.211 
plus the interference graphs shown in Fig. 15.221 In the SM case this second set of graphs contributes 
proportionally to the mass of the heavy quarks in the anomaly loop. At high energy the hard scatterings 
coming from this interference are essentially due to the mass of the top quark running inside a BIM am- 
plitude and are, therefore, related to heavy quark effects. In the anomalous case the same set of graphs 
is considered, but now the anomaly contributions are explicitly included. The hadronic differential cross 
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section due to the anomalous interactions for massless quarks is given by 
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(5.50) 



The contributions which are part of this sector due to exchange of a Z or a Z' and a x (see (a) , (b) and 
(f) of the BIM set in Fig. I5.27P are those labelled above, while amt refers to the interferences shown in 
Fig. I5.22| with the inclusion of a Z' and a physical axion (such as Fig. 15.27b ). 
Defining 
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(5.51) 



the hadronic cross section takes the form of a product of the gluon luminosity and the partonic gg — > 77 
cross section 
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Crgg^^-y$(T). 



(5.52) 



5.5.3 The gg sector 

Coming to the analysis of the gluon fusion sector, the result of this study is shown in Fig. 15.291 where 
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Figure 5.29: Comparison plots for the gluon sector in the SM and in the anomalous model for a resonance of 1 
TeV. The box-like contributions are not included, while they appear in the interference with the BIM amplitudes. 
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we plot the gluon contribution to the hadronic cross section for both the SM and the mLSOM, having 
chosen Mi — 1 TeV. We have used the MRST99 set of parton distributions to generate the NNLO gluon 
luminosity with as{Mz) = 0.1175, Q = ^fiR and \/S — 14 TeV. We have chosen tan/3 = 40 and different 
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Figure 5.30: (a): SM contributions for the gluon-gluon channel obtained with the Monte Carlo Gamma2MC. 
These are indicated by dotted lines and include all the interferences and the box graphs. Shown are also the 
anomalous contributions of the mLSOM (no box), (b): as in (a) but we have included the Monte Carlo results 
for the SM qq channel at NLO. 



values of qb- The size of the cross section is around 10"^ [pb/GeV] - right on the mass of the resonance 
- for both models, with a difference that grows as we rise the coupHng constant for the anomalous C/(l) 
(gs)- We have chosen four possible values for gs'- a small parametric value (gs = 0.1); equal to the 
coupling of the hypercharge gy at the same scale [gs = 5y) or to the SU{2)^ coupling 172 (sb = ^2) or, 
finally, parameterically sizeable, with = 1. In the interference graphs used for this comparison between 
the anomalous signal of the mLSOM and the SM (in this second case the BIM amplitudes contribute 
via the heavy quark mass in the loops) we have included, beside the BIM amplitude, the entire set 
of contributions shown in Fig. 15. 27^ with the exchange of a Z, a Z' and the axi-Higgs x- We have 
chosen a light Stiickelberg axion with ra^ = 30 GeV. For Q around the anomalous signal grows quite 
substantially, as we are going to show next. The overall flatness of the result in this region - the width 
of the interval is just 5 GeV in Fig. 15.291 - shows that the corrections are non-resonant and rather small. 
They are also overlapping for both models and the extraction of additional information concerning the 
anomalous sector appears to be very difficult. Before we get into a more detailed analysis of the various 
contributions to this sector, we mention that we have performed isolation cuts on the cross section of the 
SM background in DP with a choice of i? = 0.4 for the radius of the cone of isolation of the photons. 
This is defined in terms of an azimuthal angle and pseudorapidity ry = In tan 6*72, with a maximal value 
of transverse energy ^T^rnax — 15 GeV in the cone, as implemented in |142j . We show a more detailed 
investigation of the results for the various contributions in the gg sector in Fig. l5.30^ .b. The dotted lines 
are the results obtained by the Monte Carlo and include both 2-to-2 and 2-to-3 contributions (pure QCD) 
with and without cuts, computed at LO and at NLO. The size of these contributions is around 2 x 10~^ 
pb/GeV in the SM case. We show in the same subfigure the anomalous corrections in the mLSOM, which 
vary between 10~^ and 10~^ pb/GeV. Therefore, for gs ~ 1, the anomalous sector of the mLSOM (the 
square of the box terms here are not included for the MSLOM) is suppressed by a factor of 10 respect 
to the signal from the same sector coming from the SM. In subfig. (b) we show the same contributions 
but we include in the SM also the quark channel (shown separately from the gluon channel), which is 
around 10"'* pb/GeV. Therefore, the quark sector overshadows the anomalous corrections by a factor of 
approximately 10'^, which are difficult to extract at this value of the invariant mass. 

A comparison between the differential cross section obtained by the Monte Carlo and the anomalous 
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Figure 5.31: (a) Plot of the invariant mass distribution for Q ~ ITeV and for a Stiickelberg mass of 1 TeV showing 
a comparison between the anomafous contributions (anomalous massless and massive BIM + interference with 
the box) and the SM contributions. All the sectors at one-loop and two-loop have been obtained with the Monte 
Carlo Gamma2MC. (b) As in the previous figure but the invariant mass distribution has been chosen around 2 
TeV. 



contributions is shown in Fig. I5.31h . from which one can see that the anomalous components are down 
by a factor of 10"^ — 10^ respect to the background, depending on the value of the anomalous coupHng 
9B. 

A similar comparison between anomalous signal and background for a 1 TeV extra gauge boson but 
at larger invariant mass (2 TeV) of the di-photon is shown in Fig. I5.3ib . In both cases the ratio between 
the size of the anomalous signal and the background is 10~^, showing the large suppression as in the 
other regions. 

• Anatomy of the gluon sector 

We show in Fig. 15.32b and b) two plots that illustrate the size of the various contributions to the gg sector 
in the SM and in the anomalous model. We have separated these contributions into several components 
in the mLSOM and SM cases. 

In the anomalous model we have "pure BIM-Hke" amplitudes: 

1) the square of the "BIM set" shown in Fig. 15.27] which contains the s-channel exchanges of the Z, 
of the Z' and of the %. In Figs. I5.32h and b) these contributions are indicated as "BIM + x"- 

Analogously, in the SM case we have that 

1') the BIM amplitudes contribute away from the chiral limit due to the exchange of the Z gauge 
boson and with top/bottom quarks running inside each of the two loops. In Figs. I5.32h and b the 
contributions in the SM are denoted by "SM: massive BIM", and are just obtained by squaring the single 
BIM amplitude of Fig. 15.27k . In the SM this component is sizeable around the threshold s = 4to(, with 
mt being the mass of the top quark, which explains the cusp in the figure around this energy value. 

The interferences sets of the mLSOM ("BIM-Box") in which the BIM amplitudes interfere with the 
box graphs: 

2) these are denoted as "Z-Box + Zp-Box + x-Box". The three box diagrams are those shown in 
Fig. I5.22| corresponding to graphs (o), (p) and (q) in this figure. 

In the SM we have similar contributions. These are generated by 

2') interfering the same box graphs mentioned above with the graph in Fig. 15.27b . In the SM case, 
as we have already mentioned, these contributions are due to heavy quarks, having neglected the mass 
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Figure 5.32: Plots of the various anomalous and box-like components in the SM and mLSOM sector at (a) lower 
Q and (b) higher Q. 



of the leptons and of the Hght quarks. This interference is denoted as "Z-Box". 
Finally, 

3) In both cases we have the squared "Box" contributions, vi^hich are just made from the o), p) and 
q) diagrams of Fig. 15.221 

From a look at Figs. 15.32b and b) it is quite evident that the contributions obtained by squaring the 
three box diagrams are by far the most important at = 14 TeV. We have tried to cover both the 
region Q < 400 GeV and the region 400 GeV < Q < 1 TeV. The second largest contributions, in these two 
plots, are those due to the interference between the BIM amplitudes and the box. These contributions 
are enhanced because of the presence of the box amplitude. Notice that in the SM case this interference is 
small and negative for Q < 400 GeV (see Fig. 15.32b ) and is not reported. In the second region (400 GeV 
< Q < 1 TeV) this contribution gets sizeable around the two-particle cut of the scalar triangle diagram 
due to the top quark in the loop and shows up as a steepening in the line labeled as "Z-box" in Fig. 15.32b . 

The "pure anomalous" contributions, due to the squared BIM amplitudes are down by a factor of 
about 10^ respect to the dominant box contributions. A similar trend shows up also in the SM case. 
Around the 2-particle cut the BIM amplitudes both in the SM and in the mLSOM have a similar behavior, 
but differ substantially away from this point in the larger-Q and smaller-Q region. These are the two 
regions where the effects of the anomaly are more apparent. For instance, for Q < 200 GeV the steep 
rise of the anomalous contributions of the "BIM + x" line is due to the fact that Q is getting closer to 
the resonance of the axion x- In the SM the same region is characterized by a suppression by the ratio 
ruf'^/Q^. At larger Q values, the growth of the anomalous contributions are due to the bad behavior of the 
anomaly, which grows quadratically with energy, as we have discussed above. This trend is more visible 
in Fig. 15.32b (red line) in the region Q > 800 GeV. The possibility of increasing the di-photon (gluon- 
fusion) signal is related to the possibility of imposing suitable kinematical constraints in the analysis 
of the final state - or phase-space cuts - in the experimental analysis. To achieve this goal there are 
several features of the process that should be kept into account. The first is the sharp decrease of the 
cross section at large invariant mass Q of the di-photon final state; the second is its increase with ^/S, 
the collision energy of the two colliding protons. In the first case we have an increase of the relevant 
parameter r ~ Q^/S characterizing the gluon density; in the second case this is reduced considerably, 
giving a fast enhancement of the gluon luminosity. 

Since bounds on the coupling of the anomalous models may come both from a combined analysis of 
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Figure 5.33: Double photon invariant mass cross section at Q = Mz plotted as a function of the energy. Here 
the SM contributions include the massive BIM + Box + interference, while the mLSOM contributions include 
the massless and massive BIM + interference. 



both DY and of the di-photon cross section, we have chosen Q around the Z peak (small Q option) and 
the same luminosity evaluated on the peak of the extra Z' (large Q option) , both as a function of the 
collisional energy S. This is shown in Fig. 15.331 The anomalous signal grows with ^/S but the non-unitary 
growth is not apparent at LHC energies after convolution with the parton densities; on the other end, 
the growths in the SM and in the anomalous sector of the mLSOM appear to be, at LHC energies, quite 
similar. 

If an extra Z' is found in DY, then the analysis of di-photon both on the peak of the Z and on the 
peak of the Z' could be used to set reasonable bounds on the coupling of the underlying model, trying 
to uncover the possible presence of an anomalous signal. A r ~ 10~^ can be reached at the Z peak for 
a collision energy of 10 TeV, which causes an enhancement of the anomalous cross section by a factor of 
approximately lO** respect to the same anomalous contribution measured for Q ^ 1 TeV. 

In a final figure we show the shapes of the distributions for the SM and the mLSOM using the Monte 
Carlo with a binning of the cross section in both cases. This is provided in Fig. I5.34[ where the colored 
lines on top of each bin indicate the small anomalous signal in the cross section. 

5.6 Conclusions 

Both DY and DP have some special features, being characterized by a clean final state. In DY the 
identification of a new resonance in the neutral current sector would bring to the immediate conclusion 
that an extra Z' is present in the spectrum, but would give not specific indication concerning its true 
nature. Current experimental bounds constrain the mixing of a possible extra neutral component with 
the Z gauge boson, with a mass which should be larger than 800 GeV, rendering the future search of 
extra neutral interactions, at least for DY, quite delicate, being the allowed mass range at the tail of the 
invariant mass distribution of this process. For this reason, the identification of a restricted mass range 
for the extra gauge boson would be crucial for its discovery, but unfortunately, there is no extension of 
the SM that comes with a definite prediction for it. 

In intersecting brane models one encounters a similar indetermination and for this reason in our 
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construction the Stiickelberg mass has been assumed to be a free parameter. If an extra s-channel 
resonance is found, then the investigation of its specific properties would require much more effort and 
several years of data collection at the LHC, especially for larger mass values (above 1.5 TeV or so) of the 
extra Z' . A sizeable width of the resonance could then allow to study the V-A structure of the coupling, 
though this study is quite complex. In most of the models studied so far the corresponding widths are 
expected to be quite small 30-^ 40 GeV) even for sizeable couplings {gs ^ 0(1)) |107) . probably 
below or barely close to the limits of the effective resolution of the detector. 

Under these conditions, deciding over the true nature of the extra Z' , whether anomalous or not, 
would then be far more challenging and would require a parallel study of several independent channels. 
For this reason we have analyzed two processes which are both affected by anomalous contributions and 
could be used for correlated studies of the same interaction. 

We have seen that changes in the factorization/renormalization scales both in the hard scatterings and 
in the evolution of the PDF's can easily overshadow the anomalous corrections, making a NLO/NNLO 
analysis truly necessary. We have focused our investigation on an extra Z' of mass 1 TeV and searched 
for anomalous effects in the invariant mass distributions on the Z peak, at 1 TeV and for large Q values 
(up to 2 TeV). From our analysis the large suppression of the anomalous signal compared to the QCD 
background is rather evident, although there are ways to improve on our results. In fact, our analysis 
has been based on the characterization of inclusive observables, which are not sensitive to the geometric 
structure of the final state. In principle, the shape of the final state event could be resolved at a finer 
level of detail, by analyzing, for instance, the rapidity correlations between the di-photon and a jet, or 
other similar less inclusive cross sections, as in other cases [143] . Obviously, these types of studies are 
theoretically challenging and require an excellent knowledge of the QCD background at NNLO for these 
observables. 
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The decay rates into leptons for the Z and the Z' are universal and are given by 

^2 



r(z II) 



9 



1927rc?, 



Mp 



(.9y ) +{9a ) 



4«s2 ^2 



M 



T{Z -> = ^^M^ 



(9v ) + 19a ) 



l + + 1.409^ -12.77^^ 



(5.53) 



where i — u,d,c, s and Z = Z, Z'. 

For the Z' and Z decays into heavy quarks we obtain 



r(z ^ bb) = ^k^Mz 



(ffv ) + {9a ) 



- 12.77 



a3(Mz) 



1 - 4^ 



12.77 



a^(Af2) 



(5.54) 



5.8 Appendix. A comment on the unitarity breaking in WZ La- 
grangians 

In the framework of the Abelian A-B Model analyzed in Chap. [H the presence of an untamed growth of 
the amplitude for a 2-to-2 process can be simplified as follows. In this simple model A is vector-like and B 
is axial- vector like. We also have a single chiral fermion, with an uncancelled BBB anomaly that requires 
an axion-like interaction bFs A Fb of the Stiickelberg (6) with the B gauge field for the restoration of 
gauge invariance. The two contributions to BB BB are the BIM amplitude see Figs. I5.35[ 15.361 for 
the process mediated by a B boson and a similar one mediated by a physical axion x- If we neglect the 
Yukawa couplings (we take the fermion to be massless) the only contributions involved are those already 
shown in Fig. 15.27] diagrams (a) and (b), but with different couplings. 

^Zii' = (5i3)'A^'^''(-fci,-fc2)^:^-^ - (gB)^A^'^'-'(fci,A:2) (5.55) 



where Mb — i/M^f -I- {2gBvy is the mass of the gauge boson in the s-channel after symmetry breaking. 
The exchange of the physical axion gives 

S^"'^'"' = 4 X f^a.C'BB) k2]^^^^e[fi' , k^k'^] (5.56) 
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(B) 



Figure 5.35: BIM amplitude for a toy model with a BBB anomaly and x exchange diagram. 





Figure 5.36: Decomposition of the Stiickelberg axion in a Goldstone boson and a physical axion. 



where the overall factor of 4 in front is a symmetry factor, the coefficient ai = ^§f^ comes from the 
rotation of the b axion over the axi-Higgs x, and the coefficient Cbb has been determined from the 
condition of gauge invariance of the anomalous effective action before symmetry breaking 



(5.57) 



The anomaly diagrams are longitudinal, taking the DZ form 



2 1.9 - - {9Bf^{k'')e[^,'yXX].{^.^&) 



It is easy to recognize in this anomalous amplitude the same structure of the amplitude for the axi- 
Higgs exchange in Eq. (|5.56p . If we add up these two amplitudes and impose the cancellation of the two 
amplitudes (which is a fine tuning) we obtain the condition 



1 , {"^gBvf 



Ml Ml Ml 



= 



(5.59) 



in terms of the mass of the B and the Stiickelberg mass Afi, which does not have a real solution. This 
is a simple example that conveys the issue of the presence of unitarity Hmit for (local) WZ interactions. 
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